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Preface 


The objectives of this edition remain the same as the first. The analysis and formulation are provided 
for a variety of selected topics in inviscid and viscous fluid dynamics, it is hoped with physical 
insight. In part, this means formulating the appropriate equations and then transforming them into 
a suitable form for the specific flow under scrutiny. The approach is applied to viscous boundary 
layers, shock waves, Prandtl—Meyer flow, etc. Sometimes a solution is obtained; other times a final 
answer requires numerical computation. Of crucial interest, however, is the analytical process itself 
and the coinciding physical interpretation. 

A more in-depth coverage of topics is favored compared to a broad one that bypasses crucial or 
difficult details. At the graduate level, I believe an intensive approach is preferable. The book tries 
to avoid too much repetition of undergraduate course material. Of course, some repetition is both 
useful and unavoidable. When it occurs, however, the level and manner of treatment are different, 
often markedly so, from those at the undergraduate level. I have attempted whenever possible to 
point out the assumptions and limitations of the topic under discussion. Conversely, an attempt is 
made to discuss why a particular topic is worthy of study. For instance, a solution may be useful as 
a first (or initial value) estimate for CFD calculations. The rate of convergence is usually accelerated 
by having a reasonable initial flow field. Analytical solutions, such as those provided by the substi- 
tution principle, can be used to verify Euler or Navier-Stokes codes. An analytical approach often 
yields suitable first estimates for parameters of interest. In this regard, some of the homework 
problems are designed to give the student practice in obtaining “‘back-of-the-envelope” solutions. My 
personal motivation, however, still remains the beauty and elegance of analytical fluid dynamics 
(AFD). 

As mentioned in the preface to the first edition, much of the material in that edition was unique. 
This is even truer for this edition, where all of the added material is unique to this text. The chapters 
covering a calorically imperfect gas flow, sweep, shock wave interference with an expansion, 
unsteady one-dimensional flow, and the force and moment analysis are new. In addition, the 
thermodynamic chapter is largely new as are Appendices B and C. The chapters that remain from 
the first edition have been revised to improve the clarity of the presentation. 

When appropriate, topics where future research is warranted are pointed out. Fluid dynamics, 
including the AFD specialty, is very much alive and growing. Consequently, not everything in this 
text is complete or polished. A variety of major topics are not discussed. These topics include 
turbulent flow, CFD, experimental methods, etc., that are major subjects in themselves. 

I owe a debt of gratitude to the many friends and colleagues who have contributed to this 
undertaking, especially past and present students. It is indeed a pleasure to acknowledge their 
comments and assistance. I particularly thank Dr. Jose Rodriguez, Professor Frank K. Lu, and 
Professor Milton Van Dyke for his comments on Chapter 23. I am especially in debt to Susan 
Houck for her superb typing and preparation of the manuscript. 
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Part | 


Basic Concepts 





Outline of Part | 


We embark on an in-depth study of fluid dynamics by discussing a variety of topics in a more 
general manner than encountered at the undergraduate level. Some of the topics are familiar to 
you, e.g., the Euler and Navier-Stokes equations, and the first and second laws of thermodynamics. 
One purpose of this text is to prepare you for intensive courses in computational fluid dynamics, 
turbulence, high-speed flow, rarefied gas dynamics, and so on. A second objective is to help you 
understand the fluid dynamic journal literature. Last, but not least, I hope to convey some of the 
intellectual fascination that abounds in our subject. 

In this text, we often are not concerned with solutions to specific flow problems, although such 
solutions are often used to illustrate the theory. Specific flows also regularly appear in the homework 
problems and represent an essential element of this text. Nevertheless, we are primarily concerned 
with general features of inviscid and viscous fluid flows. 

This is especially true for Part I, which provides many of the basic concepts. The first chapter 
is primarily concerned with establishing the Eulerian formulation, the constitutive relations, and 
several integral relations that are needed in later chapters. The conservation equations for mass, 
momentum, and energy are derived in the second chapter, while a general formulation for thermo- 
dynamics is provided in Chapter 3. The final chapter of Part I discusses general properties of a 
fluid flow that are not based on the conservation equations or the second law of thermodynamics. 
Such properties are referred to as kinematic and they include Kelvin’s equations and the Helmholtz 
vortex theorems. 

While some of the topics in Part I date from the very origin of fluid mechanics, much of the 
contents have a more recent origin. Indeed, since fluid dynamics is still evolving, some of the 
material is the result of recent research. Even topics of some antiquity, such as the second law, will 
appear new to you. 

One reason well-known topics may appear different is our systematic use of vector and tensor 
analysis. Some background in these topics is presumed. A summary of the pertinent vector and 
tensor equations is provided in Appendix A. The trend toward an ever greater reliance on these and 
other analytical tools has been evident for some time. This trend stems from the need for a more 
flexible mathematical language for the increasing complexity of fluid dynamics. Once you become 
familiar with these topics, their utilization for our subject becomes indispensable. 

Many scientists, mathematicians, and engineers have contributed to fluid dynamics over its 
long history. The amount of material that could be covered far exceeds my grasp of it or what can 
be covered in this text. (The following remarks are not limited to Part I, but hold for the overall 
text.) Self-imposed limitations are therefore essential. The first of these is that the fluid, gas or 
liquid, is easily deformable. We, therefore, deal with that branch of continuum mechanics that does 
not include solids. As a rule we shall assume the fluid is 


(i) isotropic in its properties; fluids with polymers, rheological fluids, etc. are excluded; 
(ii) not ionized, chemically reacting, diffusionally mixing, or a multi-phase fluid; and 
(iii) not close to its critical point. 


[In Chapter 3, when discussing thermodynamics, we are more general and do not always assume 
items (ii) and (iii).] 

Another major restriction is that the fluid behaves as a continuous medium. This implies that 
the mean-free path of the molecules in a gas, or the mean distance between molecules in a liquid, 


4 Analytical Fluid Dynamics 


is many orders of magnitude smaller than the smallest characteristic length of physical interest. 
Under a wide variety of conditions of practical importance, this assumption is fully warranted. 

Our final assumptions are that relativistic effects and quantum mechanics can be safely ignored. 
This would not be the case, for instance, with liquid helium, which is a quantum fluid, or in jets 
emanating from astrophysical bodies. 

All of the above assumptions, at one time or another, would require reconsideration. For 
instance, when a meteor is entering the atmosphere the surrounding air is chemically reacting and 
ionized during part of its downward trajectory. Similarly, an orbiting satellite, at a relatively low 
altitude, experiences the drag of a free-molecular flow. Nevertheless, the vast majority of applica- 
tions that fluid dynamicists deal with still adhere to the foregoing assumptions. 

The above exclusions are usually treated in more advanced courses, like those dealing with the 
dynamics of real gases or rarified flows. This is certainly true for turbulence; hence, we will not 
be concerned with turbulent flows. Our discussion, however, will not be restricted to incompressible 
fluid dynamics, since compressible flows, including those with shock waves, are of fundamental 
importance. We shall also often focus on vorticity for both incompressible and compressible flows. 





1 Background Discussion 


1.1 PRELIMINARY REMARKS 


As always in engineering, we need to reduce the subject to quantifiable terms. This means that 
solvable equations need to be established. The relevant equations can be subdivided into three 
categories. In the first, we have the mechanical equations that express conservation of mass 
and the momentum equation, which is based on Newton’s second law. In the second category we 
have the first and second laws of thermodynamics. The first law expresses conservation of energy, 
while the second law is a constraint on any physically realizable process. 

The foregoing laws are of great power and generality. (Nevertheless, they do not always hold, 
e.g., when nuclear reactions occur as in fission or fusion. In this circumstance, conservation of 
mass holds in a modified form.) The final group of relations is not nearly as general. They are 
referred to as constitutive equations. For example, Fourier’s heat conduction equation and the perfect 
gas thermal state equation are in this category. The relation between stress and the rate of defor- 
mation is similarly a constitutive relation. These relations are not universal but provide the properties 
for a specific class of substances and hold for a specific class of physical processes. At any rate, 
they are essential; without them the more general laws do not constitute a closed mathematical 
system. Closure of the system thus requires a proper number of consistent constitutive relations. 
Taken as a whole, the complete set of equations is referred to as the governing equations. By way 
of contrast, the three equations dealing with mass, momentum, and energy are referred to as 
conservation equations. 

This chapter is devoted to a discussion of the Euler and Lagrange formulations in fluid dynamics. 
We then consider the stress tensor and the relation between this tensor and the rate-of-deformation 
tensor. We conclude by discussing a Newtonian fluid, Fourier’s equation, the constitutive relations, 
and certain useful integral relations. 


1.2 EULER AND LAGRANGE FORMULATIONS 
EULERIAN FORMULATION 


There are two ways to formulate the equations of fluid dynamics: the Eulerian and Lagrangian 
approaches. In the Eulerian formulation, which we discuss first, the position vector ? and time t 
are the independent variables. Thus, any scalar, such as the pressure, can be written as 


p = p(?,t) (1.1) 
while a vector, e.g., the fluid velocity X, becomes 
» = WF, ft) (1.2) 


The Eulerian approach provides a field representation, in terms ? and t, for any variable of interest. 
For example, a differential change in the pressure is provided by 


à à 
dp - Sp dP e dt (1.3) 
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where the first term on the right side is the directional derivative of p in the direction d?. Suppose 
we introduce Cartesian coordinates x; and their corresponding orthonormal basis |;. Then ? and d? 
are given by 


? = Xj Î; (1.4) 
d? = dx; |; (1.5) 


where the repeated index summation convention is used. We also adhere to the convenient conven- 
tion of not writing Cartesian coordinates as x‘, which would be the proper contravariant tensor 
notation. With Equation (1.5), we can write dp as 


dp = P due at 


or as 


dp _ op ,dxi op 
We ek a Ox. (R6) 


The velocity is given by 


> 
3 d? dx. 
ag = w; |, 1.7 
mgl (1.7) 
where the w; are the Cartesian velocity components, while the gradient of the pressure is provided 
by the del operator 


-2P1 
Vp = x; |; (1.8) 
Hence, Equation (1.6) reduces to 
dp. 0p. y (1.9) 


dt à 
We shall utilize a notation, first introduced by George Stokes, to define the operator 


+W. V (1.10) 


Ww 


D 
Dt 


which is called the substantial or material derivative. This definition is independent of any specific 
coordinate system. With tensor analysis, the del operator can be defined for any general curvilinear 
coordinate system; it is not restricted to Cartesian coordinates as in Equation (1.8). The substantial 
derivative also can be applied to vector quantities. For instance, when applied to the position vector, 
we have 


Df 
Dt 


g|3i 
+ 
zy 
4 
E 
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where 


= =0 (1.11) 
since F and t are independent variables. The gradient of 7 is 


> 
^ OF 


liac 


J 


^ ^ Ox; ^ ^ AA o 
A i 
Vr = zx llic = ll; = l.l; =I (1.12) 
J 
where 6, is the Kronecker delta. Thus, Vi? isa dyadic; in fact, it is the unit dyadic T. We thereby 
obtain (see Appendix A) 


P.V =o = 
and D?/Dt becomes 
D? _ > 
A ie 1.13 
Tae (1.13) 
As a second example, let us determine the acceleration d, which is given by 
> > 
2 Dw _ ð > o3 
AET AV] 1.14 
^ Dt ot Pa ( ) 


The dot product on the right side can be interpreted as Y? - (VW), which involves the dyadic Vit, or 
as (W - Vj, which does not involve a dyadic. With tensor analysis one can show that both 
interpretations yield the same result; the second one is usually preferred because of its greater 
simplicity. In Cartesian coordinates, e.g., we have 


^^ g A o a OW; 
(GP. Vy? = (vd: li x)" l; = (wi l; T "E l; (1.15) 


An alternate expression for d, of considerable utility, is based on the vector identity (see Appendix A, 
Table 5) 


V(A-B) = Á- VB« B- VÀÁ- Áx(Vx B) - Bx(Vx À) (1.16) 


> > > > 
where A and B are arbitrary vectors. We set B = A, to obtain 





> > > > > > 
V(Á- Á) = 2A: VA+2Ax(VxA) 
or 


A v(54)- Axe xà) 


Dy 
< 


2 
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where 


" c uS 
A =A:A 
We now utilize 
> 
Á=% 
and 
Vx =È (1.17) 
where à is the vorticity, to obtain 
3-Ve = V (507) + òx? 
The acceleration is therefore given by 
2 = ever) àxs (1.18) 
ot 2 i 


in any coordinate system. 

The substantial derivative has an important physical interpretation. It provides the time rate of 
change of any fluid quantity, scalar or vector, following a fluid particle. This viewpoint is apparent 
in Equation (1.13), where the time rate of change of the position of a fluid particle equals its 
velocity. Thus, the pressure of a given fluid particle changes in accordance with Equation (1.9). 
The substantial derivative consists of two terms. The first of these, 9( )/of, provides the changes at 
a fixed position due to any unsteadiness in the flow. For a steady flow, this term is zero. The second 
term, »- V, is referred to as the convective derivative. It represents the changes that occur with 
position at a fixed time. This term is generally nonzero in a steady or unsteady flow. 


LAGRANGIAN FORMULATION 


As mentioned, the Eulerian formulation provides a field description of a flow. The Lagrange 
formulation provides a particle description. Suppose a fluid particle has the location ? 23,att-t, 
In the Lagrangian approach the independent variables are 7, and t. Thus, the position of the fluid particle 
at time ¢ is given by 


7? = (1) (1.19) 


where 7, is the particle's position at time f, 


2,2 
fo = É (fo, to) 
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and 7, is a fixed label on the particle as it moves. In this formulation, the velocity and acceleration are 


> > 
> Of > OF 


gp or? 


where 7, is kept fixed in both derivatives. 

The two formulations can be related by assuming we know È Ct) in the Eulerian description. 
We then integrate Equation (1.13) subject to the initial condition 

>_>? 

f f 


s * (1.20) 
The solution is then the Lagrangian description, Equation (1.19). 

The Lagrangian approach is widely used in mechanics; e.g., consider a marble rolling down 
an inclined plane under the influence of gravity. The problem is solved by first establishing a 
differential equation for the motion of the marble. The solution of this equation provides the position 
of the marble as a function of time and its initial position. 

There are several reasons for not utilizing the Lagrangian description. First, we generally are 
not interested in the actual location of a fluid particle, whereas, as engineers, we are interested in 
the pressure and velocity, since these provide the pressure and shear stress forces on a body. Second, 
obtaining F (Ff) represents a greater effort than is required for obtaining p and ra Finally, the 
Lagrangian approach is cumbersome for a viscous flow. We, therefore, follow a well-established 
tradition and hereafter focus on the Eulerian description. 

Before leaving this topic, recall that the substantial derivative follows a fluid particle. While 
the concept is Lagrangian, the derivative itself is Eulerian, since 7 and t, not 7, and f, are the 
independent variables. 


PATHLINES AND STREAMLINES 


The trajectory of a fluid particle is called a pathline or particle path. This is found by integrating 
Equation (1.13) subject to the initial condition, Equation (1.20). We shall not discuss a different 
type of curve called a streakline. (This is a particle path that originates at a fixed position.) More 
important than either pathlines or streaklines are the streamlines. Streamlines are curves, which at 
a given instant are tangent to the velocity field. In an unsteady flow, pathlines, streaklines, and 
streamlines are all different. In a steady flow, however, they all coincide. 

Let d? be tangent to the velocity and therefore tangent to a streamline. Then d? satisfies 


d?xw = 0 (1.21a) 
or with Cartesian coordinates 
lh |, |; 
dx, dx; dx, = 0 
Wi â WwW W3 


On expanding this relation, we obtain 


(wsdx; — w5dx3)]; - (w3dx, — widx3)]; + (wdx; - widx5)]; = 0 
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FIGURE 1.1 Coordinate systems associated with flow about a circular cylinder; (a) and (b) are for steady 
flow; (c) and (d) are for unsteady flow. 


or, in scalar form, 


e MEE 


(1.21b) 


Wi W2 W3 


The solution of these two ordinary differential equations provides the streamline curves, subject to 
a given initial condition. Recall that the streamlines are tangent to the velocity field at a given 
instant of time. Thus, if the w; are time-dependent, the ¢ variable is treated as a fixed parameter 
during the integration of these equations. 


Illustrative Example 


As an example, we first determine the streamline equation for steady, two-dimensional cross flow 
about a circular cylinder of radius a, as sketched in Figure 1.1(a). (Later, the unsteady flow path- 
lines are found.) In addition, we assume a uniform freestream, with speed U and an incompressible, 
inviscid flow without circulation. Hence, the cylinder is not subjected to either a lift or drag force. 
From elementary aerodynamic theory, we obtain the x and y velocity components as 


y*- x? 2XY 
cba NE ONES 1.22 
QUyy U — (x.Yy Pd 


Cis 
< 


where X = (x/a) and Y = (y/a). Since the flow is two dimensional, we need to integrate only one 
of the equations in (1.21b), written as 
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to obtain the equation for the streamlines. The equations in (1.22) are substituted into this differential 
equation, with the result 


dX _ Y'-X «(X «Yy 
dY 2XY 


To separate variables, cylindrical coordinates, shown in Figure 1.1(b), are introduced as 
X = RcosO, Y = Rsin@ 
to obtain 


R’+1 


R -DRI DRO = —cot0 dO 


The method of partial fractions is now used for the left side, with the result 
R 6 
1 R? 1 1 ma R? 4! 1 
= = —— tz 2—— -R--|dR = t 
NES 2R-I 2R+1 ORI a -J, me 


where a point Y, on the Y axis is used for the lower limit and, at this point, 0 = 7/2. As a result of 
the integration, we obtain 














By returning to X,Y coordinates, the streamline equation simplifies to 


2 Y 


X +Y = 
Y-Y 





(1.23a) 


oo 


where Y. is the streamline ordinate at X — +. Figure 1.2(a) shows a typical streamline pattern. 
The two special Y values are related by 


1 
= Y,-—> 1.23b 
cy (1.23b) 
where X, = 0 and Y, 2 1 for any streamline outside the cylinder. (There is a related streamline 
pattern inside the cylinder.) 

The solution, Equation (1.23a), can also be obtained, with negligible effort, from the stream 
function (defined in Chapter 5) equation 


2 
= js t 
y ux 3 e) 


where Y, = y(tee,Y..)/(aU), and from the fact that a stream function is constant along streamlines 
in a steady flow. Only in special cases, however, is a stream function available, whereas our purpose 
is to illustrate how Equations (1.21b) are generally utilized. 
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streamlines 





(b) 





(c) 





FIGURE 1.2 Streamlines (a) and pathlines, (b) and (c), are for flow about a circular cylinder. 


The determination of the pathlines in an unsteady flow is more difficult. Moreover, the physical 
interpretation of a pathline solution is far from trivial. As indicated in Figure 1.1(c), the same 
problem is considered, but now the cylinder is moving to the left, with a speed —U, into a fluid 
that is quiescent far from the cylinder. A prime is used to denote unsteady variables, and our goal 
is to determine the trajectory of a fluid particle. It is analytically convenient to fix the initial condition 
for the particle directly over the center of the cylinder with £^ = 0 and y’ = y,, as shown in 
Figure 1.1(c). Consequently, a full trajectory requires the particle’s position for both positive and 
negative time. The “initial condition” phrase therefore does not refer to the particle’s position when 
t — —oo, 

This flow is essentially the same as the steady flow case; only our viewpoint is different. In a 
steady flow, we move with the cylinder, whereas in the unsteady case we have a fixed (laboratory) 
coordinate system. It is convenient to again introduce nondimensional variables 


X Eo yok, pa Uy 
a a a 
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and use a Galilean transformation 


$ 


x -2x-Ut yy, t=t, w=u-U, ve=yv 


to convert the steady flow velocity field into the unsteady one. Equations (1.22) thus become 


we Y^-(X'-TY v. Ue «T)Y 


UCWquerep Wo qurmuy"y 
The center of the cylinder is at x = y = 0, or 
X' -T'0, Y 20 
Hence, the initial condition for a fluid particle is 
X'20, Y'-Y, when T’ =0 


with Y, 2 1. The X’,Y’ coordinate system is therefore shifted to the left or right until the position 
of the particle of interest is located at X’ = 0 when T’ = 0. When T” is sufficiently negative, the 
particle is upstream of the center of the cylinder, which is at a positive X’ value. Remember that 
when the particle is above the cylinder's center, T’ = X’ = 0. Similarly, when T’ is sufficiently 
positive, X’ is negative. This behavior is illustrated in Figure 1.2(b), where point a is the location 
of a particle when 7T" — —ee, while point e is the location when T’ — +o. In this figure, the center 
of the cylinder moves from X'— ce, T'— —ee to X’ — —ee, T’ — œ, whereas the lateral motion of 
a particle is finite. The one exception is a particle with Y,, = 0; this particle wets the cylinder. 
At its initial location, when 7" = 0, the velocity components of the particle are 


u’ 1 v 
(5) - y? Gls 


Thus, the particle, at this time, is moving in the positive X’ direction, as indicated by point c in 
Figure 1.2(b). For a particle far upstream of the cylinder, we have 


, ^ 


u v 
X >0, T'««0, Y'zY, =<0, =>0 
U U 


When the particle is far downstream of the cylinder, we have 


x ^ 


u V 
X'«0, T'»50, Y'zY, —«0, =—<0 
U U 


and the cylinder is to the left of the particle. Far from the cylinder, in either X' direction, the particle 
moves in the negative X’ direction. The sign change in u’, which occurs when the particle is near 
the cylinder, is discussed shortly. Note that Y. and Y, are still related by Equation (1.23b). 

We are now ready to utilize Equation (1.13), written as 


AME u $ here 
dt’ dt’ 
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for the particle paths. In contrast to the streamline situation, we have one additional differential 
equation to solve. In terms of nondimensional variables these equations become 


dX". y?-2QX Ty 





nckb-QUETP S —OdY 200. 20€ TOY 8 (1.24) 
dT [(X -Ty-«Y?] dT [R(X +T) +Y?) i 


After Equation (1.23a) is transformed, it also represents a particle path. In other words, 


Y 
7 732 7- 3 
(X -Ty--Y Y-Y. (1.25) 





is a first integral of Equations (1.24). This can be demonstrated by differentiating this equation 


with respect to 7" and eliminating dX’/dT’ and dY'/dT' to obtain an identity. We next utilize this 
equation to eliminate X’ + T” from the dY’/dT’ equation, with the result 





aT _ 21+ Y.Y - Y?) (Y - Y.) 


an * yum 


where a + sign is introduced when the square root of (X' + T"? is taken. The plus sign holds when 
T’ < 0, while the minus sign holds when T" > 0. 


The above differential equation is integrated from the initial condition, Y’ = Y, when T’ = 0, to 
obtain 


Y 


o 7 1/2 7 
ss =f ( Y ) dY 
2], +Y.Y-Y?) Y-Y.” 


Since 


| éY.Y -Y? = (Y,- vr + +) 


[^ 


the integral can be written in a standard form as 


1/2 
Y 


| —— n] 


Y (Y,-Y^»)(Y' - d + Y) 


1 
T =+- 
2 


This quadrature can be evaluated in terms of elliptic integrals of the first, F, and second, E, kinds, 
defined as (Handbook of Mathematical Functions, 1972) 


v 
Fa = | ü 2 
0 


—sin? a sin? 0)!2 


Q 
E(@\a) = Í (1—sin? o sin? 0)!2 dé 
0 
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where @ is a dummy integration variable. With the aid of a table of elliptic integrals (Gradshteyn 
and Ryzhik, 1980; No. 47, p. 272), one can show that the final form for T' is then 


Y,Y(Y, = Y’) 1/2 
T' = £Y,) F(9vo) - EC) + [cy y Jr Y,Y^) 


where @ and a are given by 





j SE Y _y’ 1/2 
o(Y’) = sin-! i o ) 
e U+Y,Y 


: 1 
a= mo 


o 


This relation, in conjunction with Equation (1.25), represents the pathlines in an implicit form. In 
other words, given Y, (or Y,.) and Y’, these two equations determine X’ and T". 

Figure 1.2 shows, to scale, the expected streamline pattern in (a) and the pathline pattern in 
(b) and (c), where all patterns are symmetric about the Y or Y' axis. The arrows on the streamlines 
and pathlines indicate increasing time or the direction of the velocity. 

Along a — b — c in Figure 1.2(b), T’ is negative, and the center of the cylinder is at the origin 
when the fluid particle is at point c, where T" is zero. At point a, T’ equals —ee, while at point e, 
T’ is +æ. (The value of X^, is the subject of Problem 1.7.) For any other point on a — b — c, the 
center of the cylinder is to the right of the fluid particle. In this regard, it is useful to note that a 
particle is upstream of the cylinder’s center when X' + T’ < 0 and downstream otherwise. This 
result stems from the Galilean transformation, X = X’ + T’. At points b and d, u’ is zero, while at 
point c, v’ is zero. One exception to part of this discussion is a particle with Y„ = 0 and X’ > 0, 
which ultimately wets the cylinder's surface. Otherwise, all other fluid particles have similar 
trajectories, including the loop. 

Along c — d — e, T' 2 0 and the particle is downstream of the cylinder's center. Consequently, 
along a — b the particle is being pushed by the cylinder and u’ < 0, while along d — e the particle 
is being pulled by the cylinder, and again u’ € 0. When the particle is close to the cylinder along 
b — c — d, there is a transition region between the pushing and pulling where u ' € 0. In this region, 
v’ changes sign. As evident in Figure 1.2(c), the size of the loop depends on Y,, (or Y,). Particles 
with a small Y,, value, which initially are close to the X’ axis, have a relatively large loop. This is 
caused by the cylinder imparting a large velocity to the particle as it is shoved aside. 

A particle experiences a horizontal drift (Darwin, 1953) as a result of the cylinder's motion, given by 


As shown in Problem 1.7, A becomes infinite when Y,, > 0 and goes to zero as Y,, — œ. This 
displacement, or drift, also occurs in the steady flow case, since the particles that pass close to the 
cylinder are retarded more than those that pass at a distance. As shown in Problem 5.22 in Chapter 5, 
along a given pathline the change in kinetic energy balances the work done in moving a fluid 
particle. Because viscosity is not present, the work done on adjacent pathlines or streamlines is not 
related. Consequently, the change in displacement A with Y,, does not involve any dissipative work. 

As you might imagine, the streamlines and pathlines for flow about a sphere are similar to that 
of a cylinder. Both types of patterns are also considered in Problems 5.23 and 5.24, where a Galilean 
transformation is again convenient for the unsteady spherical case. 
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FIGURE 1.3 Schematic of a surface force. 


1.3 THE STRESS TENSOR 


We now turn our attention to the two types of forces that can act on an arbitrary infinitesimal fluid 
element or particle. One of these is the body force, e.g., the force due to gravity or an electromagnetic 
field. By definition, a body force is one that acts throughout a volume, as is the case with gravity, 
where 


1:272 (1.26) 


and g is the acceleration due to gravity. This force per unit volume is p, where p is the density. 
Hence, a per unit volume body force is proportional to the density. There are other apparent or 
effective body forces in a coordinate system that is rotating or accelerating, like the centripetal and 
Coriolis forces that also are proportional to the density. (These forces are discussed in 
Section 2.5.) The electromagnetic force depends on the net charges, not on the bulk density; 
however, it is properly treated as a body force, since the charges are usually distributed throughout 
the fluid medium. We will not be concerned with this type of force. 

By definition, a surface force is one that is proportional to the amount of surface area it acts 
upon. The surface of interest need not be a real surface, such as the surface of a droplet, but a 
conceptual one, such as that surrounding an infinitesimal fluid particle. The simplest example of a 
surface force is the one due to hydrostatic pressure. There are also surface forces that act at real 
surfaces, such as an interfacial force at a phase boundary. We will not deal with this type of force. 

An analytical description of a surface force is not nearly as simple as Equation (1.26). For this 
description, we utilize a differential surface area ds, whose spatial orientation is provided by a unit 
normal vector fi, as indicated in Figure 1.3. The surface force per unit area, Ô, that acts on ds is 
generally not in the plane of the surface. As indicated in the figure, à will have a component along 
f and a tangential component in the plane of the surface. Since à is per unit area, the actual force 
on ds is &ds. We call È the stress vector; the component along fi results in the normal stress, while 
the component in the plane of the surface results in the shear stress. 

In general, à is a function of both position and surface orientation; i.e., 


Ò = (È, ñ) (1.27) 


The stress vector can be related to a second-order tensor that depends on ? but not on fi. To show 


this, we need Newton's third law, which states that for every action (force) there is an equal but 
opposite reaction. Hence, we have 


(7, A) = -ó(?, ñ) (1.28) 
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FIGURE 1.4 Effect of a stress vector on an infinitesimal tetrahedron. 


For the subsequent discussion, it will be convenient to introduce orthogonal curvilinear coordi- 
nates &' and the corresponding orthonormal basis é,. Consider an infinitesimal tetrahedron as shown 
in Figure 1.4. The outward unit normal vectors to the surfaces coplanar with the é’ coordinates are 
—é,. Let à, be the outward facing stress vector on these surfaces; i.e., 


Ôi = —Ó(f,-é) (1.29) 


Note that à, is a vector, not a component of à f). Shortly, we will relate these two vectors. By 
virtue of Equation (1.28), we have 


ó(?, -6) = -ó(?, 8) (1.30) 


For the tetrahedron, let As be the slant face surface area, As; the surface area normal to £^ and 
Av the volume of the tretrahedron. This volume is given by 


Av = (1/3)AhAs 


where AA is the normal distance from the origin to the slant face. With the aid of vector analysis, 
the various surface areas can be related by 


As;ó; = (As) (1.31) 


Since the basis is orthonormal, we have 


êi ê; 


E 


1J 


(1.32) 
As a consequence, when we multiply Equation (1.31) with & we obtain 

As,6;, = (As)6;- fi 
or 


As; = (Â. ê) As (1.33) 
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Newton’s second law for the mass, pAv, within the tetrahedron can be written as 


(pAv)à = 6(?, A)As—6(?, 2,)As, + (pAv) Ps 


where d is the mass’s acceleration, p is the density, and the right side represents the four surface 
forces and the body force that act on the tetrahedron. We now replace As; with Equation (1.33), 
Av with AhAs/3, and à, ê) with Equations (1.29) and (1.30), to obtain 


(1/3)Ah(As)pa = GAs — OA - $)As + (13)Ah (As) pF 


We assume d — F , remains finite as the tetrahedron shrinks to a point. In this limit, Ah — 0, and 
we obtain 


> ^ ^42 
Ô = (fi - 6)6i (1.34) 

where the right side contains three terms since i is summed over. 
As previously indicated, the stress depends on the force vector & and the vector f that prescribes 
the orientation of the surface area on which 6 acts. For a given coordinate system, this dependence 


can be reduced to two sets of vectors, Ó È, and ê é;. The stress is therefore a second-order tensor, which 
can be written in dyadic form as 


6 = 2,6; (1.35) 

where a dyadic is just the juxtaposition of two vectors. As a consequence, Equation (1.34) becomes 
Ò, â) = à. È) (1.36) 

The second- order stress tensor © is thus r related to the force vector à and helps provide the explicit 


dependence of à on f. In other. words, |o is independent of the orientation of the surface. We now 
define the component form of à, and © as 


à; = oi, (1.372) 
(1.37b) 


In a Cartesian coordinate system, o? is written as oj. Also note that the right side of Equation 
(1.37b) consists of nine terms in contrast to Equation (1.35), which contains only three. By 
comparing these two equations, we obtain 

o = oj (1.38) 
while Equation (1.37a) yields the contravariant result 


à = oře, (1.39) 


These last equations express the fact that 0? represents the stress on an area perpendicular to the 
i coordinate and in the jth direction. 
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The stress vector & at 7 is determined by the nine components of and the normal fi to the 
surface ds. Not all of the components are independent of each other. We have already utilized two 
conditions, namely, the action equals reaction principle and Newton's second law. The components 
of e, however, are subject to a third condition that requires the resultant moment of these forces, 
about any point, to vanish. This condition will be examined in Section 2.6, where it results in o 
being a symmetric tensor, 


o/-0! or Of = Oj (1.40) 


in which case 6 has only six independent components. In this circumstance, Equation (1.36) can 
be written as 


à -f.0-0.f (1.41) 


2. e NC e € x 
If © is not symmetric, then ñ- 0 £ o - fi. 


1.4 RELATION BETWEEN STRESS AND DEFORMATION-RATE TENSORS 


. . . . . e 
Let us assume a constant velocity field and ignore gravity. In this circumstance ©, and therefore 
2 : : ; 
6, has no dependence on 7. Furthermore, the fluid possesses no shearing motion and no shear 
stresses. In a Cartesian coordinate system, 0; can be written as 


O; = (constant) ô; (1.42) 


(As mentioned earlier, we use the covariant component form for vectors and tensors when the 
coordinates are Cartesian.) Equation (1.42) guarantees no shear stress; i.e., a nonzero shear stress 
requires o; # 0 for some i 7 j. 

Our frequent use of a Cartesian coordinate system requires a word of explanation. One can 
show, using the Gram-Schmidt procedure of vector analysis, that any vector basis can be replaced 
by an orthonormal basis. This new basis, in turn, can be replaced with a Cartesian one. These 
replacements are performed when convenient and result in no loss of generality, since the laws of 
physics are independent of the choice of a coordinate system. It will prove convenient for us to 
use Cartesian coordinates for some of the subsequent derivations. As noted, there is no loss in 
generality in doing this. 

Equation (1.42) means that the normal stress is independent of the orientation of the surface 
ds as given by fi. This is the case for the stress due to the hydrostatic pressure p, which varies with 
7 but not with ñ. We therefore write this equation as 


ose up. (1.43) 


J 


where, by convention, a compressive stress is negative, hence producing the minus sign. A fluid 
motion with a nonzero velocity gradient will possess normal stresses that are not equal to the 
negative of the hydrostatic pressure. 

We now subtract the hydrostatic pressure term from 8 to obtain the viscous stress tensor 


Tij 


= Oj-(-pà;j) = Oj + põ; 
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FIGURE 1.5 Strain rate schematic. 
or more generally 
e 
T= G+? (1.44) 


The viscous stress tensor 7 is nonzero only if the fluid possesses a nonzero relative motion. It is 
T that we relate to the rate of deformation. (In a solid, T depends on the deformation itself and 
not the rate of deformation. This trivial-sounding difference represents the demarcation between 
solid and fluid mechanics.) We further require that the dependence of 7 on the rate of deformation 
be independent of the choice of the coordinate system. 

To help fix ideas, we observe that the motion of a fluid can be decomposed into four types of 
motion: uniform translation, solid-body rotation, extensional strain ori dilatation, and a shear strain. 
The first two types of motion produce no relative motion; hence, 7 should depend only on the 
dilatation and shearing motions. Consequently, T cannot depend on © or its components, i.e., on 
the translational motion; however, 7 can depend on derivatives of the velocity components. 

We now consider the relative motion of two adjacent fluid particles that are separated by a 
small distance 67, as shown in Figure 1.5. At some instant, the particles have velocities Y? and 
Y? + OW, where 5% becomes dW as 67 — d7. We evaluate dw by writing the Taylor series 


W(F +d?) = W(?)«d? (VÀ) 





to obtain 





dw = Wr +d?) = È) ed? (VÙ) (1.45) 


The rightmost term is just the directional derivative of Y in the d? direction, and Vi? is the velocity 
gradient tensor. 

The evaluation of dy? requires decomposing d? - Vw in accordance with the above discussion. 
It is evident that this quantity does not depend on any uniform translational motion, since » appears 
only in the gradient. However, we must still subtract any solid-body rotation from d W. To accomplish 
this, we observe that any second-order tensor can be written as the sum of symmetric and anti- 
symmetric tensors. Hence, we write 


e e 
Viv = €+@ (1.46) 
The symmetric tensor €, called the rate-of-deformation tensor, is given by 


€ = (1/22 V? + (V)'] (1.47a) 
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where ( )' denotes the transposition operation. For example, we write Vw in Cartesian coordinates as 


OW; ^ > 
woo mE 
Vw = 2 lli 
Then 
OW; ^^ 
(V) T 3x lili 
and £ becomes 
e l(0w; Ow 
= -|—+—] |, |, 1.47 
é dod 53 Vl (147b) 


The antisymmetric part of Vi? is the rotation tensor 
1 
à = 5L V? - (Vib) (1.482) 
which becomes in Cartesian coordinates 


o  l(Odw; Ow: 
oe X5 - 2) il (1.48b) 


Observe that € and @ sum to Vw. With Equation (1.46), we see that d is 


e 


dw = d?-e+dr-@ (1.49) 


We need to interpret the d? + @ term. For this, consider a body whose sole motion is that of 
solid-body rotation with a constant angular velocity @,.,. From mechanics, the velocity È at point 
? of the body is provided by the cross product 


rot* 


È = ax? (1.50) 
We take the curl of both sides to obtain 
Vxw = Vx(QaX7) = 2G 


where the rightmost equality stems from the use of standard vector identities in Table 5 of Appendix 
A. (Although V x W is the vorticity, this observation is irrelevant to the present discussion.) This 
relation is now multiplied by dÈ, with the result 


Quxd? = HV xÈ) xd? 
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With the aid of Equations (1.5) and (1.7), Cartesian coordinates are used to evaluate the right side as 


> 5 1/əw; ðw; ^ 
ÓXo X dr = 5 (Se ds li 


However, with the use of Equation (1.48b) we observe that 


dÈ? -© = OG xd? (1.51) 


The d? - @ term in Equation (1.49) is thus associated with a solid-body rotation and does not 
contribute to the viscous stress tensor. This means that T can only depend on the rate-of-deformation 
tensor €. This tensor, however, is symmetric with six independent components. These components 
can be further subdivided into those producing a shearing motion and those responsible for a 
dilatation or extensional strain. This later strain is given by the trace of £, 


Ei = ow, _ Vin (1.52) 
Ox; 


where i is summed over. The three independent off-diagonal components produce only a shearing 
motion. 


1.5 CONSTITUTIVE RELATIONS 


As indicated at the end of the last section, we will relate T to €. There are constitutive equations 
whose coefficients are transport properties. By means of these equations, we express the unique 
characteristics of a gaseous or liquid substance. For our purposes, it suffices to view these equations 
as empirical, i.e., based on experiment although they can be justified for a gas by kinetic theory. 

In this section, we derive equations for the viscous stress tensor T and the heat flux vector d. 
For T. which is discussed first, we utilize a Newtonian fluid assumption, while Fourier's equation 
will be used for the heat flux. We return to 6 only later in the discussion. As will become apparent, 
both the Newtonian approximation and Fourier’s equation are based on the same assumptions, 
namely, isotropy and a linear relation. For an introductory discussion of non-Newtonian fluid 
mechanics, see DeKee and Wissbrun (1998). 


NEWTONIAN FLUID 


Again following Stokes, we postulate a linear relation between T and €. We further assume an 
isotropic fluid in which a coordinate rotation or interchange of the axis leaves the stress, rate-of- 
deformation relation unaltered. A fluid that adheres to both assumptions is called Newtonian. Gases, 
except under extreme conditions such as a shock wave, and most common liquids very accurately 
satisfy the Newtonian approximation. Liquids containing long-chain polymers do not satisfy this 
approximation as accurately. 

Each of the above tensors has nine scalar components. The linear assumption means that each 
7 component is proportional to the nine components of €; hence, there are 81 scalar coefficients 
that relate the two tensors. These coefficients are the components of a fourth-order tensor, since 
3^ = 81. With a subscript notation, the linear relation is 


Tij = CijmnEmn (1.53) 


J 
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where Cim is called the fourth-order viscosity coefficient tensor. The most general form for an 


isotropic fourth-order tensor is 


Cijmn = AÓój6,, + B Õim T Có, Ô, 


jn in* jm 
where A, B, and C are the only coefficients remaining out of the original 81. Consequently, we have 


Tij 


A6iOnnEmn Ft B Ôm OjnEmn + Có; Oi, £s, 
AÓj£,,, + BE + CE; 


Since £ is symmetric, this further simplifies to 
Tj = AÓj£,,, + (B + C)E; 


We now utilize Equation (1.52) and introduce the notation u and A for the first and second viscosity 
coefficients, respectively: 


u = 4G CO), A=A 


Normally, is simply referred to as the viscosity or shear viscosity. The final form for the viscous 
stress tensor is 


ty = 2Me,+A5,;V - Yo (1.542) 
In tensor notation, we have 
T= 2u£« A(V -DI (1.54b) 


e 
where / is the unit dyadic. 
By incorporating the pressure stresses, we obtain the familiar result for the stress tensor 
components 


dw; ow; OW, 
2-2 — pÓ, m p ees 1.55 
Ojj pój*u (= + xi) +26; a (1.55a) 
while in tensor notation, this becomes 
6 = (- p* AV 301 + 2u€ (1.55b) 


We emphasize that these equations are restricted to a Newtonian fluid. 

When initially discussing isotropy, we stated that T (or o) should be invariant with respect to 
an interchange of axis. This is accomplished for T by interchanging the i and j subscripts in the 
viscous terms in Equation (1.552). Observe that the interchange does not alter these terms. 
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In Section 2.2, we show that for an incompressible flow, conservation of mass becomes 
V.» =0 (1.56) 


In this circumstance, the term in Equations (1.54) and (1.55) containing A is zero; therefore, the 
second viscosity coefficient plays no role in an incompressible flow. 

To appreciate the role of A for a compressible flow, we take the trace of o; and divide by three. 
An average of these normal stresses is thus obtained: 


10, = -p+(4+3u) = =p + [pV «Y 
where 
2 
My = A+ 34 (1.57) 


is the bulk viscosity. We replace A with u, in Equation (1.54b), with the result 





T = 2u(2-3V S) + uv T = 2ug + uv -RI 


where the € tensor has a zero trace. Although this tensor has a zero trace, its diagonal elements 
are generally nonzero with only their sum being zero. This is called the rate-of-shear tensor, since 
it provides the viscous stresses associated only with a shearing motion. Consequently, the bulk 
viscosity term provides the viscous stresses due to a dilatational motion. The shear and dilatational 
stresses are caused by the attractive and repulsive forces between molecules and the collisional 
relaxation of the rotational and vibrational energy modes of polyatomic molecules, respectively. 

Ultrasonic absorption measurements show U, to be zero for a low-density monatomic gas, in 
accordance with kinetic theory. For certain polyatomic molecules, such as CO,, U, can be much 
larger than u. In any case, the second law of thermodynamics requires U, 2 0, as will be shown in 
Chapter 3. Stokes originally hypothesized that 


2 
A20, A= -3H (1.58) 


for all gases. This hypothesis is exact for a monatomic gas (except at a very high density) and can 
be used for an incompressible flow when the value of À is irrelevant. The approximation, however, 
is often used for compressible flows of polyatomic gases. For instance, ultrasonic measurements 
yield U, = (21/3) for air at 293 K and 1 atm. This is a very small value for u, and frequently can 
be neglected. Nevertheless, we will not invoke this hypothesis anywhere in the subsequent analysis. 
A more comprehensive physical discussion of bulk viscosity can be found in Section 13.4. 


FouRiER/'s EQUATION 


As discussed in Section 1.1, we neglect the transport of energy by molecular diffusion, chemical 
reactions, or radiative heat transfer. For heat conduction, a linear relation between the heat flux d 
and the temperature gradient is assumed as 


d = «-VT 
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FIGURE 1.6 Cap bordered by a simple closed curve. 


where T is the temperature and K is a second-order thermal conductivity tensor. Note that d is not 
necessarily oriented in the same direction as VT. (This difference in orientation occurs in crystals.) 
Although referred to as the heat flux, d actually provides the rate of heat transfer having units of 
energy per unit area per unit time. (The thermal conductivity tensor has units of energy per unit 
length per degree Kelvin per unit time.) In Cartesian component form, the heat flux becomes 


oT 
qi - Kj Ox, 

For an isotropic fluid, the x; tensor is given by 
K; = —KÓ; 


1J 


where x is the conventional coefficient of thermal conductivity. (For notational consistency, transport 
coefficients are denoted with Greek symbols; hence, we use x for the thermal conductivity instead 
of the more common k symbol.) We thus obtain the standard form for Fourier’s equation 

d = -KVT (1.59) 
where the minus sign ensures that heat flows from hot to cold when k > 0. 

By way of summary, we observe that we have obtained the constitutive relations, Equations 
(1.55b) and (1.59), for the stress tensor and heat flux vector. These equations contain only three 
scalar coefficients, 4, A, and x. This is a remarkable simplification since the total number of scalar 
coefficients in the two equations has been reduced from 90. These three coefficients are viewed as 
known functions of the temperature and density. This dependence is often empirically established 
or it may come from the kinetic theory of gases. 


1.6 INTEGRAL RELATIONS 


A number of integral equations will be needed in the subsequent analysis. The first few of these 
are standard vector relations; we state them without proof. The first one is the Stokes theorem: 


$ Àa? = f a(vxAyas (1.60) 
C S 


where ÁQ) is an arbitrary vector function. The surface S is an open surface, or cap, bounded by 
a simple closed curve C as shown in Figure 1.6. The vector d ? is tangent to C, while fi is a unit 
vector normal to S. The Stokes theorem is useful for converting a line integral into a surface integral, 
or vice versa. 
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We write the Gauss divergence theorem in a generalized form 
Ó o 
|" Id = $a “A |ds (1.61) 
v s 


where the volume V is fully enclosed by S, fi is an outward unit normal vector to S, WP) is an arbitrary 
scalar function, and (?) is again an arbitrary vector function. This result is actually three separate 
equations combined into a single convenient form. Of these three equations, we shall make explicit 
use of the first two. Note that the surface integral is a double integral while the volume integral is 
a triple integral. We shall also need a dyadic version of the middle equation, given by 


Í V. Pdv = $ à. Bas (1.62) 
V S 


where d is an arbitrary dyadic in three-dimensional space. 
The next standard relation is the integral definition of the divergence operation, given by 


Vides li xj ñ. Èds (1.63) 


where ôv is a small volume bounded by ôs. This relation is easily derived from Equation (1.61). 
There are various extensions or generalizations to Equations (1.60) and (1.63) (see Appendix A, 
Tables 4 and 6) that are not considered, since they will not be needed. 


LeiBNiz’s RULE 


Suppose the integrand and one or both integration limits of a one-dimensional integral depend on 
a parameter f. If the integral is differentiated with respect to t, Leibniz’s rule provides 


d (>O _ (2° ay dx; dx, 
ir J, "t = [oars vesto.0 72 - vost. 0 772 


x,(t) 


In this mathematical identity t is not necessarily time, but this identification provides us with a 
suitable physical interpretation. Thus, dx,/dt represents the speed with which the end points move, 
while the y(x,,f)dx,/dt terms represent the flux of y across the end points. 

We will need a three-dimensional version of Leibniz’s rule.* For this, we introduce a volume 
V of finite magnitude with a surface S that encloses V. Let PÈD be the velocity with which S 
moves where ? denotes a point on S, and let f; be the outward unit normal vector to S. For the 
desired generalization, we need to evaluate the amount of y that crosses S due to its motion. The 
amount that crosses a differential area ds of S, per unit time, is 


> 5 
ww - fids 





* [ am indebted to Professor M. L. Rasmussen for suggesting the Reynolds' transport theorem derivation, which starts with 
Leibniz's three-dimensional rule. 
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When Y, - ñ> 0, the flux yi, of y leaves V; thus, the net flux of y that crosses S is 


$ VW; £ nds 
S 
Consequently, the rule in three dimensions is 


d ow > » 
LN way = Í OV dva tends (1.64) 
dt V(t) V(t) at S(t) 


where the volume integral on the right represents the change in y that occurs within V, while the 
surface integral accounts for the transport of y across the moving surface S. Note that if ra “nis 
everywhere positive on S, then V and S increase with time. In this circumstance, the surface integral 
is positive when y > 0 and contributes toward an increasing value for the volume integral on the 
left side. Equation (1.64) does not stem from fluid dynamics; it is purely mathematical. In this 
regard, observe that È, is not necessarily related to a fluid velocity and y has not been identified 
with any fluid property. 


REYNOLDS’ TRANSPORT THEOREM 


We now assume S(t) moves with the fluid velocity 
Ws = W (1.65) 


As a consequence, a fluid particle initially within V will remain within V, and a particle outside of 
V remains outside. Thus, V(f) contains a fixed amount of mass, referred to as a material volume, 
and is equivalent to a closed thermodynamic system. In this circumstance, it is appropriate to 
replace the time derivative on the left side of Equation (1.64) with the substantial derivative. With 
this change, Equation (1.64) becomes 


D ow E 
— ydv = Í — dv+ yw - nds (1.66) 
Dt Vit) V(t) ot S(t) 


which is the first version of the transport theorem. The quantity y 7,7) can be a scalar, vector, or 
higher order tensor, and the terms on the right side have the same physical interpretation as those 
on the right side of Equation (1.64). 

If, instead of Equation (1.65), we set È, = 0, the volume and bounding surface are usually 
referred to as a fixed control volume (CV) and control surface (CS). Since mass may cross the 
control surface, this is an open system. Equation (1.64) now reduces to 


d 


€ wars Í oU as (1.67) 
dt CV CV 


ot 


where y should be continuous within the control volume. The need for this proviso becomes 
evident by setting y= p for a control volume containing two flows that are separated by a moving 
shock wave. 
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A relation between an open and closed system is obtained by equating V and S with CV and 
CS, respectively, at a given instant of time. By subtracting Equation (1.67) from (1.66), we obtain 


D Í d > ^ 
— | vdv = — Í ydv +$ Vw - nds (1.68) 
Dt V dt CV CS 


where the left side refers to a moving material volume and the right side refers to a fixed control 
volume, which is an open system. 

When y is a scalar (or a higher-order tensor; see Problem 1.6), the surface integral in Equation 
(1.66) can be written as 


$ Wh Aids = $ T E $ athas 
S S S 


where (? V) is a dyadic if yis a vector. By means of the divergence theorem, Equation (1.61), we 
obtain 


d yÈ- âds = Í V. Gby)dv 
S V 


and Equation (1.66) becomes 


D zd Ig s a 
Di f, ydv = JS +V Gey) dv (1.69a) 


The divergence term can be expanded as 


> 


V.(wy) = w-Vytwv-w 


to yield 


D ah Se pe E 
Di f væ = |. 3r * V Vy yV i] dv 


.[(Dv fr 1.69b 
= LO + yV vv (1.69b) 


Equations (1.66) and (1.69) are alternate forms of the transport theorem, where Equation (1.69b) 
is utilized in Section 2.3. 
As an illustration, set y= 1 and replace V with a small volume ôv, to obtain 


2 dv = V «dv 
Dt ôv ôv 


from Equation (1.69b). The integral on the left side is just ôv. We thus have 


Dov _ veda = d A-wds 
Dt às 
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where the divergence theorem is again utilized. Equation (1.63) is now used to finally obtain 


1 Dóv _ lim = $ A-wds 
dv Dt — w0 dv J,. 
or 


1 D(dv) _ 
ô Dt | 





V-w (1.70) 


where the left side is referred to as the dilatation. It represents the rate of volumetric strain of a 
fluid particle. 

Equation (1.70) enables us to provide still another interpretation to Equation (1.69b). For this, 
we proceed as follows: 


Dog cti noc EDU we Dae 
Dt J ve ü op, Y B INC: BUS al 


En pU. tuae pies | (ee -it) 
= LOS dv + yV iav) = LO + WV -v |dv 


We again obtain Equation (1.69b); however, observe that the V - Ù term stems from the change 
with time of the differential volume of a fluid particle. This change increases or decreases the y 
content of V even if y is constant. 
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PROBLEMS 
1.1 Consider an unsteady velocity field given by 
> o ^ ^ 
W = aix; |) +(x- at) h + axı ls 


where the a; are constants. 
(a) Derive the vorticity à. 
(b) Determine the pathlines, where the initial condition 


is utilized. 
(c) Determine the streamlines using the same initial condition. 
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1.2 


13 


1.4 


1.5 


1.6 
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Use 


È = b(t)x [,-b()y |, +0 |, 


to determine the pathlines and streamlines. Construct the velocity ®© and acceleration d 
from the pathline equations. 
Use spherical coordinates 


ery Sle: g Le 


with 


al 


(x? + y? + z2)1? 


e 


Z 
cos7!| ——— 
ie + y? + a] 


tan=(2) 
x 


E 
to develop equations for 
e 
Èi, Sij gl. gË, é;, e, I, [5 


where g; is the fundamental metric and Ti is the Christoffel symbol (see Appendix A). 
Continue with Problem 1.3 for spherical coordinates and write the equations for 


o e 
Vw, 0, o0 
where y is a scalar. Write the velocity as 
> A A 2 
W = V,€,+Veegt Vep = Wiei 


Use the v; components and the 6; as the basis for V and the subsequent computations. 
Suppose the velocity in Problem 1.4 is given by 


w = f(r, tê, 


in spherical coordinates. Determine Dw/Dt, €, 0, and @. 


Start with Equation (1.66) where y/ is not restricted to being a scalar function. Set 
> 
V-A 


and derive the vector counterparts to Equations (1.69a) and (1.69b). 
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1.7 Consider the unsteady flow about a circular cylinder as discussed in Section 1.2. 
(a) Determine an equation for x 
(b) Show that the displacement A satisfies 


A — co, Y,- 0 
A=0, Y, oo 


(c) Determine asymptotic formulas for u’ and v’ as T’ > —ee. 
1.8 Show that for a Newtonian fluid the surface force can be written as 


Ò = uñ. [VÈ + (VW) ]  [A(V -35) - pla 





The Conservation Equations 


2.1 PRELIMINARY REMARKS 


The equations that govern the motion of a fluid consist of conservation equations, auxiliary relations, 
and initial and boundary conditions. The first group is preeminent; it includes conservation of mass, 
relations for linear and angular momentum, an energy equation, and the second law of thermo- 
dynamics. These equations are most simply obtained in integral form, from which their differential 
version can be deduced. Auxiliary equations are principally the constitutive relations that provide 
equations for the thermodynamic and transport properties. Equations (1.54b) and (1.59) are in this 
category. They also include equations for properties of interest, such as the vorticity, rate of entropy 
production, and the skin friction and heat transfer at a wall. Indeed, these last two items are principal 
engineering concerns. Any fluid flow, of course, is incomplete unless conditions fixing the configu- 
ration, such as upstream boundary conditions, wall conditions, etc., are prescribed. 

This chapter is devoted to a derivation of equations that govern the transport of mass, momentum, 
and energy. Because of their importance, alternative forms are obtained for each of these equations. 
We also discuss a number of related topics including a second transport theorem, the role of an 
inertial frame for the equations, conservation of angular momentum, and viscous dissipation. 

All of the conservation equations are derived from a single viewpoint. A conservation principle 
is first invoked that involves the time rate of change of some flow property that occurs in a material 
volume of fluid of fixed mass. We thus make use of Reynolds' transport theorem, Equation (1.69b). 
The quantity y will take on, in turn, five values: 


p. pw, p? xwv, pe. pw'I2 


where e is specific internal energy and p is the density. Associated with these values are the fluxes 
of mass, linear momentum, angular momentum, internal energy, and kinetic energy, respectively. 

A material volume, rather than a fixed control volume, is utilized because the resulting derivation 
is mathematically simpler and physically clearer. This will be evident for all the conservation 
principles. Furthermore, a material volume coincides with a closed system that is used for the first 
law of thermodynamics. In each case, the results of the analysis will be in the form of a vectorial 
equation and thus independent of any specific coordinate system. However, for purposes of clarity, 
we often write individual terms or equations in Cartesian form. 


2.2 MASS EQUATION 


The principle of mass conservation states that the mass of fluid in V moves with the fluid velocity; 
i.e., Vis a material volume. We set y = p and write the principle as 


D 
= f, par (2.1) 


Equation (1.69b) now yields 


33 
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or, since V is arbitrary, 


Dp ae 

Di +pV-w =0 (2.2a) 
An alternate form 

op 

3: +V. (pw) = (2.2b) 


is obtained by expanding the Dp/Dt term. Either of these relations is referred to as the continuity 
equation. Although they are scalar equations, when written in vectorial form they are independent 
of any specific coordinate system. 

The incompressible condition that a fluid particle has a constant density is 


md -o0 (2.3) 


In combination with Equation (2.2a) this yields Equation (1.56), which is an alternate condition 
for an incompressible fluid. 


2.3 TRANSPORT THEOREM 


We derive a general integral equation that is based on the Reynolds transport theorem and the 
continuity equation. In view of Problem 1.6, let y be a scalar or a vector. Replace y with py in 
Equation (1.69b) to obtain 


D _ ff ew 3 
ml: pydv = NI D: +pyV y Jav 


E Dy ,,Dp i) 
=f (» Di * V pi PYY Y |dv 


= Í l^ oe v(5 +o. JE 
V 
By continuity, a second transport theorem is obtained as 


ak pudv = f, p oY ay (2.4) 


that will be of considerable utility. 
In later discussion, we will find that the various conservation principles involve only three types 


of integral terms: 
D Í ^ 
Df Ow pose $osnss 
Dt V V S 
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The first of these is converted to a volume integral, without the external substantial derivative, by 
means of Equation (2.4). The surface integral is also converted to a volume integral by means of 
the divergence theorem. By combining the various volume integrals, a single integral of the form 


J Coa = 0 


is obtained. By virtue of the arbitrariness of V, the integrand is zero. This integrand, when set equal 
to zero, is a partial differential equation that represents a conservation principle. 


2.4 LINEAR MOMENTUM EQUATION 


Newton’s second law of motion states that the time rate of change of linear momentum, pw, of a 
material volume equals the applied forces. These are the body force Fy, given by Equation (1.26) 
for gravity, and the surface Stress vector, ò, given by Equation (1.36). In the derivation, we do not 
assume a symmetric ©; thus, ó equals fi - & but does not necessarily equal © - fi. Newton’s second 
law can therefore be written as 


D Í pdv = Í pP, de d ds 
Dt Jy v s 


which simplifies to 


Jer pee di Í pF ydv+ b & « Gds 
V S 
2 o 
= Í pF dv | V - odv 
V V 
The differential form then is 


Dw 


Dr =V.0+ pÈ, (2.5) 


where the left side represents mass times acceleration, while the right side provides the vector sum 
of the applied surface and body forces, per unit volume. 
To simplify the divergence term, we use Equation (1.44), which yields 





V.o 2 V. -V-(pl) 2 V. T-Vp-I-pV-I 
-V.T-Vp (2.6) 


since 


Ad cae V-I=0 (2.7) 
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> 
for any vector A. Equation (2.5) now becomes 
Vp V. pf (2.8) 
ze LL ey +V°TH . 
P Dr P T+ pls 


A further simplification of the divergence term occurs if a Newtonian fluid, Equation (1.54b), is 
assumed. We thereby obtain 





Vt 


(VA- DG 3) ALV(V 39] T+ ACV -DV LE 2(VU) 8-20 € 





2uV -£42Vu* £- AV(V Ww) x (VA((V * È) (2.92) 


where the last result utilizes Equations (2.7). In a Cartesian coordinate system, this equation 
becomes 





o Ow, Ow). du (dw; aw; Ow;  gÀ wa 
V.T- E Gort oe) Get) eee oe A l; (2.9b) 


Any additional simplification of V - T would require further assumptions or approximations. 
The most common of these would be an incompressible flow [Equation (1.56)], Stokes' hypothesis 
[Equation (1.58)], or the assumption of constant values for u and A. 


2.5 INERTIAL FRAME 


In the derivation considered thus far, an inertial frame or coordinate system has been tacitly assumed. 
In particular, Newton's second law requires that the velocity and acceleration of a fluid particle be 
measured in a stationary, or inertial, frame; thus, the origin of a curvilinear coordinate system &' 
should be at the center of mass of the universe and should rotate with the average angular momentum 
of the universe. Since neither this mass nor the angular momentum is known, a simpler definition 
for an inertial frame could be based on several very distant galaxies. However, a practical alternative 
to either approach is to define an inertial system as one in which Newton's second law, in the form 


F Sma (2.10) 


holds. In this circumstance, unbarred variables are used to denote the system. 

We consider a second coordinate system £, located at a distance R(t) from the origin of the inertial 
system, which rotates with a solid-body motion whose angular velocity is à, (D. Barred variables 
denote this system, as shown in Figure 2.1. 

We are not especially concerned with a transformation of coordinates between & and E/, as 
this transformation is not essential for the discussion; however, Sections 6.4 and 6.6 will utilize 
this type of transformation. These later sections provide a more general approach than that con- 
sidered here. Time in the two systems is assumed to be the same, as are most scalar quantities like 
pressure and density. These scalar quantities are thus invariant under any transformation that takes 
you from one system to the other. (Two exceptions to scalar invariance are w? and the stagnation 
enthalpy, which is defined in Section 2.9.) 

What is needed are relations that account for the relative translational and rotational motions 
of the two systems. These effects are dealt with by assuming R and @,,, are known functions of 


rot 
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FIGURE 2.1 Schematic relation between inertial and noninertial frames. 


time. Once derived, these relations will provide a transformation of vector quantities between the 
two systems. 

The basic scalar equations of continuity and energy, derived later, are also invariant under this 
transformation. We will prove this assertion for continuity shortly. However, the linear momentum 
equation is a vector relation and therefore is not invariant. It is for this reason that a noninertial 
system is discussed in terms of Newton’s second law. 


TRANSFORMATION OF THE MOMENTUM EQUATION 


The position vectors in the two systems are related by 


> 
f 


Siy 


+R (2.11) 


> 
as shown in Figure 2.1. The velocity Ù in the inertial system equals the sum of w and velocities 
due to the translational and rotational motions of the noninertial system relative to the inertial 
one; i.e., 


> 
dR > 2 
* 


ee x Q.12) 
W= Wt tV . 
Similarly, the acceleration is given by 
2 aR > 2 > > 2| do 2 
a= a «i + ax + Dax (ux T) + Ox 7 (2.13) 


where the four rightmost terms provide the acceleration of the noninertial system due to its 
translational and rotational motion relative to the inertial system. [See Problem 2.13 for the 
derivation of Equations (2.12) and (2.13).] Thus, in a noninertial frame the momentum equation 
has the form 


n 22 > 
Dw) dR „> > > > 2Y dQ 2 o > 
o (2) $ed + daar?) ere = cnp Fa ph 


where the acceleration can be written as 
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_ ai 


ot 


sS. 
zl 


Ww > 
Ww Es 
TNCS 


Observe that the del operator is associated with the inertial system. If, for example, both systems 
use Cartesian coordinates, we then have 


Vo = Vo 
AoW chk 
Nou 


since only spatial derivatives are involved. Furthermore, the applied forces are the same in the two 
systems, with the result 


eo = = e 2 
-Vp+V:T+PÈ, =-Vp+V:T+pF, 


Hence, aside from the addition of the four acceleration terms, the rest of the momentum equation 
has the same form as Equation (2.8), "nM 

While Vx A = VxA andV x Á = VxAif A isa force (see Problem 2.16), the later relation 
generally does not hold. This occurs when Ais the vorticity; see Problem 2.4. Thus, @ is not 
invariant between the inertial and noninertial systems. 


Discussion 


If an experiment or analysis is being performed in a noninertial frame, then the momentum equation 
should be written with the additional acceleration terms. The surface of the earth is such a frame, 
due to its rotation about its axis as well as its translational motion relative to our galaxy. However, 
with a few exceptions, the contributions of R and Ò a are totally negligible, and Equation (2.8) is 
utilized with excellent results. 

Several exceptions do occur where noninertial effects are important. These include the motion 
of the atmosphere, the motion of ocean currents, and the analysis of rotating machinery when 
rotating at a large angular speed. These situations are appreciably simplified by assuming 


rot 


> 
ae = 0, O, = constant 


and only rotation about an axis with a constant angular velocity is being considered. With this, 
Equations (2.11) to (2.13) simplify to 


>_2 
r=r 

> 
> Bes o> > 
w= W+0,,X Í 

rot 

> > 
> zt > NES > > 
á = 4+20,,.XW+@,, X(QO xf) 
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> 2; Das ; > > ; A ; 
where 2 Or X W is the Coriolis acceleration and @,,, X (@,,, X ?) is the centripetal acceleration. 
If the barred system is fixed to a vehicle (car, aircraft, missile, etc.) that is linearly accelerating 
or decelerating, then the d'R Idi term is required. 


TRANSFORMATION OF THE CONTINUITY EQUATION 
Let us now discuss the invariance of the continuity equation. We first note that the time rate of change 


of a scalar quantity, following a fluid particle, is the same in the two systems. We therefore have 


Dp _ Dp 


Dt Dt 


With the aid of Equation (2.12), the divergence of the velocity is 





A 





vp = Vi = V (Ptax?) = v.v. 


&| 


S > 2 
+V -| OaXT 


T 2. : 
Since R is a function only of t, we have 


We use the vector identity 


to show that 








However, we have 


so that 


=e 
Vw = V-w 
Consequently, Equation (2.2a) for continuity transforms into 
Dp 


Vip = 
D P w = 


and continuity is invariant under the transformation, as mentioned earlier. 
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2.6 ANGULAR MOMENTUM EQUATION 


Consider a particle of mass, mat an arbitrary position 7. As a result of an applied force È, the particle 
experiences a moment, m? x F, which is a vector called the torque, that is perpendicular to 7 to ? and 
P. For the angular momentum of a fluid particle, we similarly encounter the moments 7 x Ò and 
7x É » as a result of the applied surface and body forces. The principle of angular momentum 
states that the time rate of change of the angular momentum of the material in volume V equals 
the moments of the applied forces. In an inertial frame, where Equation (2.10) holds, this principle 
becomes 


nl DERRE Í Px bds+[ p? x P,dv (2.14) 
Dt V S V 


where p? x W is the angular momentum of a fluid particle relative to an arbitrary origin. 
We utilize Equation (2.4) with y= ? xW to obtain, for the left side of Equation (2.14) 


D D(r xi) 
T2552 PAW 
Di J^ x wdv = lee dv 


Equation (1.13) is used with the result 


BOW), DP. 2 DE gua Px DH = 2x BB 
The left side of Equation (2.14) thus becomes 
D eS > DÈ 
E x wdv =f př x Dr dv (2.15) 
For the surface integral, Equation (1.36) is used, to obtain 
xÒ = -0x = (A-O)X? = -ñ (Ox?) 


where the last step stems from the associativity law for a multiplication involving vectors and 
dyadics (see Table 6 in Appendix A). We now use the divergence theorem, Equation (1.62), with 


e 


-0x È, to obtain 
| #x bas = - | aex Pas z -Í V. (8x 2)dv 
S S V 


With this relation and Equation (2.15), Equation (2.14) becomes 


> D 2 > 2. 
pf x= dv =- | V:(oxf)dve| pf xF,dv 
V Dt V V 
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or 


> DÈ 2e > 2.2 
prx— --V-.(oxf)vpf xF, (2.16) 


This relation can be compared with the linear momentum equation by multiplying Equation (2.5) 
with 7? and subtracting the result from Equation (2.16), to yield 





V.(Ox?)« ?x(V-0) 20 (2.17) 


As shown in Problem 2.3, this relation is an identity providing G is symmetric. This symmetry 
condition is 


et 
ll 
at 


(2.18a) 
or, in indicial notation, 


Oj = Oj (2.18b) 
If & is symmetric, then by Equation (1.44) 7 is symmetric. We thus conclude that conservation of 
angular momentum does not yield an independent equation other than the symmetry of 6. We, 
therefore, have derived the result originally anticipated by Equation (1.40). 

There are several circumstances when Equations (2.18a,b) are not forthcoming (Rae, 1976). In 
certain non-Newtonian liquids the molecules may have a coupling moment. In this case, Equation (2.14) 


is incomplete and, consequently, 6 is not symmetric. 


2.7 ENERGY EQUATION 
TOTAL ENERGY EQUATION 


Several equivalent forms for the energy equation are derived. The first is called the total energy 
equation and, conceptually, it is the simplest of the group. The total energy per unit volume consists 
of its internal energy, pe, and its kinetic energy, pw?/2. The time rate of change of the total energy 
of a material volume V then is 


D Tous D 1 ) 
= Pessw)o =f os (ess dv (2.19) 


In addition, the fluid in V experiences heat transfer with the surroundings, and the rate of work 
done on V by surface and body forces needs to be included. As we know from mechanics, the work 
done on a particle is F - £d6, where 7 is a unit vector tangent to the particle | path and £ is arc length 
along the path. The rate of doing work, or the power, is then F. W, where Y? equals 7(d€/dt). These 
terms, which will appear on the right side of the energy equation, are 


42 Analytical Fluid Dynamics 


> 
4 d uy $ È- dds, $ p « Pydy 
S S V 


The first integral provides the rate of heat transfer to V from the surroundings, while the other 
integrals provide the rate of work done on the material volume. 

Our governing energy principle states that the time rate of change of the total energy of a material 
volume is due to the rate of heat transfer to V and the rate of work done on the material volume. 
We therefore have 


Í P5 (eriw) dv z -Q dias bit dde > pÈ- F dv 
V Dt 2 S S V 


where Equation (2.19) is utilized on the left side. The surface integrals on the right side are 
transformed with the aid of the divergence theorem as follows: 


$ doas = $ V- Gav 
S V 


$2 2 A9 i ner 
+O = 6-w -(R-0)-w = R-(o-w) 


RET = bà bas Š $ vae 
S S V 
The above equations combine to yield 
e > 
Í pe (e+; w?) due -Í y. daf y. E-a | pi » Fidi 
V Dt 2 V V V 
or, in differential form, 


m(esaw)- VG 9) +p- È, (2.20) 


for the total energy equation. With Cartesian coordinates the divergence term can be written as 


V. (SG. »- 4) = Z- (ow - d) 

Equation (2.20) relates the changes in total energy to the rates of work and heat transfer. Observe 
that gravitational potential energy is effectively represented by the F, term. As a consequence, the 
total energy does not contain the potential energy due to gravity; some authors include the gravi- 
tational potential energy as part of the total energy. In this circumstance, F, would not be associated 
with gravity. 
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KINETIC ENERGY EQUATION 


Let us now multiply Equation (2.5) by V? and use Equation (1.18) for the acceleration, to obtain 





> [ow w > > > e zy A 
pi-[S «v xo | = d Se pF 





> OW. > w? > > > > 2 > È 
p +R V -R RVR] 2d epit És 


We utilize the relations 


to arrive at 
pX a b.(V-S)4+ pF; (2.21) 


This result is called the kinetic energy equation and is arrived at independently of Equation (2.20). 
The right side represents the rates of doing work on a particle of fluid by the surface and body 
forces. The left side represents the time rate of change of kinetic energy, per unit volume, experi- 
enced by a fluid particle. Note that heat transfer and internal energy are not involved. 


INTERNAL ENERGY EQUATION 


We next subtract Equation (2.21) from Equation (2.20), with the result 


P Vo Va WV) 


From tensor analysis, we have the decomposition (see Problem 2.5) 





V.(8-W) = w-(V.-0)«0: (VÀ) (2.22) 


where the double dot product is defined in Table 6 of Appendix A. Observe that »- (V. o) 
represents the rate of work done by the resultant of the surface forces and accounts for the rate of 
translational work. The double dot product term represents the rate of work associated with both 
the normal (hydrostatic) and viscous stresses. Hence, the left side of Equation (2.22) provides the 
net rate at which work is done on a fluid particle. The internal energy equation thus becomes 


p% 2g 3 (VÈY (2.23) 
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and only the rate of work associated with o (VÈ) remains. In Cartesian coordinates, this term 
is evaluated by first writing the velocity gradient and its transposition as 











ne, HS 
Vy = EI | lin (2.24a) 
v = Wn d (2.24b) 
Ox, m In 
We therefore obtain the relatively simple result 
o $5 OWn > 4 OW, n 
. > t — . m — 
o (VW) = Oj; |; ory ln |, P2 Oi x, (,- I, (, (2) 
OW m ow, 
aim 0,0, = Oj p (2.25) 


Observe that Equation (2.23) has no body force term. From this equation and Equation (2.21), we 
see that the body force rate of work term can alter only the kinetic energy of a fluid particle, not 
its internal energy. 

It is useful to evaluate the double dot product term in a different manner than that given by 
Equation (2.25). We introduce Equation (1.44), to obtain 


8:Viby = (?- pl): (VÈ = T: (VW - pl : (VÈ) 
With Equation (2.24b), the double dot product in the rightmost term becomes 


e 


T: (VÈ = OWm 5 roa 5 ow ow; 


m |, = 0 (l; 5 LX 4 |d) = OX, Sim Oin = OX; 








DP es 
DL £j (2.26) 


where Equation (2.2a) is used. We therefore have 


2g) 2 Suut P Dp 

6:(Vw) = T:(VW) Ta Dr (2.27a) 
LOB wi. mV 
= Vy - B (2.27b) 


where the specific volume v is given by 


(2.28) 
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The double dot product term on the right-hand side of Equation (2.27a) is called the viscous 
dissipation, while the other term represents pdv work. It is evaluated in the next section, after which 
we complete the discussion of the energy equation. 


2.8 VISCOUS DISSIPATION 


The double dot product (viscous dissipation) term on the right side of Equations (2.27a,b) is denoted 
as ®. Since & is symmetric while Q is antisymmetric, we have from Equation (1.46) 


(Vi) =€+0' =€- (2.29) 
As we have shown, ? is a symmetric tensor that yields for «b 
o = 7:(Vw)' = T:(€-@) = 7:8 (2.30) 


since the double dot product of a symmetric dyadic and an antisymmetric dyadic is zero (see 
Problem 2.7). The form 7: € for ® is a convenient and commonly encountered one, although it 
does require T to be symmetric. 

Further simplification utilizes the Newtonian assumption for 7. We now have 


o = 7:2 = we: E+ A(CV -RI : È 


Without loss of generality, we can write & in terms of an orthonormal basis as 


e» ^^ 
E = £j£i6j (2.31) 
We then have 
2 o 
I:g£28,2 V.3 
e e ^ ^ ^ ^ 
E: E = EjjEkm( êj * 064)(0;* Cm) = E;jEkmÔjkÔim 
" z 2 2 2 
= EgEj = EnEn + 2(£15 + £53 + £31) 


jCij 


where the 2 stems from symmetry. We thus have the result 
@ = 2u£j£; + 4U(El2 + Ez + E31) + ACE) (2.32a) 
where 
3 3 2 
EiEii = Ys. (E = (Za) 
i=l i=l 


With Cartesian coordinates, the rate-of-deformation tensor is given by Equation (1.47b). With 
this equation, we obtain the familiar result 
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3 3 2 
B Ow; (dw, dw, (Ow, Ow3) (Ow, Ow, ow; 
eG +See) Gee) GE) LE] em 
i=1 


i=1 


for the viscous dissipation. Observe that the À term is zero if the flow is incompressible, and that 
€ is proportional to a series of terms of the form (0w,/dx;)(Ow,,/dx,). Thus, ® is significant when 
the gradient of the flow speed is substantial. The two most prominent examples are the flow interior 
to a shock wave and in a high-speed boundary layer. In the case of a normal shock wave with 
speed w, in the x, direction, we readily obtain 


ow.’ 4 ow.’ 
o - Que) = Gere) ) 


Consequently, there is dissipation due to the bulk viscosity, which is additive with the shear viscosity 
dissipation. For a two-dimensional boundary layer with w, = 0, 0( )/0x, = 0, and ignoring the small 
gradients in the x, flow direction, we have 


dw; (Ow, (2) 
« (2) + (22) | (22 
OWN el Pit cd CLA 
u( 2) +G ere) (FE) 


In general, the first term on the right dominates. This term represents the shearing motion of the 
fluid in a viscous boundary layer. 


o 


Wi 


2.9 ALTERNATE FORMS FOR THE ENERGY EQUATION 
With the aid of Equations (2.27b) and (2.30), Equation (2.23) is written for the internal energy as 


De 3 p Dv 
BE ot ENT p- 2 
P Di a DI 
or as 
De _ Dv > 
note p +Y? -Yy á (2.33) 


It is conceptually useful to compare this relation to the first law of thermodynamics 
de = ôw + ôq (2.34) 


when the thermodynamic system is a fluid particle. A delta is used to indicate an inexact differential; 
for example, ôw is the differential work done on the system and ôq is the differential heat transfer 
into the system. Observe that d and q have opposite signs and different units; d is per unit area 
per unit time, while g is per unit mass. If the process under consideration is reversible, we have 
the familiar result 
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OWrey = -pdv, Orev = Tds (2.35a,b) 


where Tds represents the reversible heat transfer that crosses the system boundary, and p and s are 
the thermodynamic pressure and specific entropy, respectively, for a system in equilibrium. 
With a fluid particle as the system, we write Equation (2.34) as a rate equation 


de _ ôw | ôq 


a madd 2; 
dt dt dt (90) 
Equation (2.33) is similarly written as 
de _ dv iy 
auc ues +vO—-vV-q 


where dt represents the differential time change following a fluid particle. By comparing these two 
relations, we obtain 


ôw = —pdv+v®dt (2.37a) 


We presume the pressures in Equations (2.35a) and (2.37a) are the same. In other words, the 
hydrostatic and thermodynamic pressures are, henceforth, equal to each other. Equation (2.37a) 
means that the work ôw can be decomposed into reversible and irreversible terms, where the latter 
term is associated with the viscous stresses. 

The foregoing comparison also yields 


ôq = -W(V- d)dt (2.37b) 
which provides the connection between q and Gq. We now write 


. | ôq 
27 


and let dv, ds, and dm(= pôv) represent the differential volume, surface area, and mass of a fluid 


particle, respectively. Equation (2.37b) is multiplied by pdv and integrated over óv. With the aid of 
the divergence theorem, we have 


dade pede -$ Ae dds 
ôv ôv ôs 


or, as an alternative to Equation (2.37b), 


; 1 PARE 
c . dd 
q Sm Lt qas 


Thus, -ġôm equals the net flux of d across the surface of the fluid particle. Section 3.7 will discuss 
the possibility of decomposing 6g into reversible and irreversible terms, as was done for the work. 


48 Analytical Fluid Dynamics 


ENTHALPY FORM OF THE ENERGY EQUATION 


Another alternate form of the energy equation replaces e with the enthalpy, h, by means of 


e=h- (2.38a) 


DIV 


De _ Dh_1 Dp p Dp 
Di Di p Di pi Dt Sep) 


Consequently, Equations (2.23) and (2.27a) become 


Dh _ Dp > 
— = ~+@-V- 2.39 
P Di Bi d nc 
for the enthalpy. This is the initial form for the energy equation most often used in later chapters. 
We assume a Newtonian fluid for our final version of the energy equation. The first divergence 
term in Equation (2.20) is written as 














V.(6-W) = V.(t*-W- pl w = V+ (t+ W— pw) 
= V.(T-W)-Yw- Vp-pV- Ù 
= V+ (Ti) Vp +2 58 (2.40) 
The stagnation, or total, enthalpy is introduced as 
1 
h,=h ks w? (2.41) 
and for the substantial derivative in Equation (2.20), we have 
enl w? = pad w= h,-P 
2 p 2 p 
D l , D 2) Dh, 1 Dp p Dp 
— = = —{|h,-=|= -- — +5 — 2.42 
se*5) 5^ p Dt p Dt ^ pi Di ( ) 


With the aid of Equations (2.40) and (2.42), Equation (2.20) becomes 


Dh, gp 
Dt ot 








+V- (1-%-2)+pÈ- F, (2.43) 


for the stagnation enthalpy. This version of the energy equation is especially convenient in gas 
dynamics where T, a and F, are assumed to be zero. 
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PROBLEMS 


2.1 
2.2 


2.3 
2.4 


2.5 
2.6 


2.7 


> 
Evaluate V x (pF) when W = constant. 
Use Cartesian coordinates to show that 


e e 
A&-(ox?)z(ox7)-R 


even if © is symmetric. The term on the left side occurs in the derivation of Equation (2.16). 
Derive Equation (2.17) when O is symmetric. 
Show that the vorticity is given by 


vo2,52 
Vx = V XW + 26a 


where an overbar is associated with a noninertial system. Consequently, the vorticity is 
not invariant when transforming from an inertial to a noninertial system, or vice versa. 
Prove Equation (2.22). 

Use Cartesian coordinates to evaluate 


Show that it equals 





but does not equal 


(a) Evaluate 


for 


D = oy | lk 
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2.8 


2.9 


Analytical Fluid Dynamics 
(c) Evaluate 


$, :Ó 


s 


These relations are used in the viscous dissipation discussion in Section 2.8. 
In spherical coordinates the divergence of the dyadic 


Vay, 
can be written as 
o ^ ^ ^ 
V 7 y = We, + Wola + Wolo 


where 











_ ay” 9y” oy* 2 m4 y 00 _ rsin? Oy? 
Y= Or * 90” oo ae eae Y pom eM 











y, = Jb e dy + Oye zy 84 AE PE - 7 v” — sin 0 cos oye] 








or 00 od tan 0 
- rsing [2Y QUP cut 06 : gopa did 
Yo = rsind | or 90 XO) = ye tan x VU ES 
Note that y”, ye, . , are the dyadic components when the dyads are à, cr 


(a) Evaluate Ms T: in mehena coordinates. 
(b) Determine T in terms of the ê 6,, €, and ê, basis. 
(c) Write the velocity as 


> A ^ Z 
W = v6, + Velo t Vep 
Assume a Newtonian fluid and write 
o ^ ^ ^ 
V*T — QÊ, + Agegt Aê 


Determine the o; in terms of V - y», L, A, v; and various first- and second-order 
partial derivatives with respect to r, 0, and $. To simplify the analysis use 


V- (yo) = yV-O «(Vy): Ð 


where y and ® are an arbitrary scalar and dyadic, respectively. 
Utilize the results of Problems 1.4 and 2.8 and derive the five scalar conservation 
equations, without a body force, in spherical coordinates. Assume a Newtonian fluid and 
Fourier's equation, but do not assume that LL, A, or K are constants. Simplify the notation 
by utilizing previously derived expressions for V - ra D()/Dt, V + , and ®. 
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2.10 


2.11 


2.12 


2.13 


Consider stratified Couette flow, T. U. 


where properties can only vary with 
y. The flow is steady and two 
dimensional, the lower wall is 


fixed, and the upper wall moves in 

its own plane at a constant speed 

U.. The gas need not be perfect; u, 

A, and « are arbitrary functions of 

T; ignore body forces; and the pres- 

sure is a constant. 

(a) Use the conservation equations 
to establish two first-order ODEs; one of the ODEs is for dw/dy and the other for 
dT/dy. Indicate what quantities in the ODEs are constants. 

(b) Obtain a second-order ODE for T that does not involve w. 

(c) Show that the vorticity and viscous dissipation can be written as 





Ty 


> 
=- 


where 7, is the shear stress at the lower wall, given by (udw/dy),,. 

Assume a Newtonian fluid and no body forces. 

(a) Start with Equations (2.8), (2.9a), and (4.19) and use various vector identities to 
derive an equation for DÈldt. 

(b) Use the results of part (a) to evaluate D@/dt when p and u are constants. Be sure 
to eliminate € in favor of W. 

Consider a body that is immersed in a steady, viscous flow of infinite extent. Let S, be 

the surface of the body and Scy be a control volume surface that encloses S. 

(a) Neglect body forces and derive the equation 


Pe -$ Šds = $ -pre Ajdi 
S% Scy 


for the force acting on the body, where fi is the outward unit normal vector to Scy. 
(b) Similarly, show that the moment L acting on the body is 


L- -$ 7? x óds => È x (6—pww - f)ds 
Sp Scy 


> 
Let à, and 2; be the basis vectors for the fixed and rigidly rotating coordinate systems 
of Section 2.5, respectively. We then have 


> 2 
déi | dé; _ d x 2. 
dt ^ dt Tot 1 
and 
: 2 
wet or ett, 
di dt ` 
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2 3-. 
2 d' x! Fs 2 d 2 
= i = ; 
d? ” d£ 
where 
> i? 2 a 
r-—xei, r =xei 


(a) Start with Equation (2.11) and derive Equation (2.12). 

(b) Derive Equation (2.13). 

2.14 Consider a viscous, irrotational (i.e., V x »- 0) flow without body forces. Assume 

Fourier's equation, a Newtonian fluid, and constant values for p, u, K, and the specific 

heat at constant volume c,. 

(a) Set È = Vó, and derive equations for ¢, V - €, p, and ®. 

(b) Start with the internal energy equation and derive a PDE for T. Simplify your results 
whenever possible. 

(c) What is unusual about the answers for parts (a) and (b)? 

2.15 Consider an unsteady, one-dimensional motion with x,t as the independent variables and 

p. p. h, and u (flow speed) as the dependent variables. 

(a) Write the appropriate governing equations ignoring body forces, then simplify these 
equations by assuming a Newtonian fluid, Fourier's equation, and py’ 2 2u + À. 

(b) Assume a thermally and calorically perfect gas; use a zero subscript to indicate a 
constant dimensional quantity in a quiescent gas and a unity subscript for a small, 
non-dimensional, perturbation variable. Linearize the governing equations by intro- 
ducing 


- a,t py^t 
so r=% (y2) Bowam. p=pdi+p) p= poll +p.) 


where a is the speed of sound and £ is a characteristic length. To standardize the 
notation, utilize the ratio of specific heats y = (c,/c,) and 


pa 


£ 


Re = Reynolds number = 





pat Wc, 


uU K 


Pe = Peclet number = 








where c, is the specific heat at constant pressure. Evaluate Re,/€ and Pe,/€ for air at 
300 K. 
(c) Use the results of part (b) to derive a single, fifth-order PDE for u,. Then determine 
the u, equations when only heat conduction or viscosity occur. 
2.16 Use Cartesian coordinates to show that the viscous force 


at 


yess: 


is the same in the inertial and noninertial systems. 





3 Classical Thermodynamics 


3.1 PRELIMINARY REMARKS 


The classical modifier means, e.g., that statistical mechanics, quantum mechanics, and critical point 
theory are not considered. In fact, in the early part of this chapter the theory is discussed as it 
existed, more or less, at the start of the 20th century. More advanced concepts, however, are 
introduced that are useful in later chapters. Since this is not a thermodynamic text, the presentation 
is selective and occasionally sketchy. 

Initially, the emphasis is on a simple, closed system. A closed system, of course, has a constant 
mass and does not involve molecular diffusion. We also ignore gravitational effects and interfacial 
tension. Despite these limitations, the elegant theory is nevertheless adequate for most fluid dynamic 
applications. If the flow is incompressible, then thermodynamics is of marginal utility. It is of 
central importance, however, when compressibility effects cannot be ignored. 

The next three sections discuss the combined first and second laws, thermodynamic potential 
functions, and an open system. This material represents conventional classical thermodynamics. 
Section 3.5, however, provides a new, elegant approach for the coupling between thermodynamics 
and fluid dynamics. This procedure is particularly beneficial for flows with complicated equations 
of state. Concepts from the earlier sections are applied to a compressible liquid or solid in 
Section 3.6. The chapter concludes with a discussion of the second law that focuses on the physics 
of entropy production. 


3.2 COMBINED FIRST AND SECOND LAWS 
INTRODUCTORY DISCUSSION 
We start with the basic equation 
de = Tds- pdv (3.1) 
which is often called the combined first and second laws. In this relation, e, 7, S, p, and v are the 


specific internal energy, absolute temperature, specific entropy, pressure, and specific volume, respec- 
tively. The equation stems from the assumption of a reversible process consisting of heat transfer 


(ôd) = Tds (3.2a) 
and boundary work 

(OW) rev = -pdv (3.2b) 
where q and w are per unit mass and are positive when they increase the internal energy of the 
system. As before, it is convenient to denote with a 6 the differential of a nonstate variable. Since 
all parameters in Equation (3.1) are intensive state variables, the equation is actually free of the 


reversible process assumption. It thus applies to every state point in a fluid flow, provided each 
infinitesimal region is viewed as a simple closed system in equilibrium. 
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STATE PROPERTIES 


Any intensive state variable can be written as a function of any other two intensive state variables. 
Hence, we can write 





e = e(s,v) (3.3) 
and 
| ge de 
de = Em ds + m dv (3.4) 


where the subscript notation denotes a fixed variable in the partial derivative. By comparing 
Equations (3.1) and (3.4), we have 


T= x. p= A (3.5a,b) 
Thus, if we start with a relation of the form of Equation (3.3), the temperature and pressure are 
defined by the above partial derivatives. Relation (3.3) is referred to as a potential function for the 
thermodynamic system. 

Potential functions play an important role in thermodynamics. All thermodynamic information 
about the system is available in Equation (3.3) and is obtained by performing various partial 
derivatives, such as Equations (3.5). This aspect will be amply illustrated later in this chapter. The 
choice of variables is important; e.g., 


e = e(T, v) (3.6) 


is a legitimate thermodynamic equation, but it does not encompass the full amount of information 
available in Equation (3.3) and is not a potential function. Nevertheless, it is quite useful; e.g., it 
results in 


de autera c,dT + Sé (3.7) 


doom d T. m 





where c, is the specific heat at constant volume. The other partial derivative is provided by the 
reciprocity relation (Emanuel, 1987) 


de _ „op B 
p = T5, (3.8) 


which is a special form of the more general Maxwell equations (Emanuel, 1987). It is especially 
useful when the thermal equation of state (eos) has the form 


p = p(T,v) (3.9) 
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as is usually the case. In this circumstance, reciprocity can be integrated with respect to v: 


e(T,v) = D+ (rZ -p)av (3.10) 


where f is a function of integration, and T is held fixed in the integrand of the indefinite integral. 
When an eos in the form of Equation (3.9) is known, the reciprocity equation represents a constraint 
on the functional form for e(T,v). As we see, this form includes a function of just the temperature 
that is associated with the caloric eos, and a term, or set of terms, that is fully defined by the 
thermal eos. If the above equation is differentiated with respect to T, we have 





NON EE 
C= or, ^ eXT) + oF (7 3T, p)av (3.11) 
where c, = df/dT, or 
t= J cenar + constam (3.12) 


and c,, or f, can be viewed as the caloric eos. The c, parameter provides the translational, rotational, 
vibrational, and electronic contributions to the specific heat for the atom or molecule under 
consideration, while the rightmost term in Equation (3.11) provides the thermal eos contribution. 
(A second c, interpretation is provided shortly.) If T(dp/dT), — p and its partial derivative with 
respect to T are continuous functions of v, as is the case for a single-phase fluid, then the order of 
differentiation and integration in Equation (3.11) can be interchanged. We thereby obtain 


9? 
dod rf a dv (3.13) 


where v is held fixed when performing the partial derivatives but T is held fixed when performing 
the integration. 


PERFECT GAS 


The theory of compressible flows centers around the eos of a thermally perfect gas 


pees (3.14) 
v 
where R is the gas constant. Reciprocity yields 
zu (3.152) 
dvr 


or 


c, = c (T) (3.15b) 
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(An ideal gas is defined as having a temperature dependent c;.) There is no thermal state equation 
contribution to c, when Equation (3.14) holds (or with the van der Waals thermal eos). The density 
p = (V/v) is introduced, such that 


p = pRT (3.16) 


In view of the last two equations, c, is also referred to as the thermally perfect, low-density gas, 
specific heat contribution to c,. If c; is a constant, the gas is said to be calorically perfect. When 
a gas is both thermally and calorically perfect, for brevity it is simply referred to as perfect. 

We introduce the enthalpy 


h = e+pv (3.17) 


and assume a perfect gas. In this case, we have the well-known relations 


e=c,T, h=c,T, a = |]n(vT(-9?) + constant (3.18) 


where c, is the constant-pressure specific heat, and y(= c,/c,) is the ratio of specific heats, which 
also is a constant. 


3.3 POTENTIAL FUNCTIONS 


We mentioned that e is a potential function when written in terms of s and v. There are many other 
potential functions, each of which contains the same thermodynamic information concerning the 
system as does any other potential function. Potential functions are thus equivalent to each other; 
they differ only in terms of analytical convenience. One of the basic postulates of thermodynamics 
is that the entropy is a monotonically increasing function of the internal energy (Emanuel, 1987). 
In this case, Equation (3.3) is theoretically invertible as 


s = s(e, v) (3.19) 
where s is a potential when written in terms of e and v. By differentiation, 


95 aa OS gs (3.20) 


E de, Qv, 





which combines with Equation (3.1) to yield 





(: P x) de = (r2 = o (3.21) 
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Since de and dv are both arbitrary, we obtain 


1 as p_ 9s 
T oe, T d, aa 





which are the entropy counterpart to Equations (3.5); i.e., these relations define p and T in the 


entropy representation. Suppose both s and e are considered to be functions of T and v. We can 
then write 





os os Os 
E 5 ap ba n aT, E i5 ab 
de, | de de | ðe c, OT, i 


ap EE aT, 





or 





(3.24) 
As was done with the reciprocity equation, this relation can be integrated with respect to T: 


s(T,v) = g(v) . [572 dT (3.25) 


where g is a function of integration and v is held fixed in the integrand. 
Equation (3.1) is now solved for p 





ds de 
co quem cce 
P dv dv 
and T is held fixed in the two derivatives 
os oe 
= T—-— 3.26 
P ovr Qv o, 
With the aid of reciprocity, we have 
os Op 
—= 3.27 
w OF, 240) 


When applied to Equation (3.25), this yields a first-order, ordinary differential equation 


dg X op 7 dc, aT 
dv OT, Ov; T (928) 








for g. The first term on the right is determined by the thermal eos, while the integral term is provided 
by Equation (3.13). Thus, the combination of Equations (3.25) and (3.28) provides s(T;v). 
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Additional potential functions are generated by Legendre transformations. For instance, suppose 
we want a potential function of the form $ = @(s,p). The Legendre transformation that does this is 
written as (Emanuel, 1987) 


o(s, p) = e(s, v) + pv (3.29) 


where v and e can be viewed as functions of s and p, and ó is recognized as the enthalpy. Thus, 
two other potentials are 


m 
M 


h(s,p) = e+ pv (3.30) 


and 


y 


f(T,v) = e- Ts (3.31) 


where fis the Helmholtz potential or free energy. [This fis not related to the one in Equation (3.12).] 
For the enthalpy, we write 


dh = 2h ds + 2h dp = de + vdp + pdv = Tds + vdp (3.32) 
ds, op 


s 


where Equation (3.1) is again used. Hence, we have 








oh oh 
T=— = a 
2 > Vv Em (3.33) 
In a similar manner, we obtain 
EN __f 
s= JT” p= ES (3.34a,b) 


First derivative equations of a potential function, such as Equations (3.5), (3.22), (3.33), and (3.34), 
are called state equations. 


3.4 OPEN SYSTEM 


In thermodynamics there are two distinctly different open system concepts. In the first, the system 
is open because there is a velocity flux of mass crossing its boundary. This type of open system is 
conventional in fluid dynamics. In the second case, a fluid element is envisioned in which mass 
may cross the boundary of the element because of diffusion. There may also be a phase change or 
a change in chemical composition taking place inside the element. In this chapter, we are concerned 
with the second type of open system. 

For an open system, Equation (3.1) generalizes to 


de = Tds- pdv + ` Ldn, (3.35) 


where L is the chemical potential of species i (or phase i) per kmole of species i, n; is the number 
of kmoles of species i (or phase i) per kgram of mass of the mixture, and the summation is over all 
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species (or phases) present in the system. The n; variable is called the mole-mass ratio of species i 
or phase i. Hence, 4, has units of energy per kmole of species i or phase i. The summation term 
provides the change in the specific internal energy associated with diffusion, chemical changes, and 
phase changes when s and v are constants. This equation was first introduced by J.W. Gibbs, an 
American scientist of the 19th century. It is of fundamental importance in chemistry and chemical 
engineering. 

There are two limiting cases for this equation. In the first, dn; is zero and the composition is 
fixed. In the second, 


3 han, =0 (3.36) 


and the changing composition is in chemical equilibrium. Both cases reduce Equation (3.35) to 
Equation (3.1), which tacitly assumed a fixed composition. For a fluid system in motion, the first 
case is referred to as a frozen flow. The second case is referred to as shifting equilibrium or local 
thermodynamic equilibrium. In this situation, the rate at which compositional changes occur, relative 
to the fluid motion, is rapid enough to maintain the fluid locally in chemical equilibrium. For a 
reacting system, the chemical composition is established by the above relation. 

The internal energy potential function counterpart of Equation (3.3) is 


e = e(5,V, Ni, nz, ...) (3.37) 
This relation is differentiated as 


de de de 
O5, n, ai Ws n, aus an, 











de - dices (3.38) 


$,vn. 
J 


where the n; subscript indicates that all the n, are held fixed, except for the n; variable in the partial 
derivative. The state equations become 


ge ge = de 
fears mu = 39 
OS, P Won, Hi e ? ) 








When some or all of the dn; are not zero, Equation (3.35) has an integrated form 


e = Ts-pv+ Jän (3.40) 
that is quite useful. 


GENERAL IDEAL GAS MIXTURE 


Molar quantities, such as 4; and the molar specific heat at constant pressure for species i, Cpi, are 
written with an overbar. It is simplest to start with a per mole formula for the entropy of species 
i (Emanuel, 1987) 





E E p HEREDES i ud 
SAT, p) = So - R In( x; 2 +] eT). (3.41) 
T, 


O. 
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where an o subscript denotes a reference state value, R is the universal gas constant, x; is the mole 
fraction of species i, p= xp) is the partial pressure of species i, and a prime denotes a dummy 
integration variable. To convert to a per unit mass basis, the relations 


1 RT ni 
, Yn sī Pa “5 (3.42) 





R= 


x| > 


are useful, where W is the mixture molecular weight. The specific entropy for the mixture, in terms 
of T, v, ny, Ny, ..., is given by 


s= oss = Susie R n(E7)-n Yn In n; * Yn f, tuom (3.43a) 


where the reference pressure p, is usually taken as 1 bar or 1 atm. Similarly, for the internal energy, 
we write 





T 
e(T, v, Ny, No, ...) = n,é;,+ > nj Í c, (T^)dT' (3.43b) 
rti 
where 


G= Ell y Tpi = CuitR 


Equations (3.43) constitute an e or s potential function for the system, where the temperature is 
viewed as a parameter that theoretically can be eliminated. 
The Helmholtz potential function can be written as 


SC, v, ni, No, ...) = e-Ts = Sues - T3io) - RT nv + RT X nn, 
T 
TA. 7 V 
+ Yn Jo z 7) c4(T)dT (3.44) 


Equation (3.34b) yields 


PUN ERE GE (3.45) 


Ov, n, v 





which is the thermally perfect (ideal) gas eos. The chemical potential Jt; is given by the state equation 





Li of (3.46) 


Oni, v nj 


and results in the ideal gas relation 


— = = D ni > T = 7 
li = es- Tin Rr(1 + In 2. (: -$) CyidT (3.47) 
v T T 


o 
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HARMONIC OSCILLATOR MODEL 


An equation of state with the form of Equation (3.9) and an equation for c;(T) are sufficient to 
fully establish the thermodynamics of a simple system. This includes determining a coexistence 
curve, the vapor pressure, etc. Hence, these two relations are equivalent to a potential function, 
such as the Helmholtz potential function. This assertion is evident by examining Equation (3.10), 
with the c; integral replacing f, and Equations (3.25) and (3.28). This result, it should be noted, 
does not extend to other forms of the eos, such as p = p(s, v). 

Although not specific to an open system, it is convenient at this time to consider a calorically 
imperfect gas model for c;. It is often used with an ideal gas. For a monatomic gas or a thermally 
perfect gas, e.g., air at room temperature, c; is a constant. In this circumstance, we can use 


Qu ;G +5)R (3.48) 


where 


6 =-2, monatomic molecule 
= 0, linear polyatomic 


= 1, nonlinear polyatomic (3.49) 


Relation (3.48) assumes the translational and rotational modes of the atom or molecule are fully 
excited but the vibrational (if there is any) and electronic modes are not excited. For many room- 
temperature gases (He, Ar, H,, O,, N,, air, CO, NO), these assumptions are warranted. 

For larger molecules at room temperature and the foregoing diatomics at higher temperatures, 
the vibrational mode, or modes, starts to become active, and c, now has the form 


ez ; (5+ 6)R+c,(T) (3.50) 


where c,, represents the vibrational mode(s) contribution. This result then combines with the thermal 
eos contribution to yield the specific heat of Equation (3.11). A common, generally accurate, 
approximation for c,, is called the harmonic oscillator model. In this model, each vibrational mode 
is approximated with equally spaced, quantized vibrational levels. The model typically loses accuracy 
only at elevated temperatures when the level spacing decreases and molecular dissociation becomes 
significant. This calorically imperfect gas model can be used for a pure diatomic gas, such as N,, 
in conjunction with a thermally perfect gas eos. As such, it greatly extends the range of validity of 
this eos. This approach is the basis of Chapter 9, which examines gas dynamic flows of a calorically 
imperfect gas. It can also be used with diatomic, or larger molecules, that are not thermally perfect, 
as occurs in the vicinity of the coexistence curve. The model has one other important attribute. The 
c, integrals that appear in the equation for the internal energy, Equation (3.12), and in the entropy 
equation, Equation (3.25), can be analytically evaluated. 

The equilibrium internal energy, e, of a single vibrational mode is represented by the harmonic 
oscillator model as 


Sees (3.51) 


p T: IF 
e" -]1 


where T, is the characteristic vibrational temperature of the mode. If the vibrational levels are 
widely spaced apart, then T, has a large value, e.g., T, = 3352 K for N,. At low and high temperatures, 
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e, has the limits 








e, - 0, TIT,—0 
(3.52) 
=RT, TIT,» 
From Equation (3.51), the specific heat at constant volume of the mode is 
de, 0, Y 
LESE" E js z) Ges) 
where 
T 
0,2 — 3.54 
= 5p (3.54) 


Suppose a molecule has N atoms, with N 2 3. The molecule will have more than one vibrational 
mode, with a number of distinct characteristic vibrational temperatures. Because of possible sym- 
metry of the molecular structure, some modes may be repeated; i.e., they have a degeneracy g, 
Thus, c,, is given by 


6, v 
TU. x METTI z) (3.55) 


where the summation is over those modes with distinct characteristic vibrational temperatures. (See 
Emanuel, 1987, p. 37, for a list of T, and g, values for an assortment of molecules.) Since the total 
number of vibrational modes is 3N — 5 — 6, we have 


Ys = 3-5-6 (3.56) 


v 


Thus, c,, is bounded by 
0<c,,<(3N-5-6)R (3.57) 


in accord with the 7/T, limits in Equations (3.52). Finally, c; is written as 


= 154 R4R Deana ste) (3.58) 


We can obtain several properties of c; that will be useful in some of the subsequent chapters. 
The derivative is given by 








= AR D AE) (0,cosh 6, — sinh 0,) (3.59) 
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The integral that appears in the internal energy and enthalpy equations is 


TIT 


M ONT NA T 
R ji c,d (=) = 55 + 6) (z - 1) + Y 8,8, 9(coth 0, — coth 0,,) (3.60) 


where T, is a reference temperature and 


- (3.61) 





The integral that appears in the entropy equation is 


T/T 


Io ° dr d T sinh 0,, Y^ 
T J aoe = 5G: dn z + D, (6 coth 6, — coth 6o) + In TIC rd l (3.62) 








v 


3.5 COUPLING TO FLUID DYNAMICS 
INTRODUCTORY DISCUSSION 


This section deals with the coupling between thermodynamics and fluid dynamics, especially when 
the thermodynamic model is relatively complex. Thus, for a perfect gas or a constant density flow, 
this section is unnecessary. A distinction must be made here between a flow that is incompressible 
because the density is a constant and one where the maximum value of the Mach number is small 
compared to unity. If the latter case arises in a gas flow with complicated thermodynamics, then 
this section remains relevant. 

The Euler equations directly involve only p, p, and h. Thus, a thermal eos of the form 


h = h(p, p) (3.63) 


yields a mathematically closed system. Since the transport properties in the Navier-Stokes equations 
are usually temperature dependent, these equations may also require 


T = T(p, p) (3.64) 


for a mathematically closed system. These two relations represent the same thermodynamic surface; 
hence, care must be exercised that they are thermodynamically compatible with each other. Of course, 
other thermodynamic properties are almost always of interest. These include the specific heats, the 
speed of sound a, the entropy, etc. As compared to a perfect gas, the governing equations are far 
more complicated even with a van der Waals fluid and a calorically perfect equation of state. In 
many real gas flows, however, an adequate representation of the physics requires imperfect caloric 
and thermal state equations of considerable complexity. In this circumstance, an analytical solution 
is out of the question, while a computational solution may involve enormous difficulty. One area 
where this type of difficulty arises is in dense gas flows (Argrow, 1996). This type of flow occurs 
in a region on the vapor side of the coexistence curve near the critical point and involves large 
molecules with very large specific heats. A second area is in modeling the detonation wave that 
propagates through a condensed phase explosive (Mader, 1979; Fickett and Davis, 1979) such as 
TNT. On the downstream side of the normal shock that propagates through a solid or liquid explosive, 


64 Analytical Fluid Dynamics 


the density is comparable to the solid or liquid density ahead of the shock. As a minimum, it is 
therefore essential to include the covolume in the thermal eos when modeling the gas-phase shock. 

To computationally deal with these types of flows, Swesty (1996) introduces a bi-quintic 
interpolation scheme, in conjunction with the use of Maxwell’s equations to construct thermo- 
dynamically self-consistent eos tables. In this approach, some tabular data must be available at the 
start. Alternatively, Merkle et al. (1998) utilize 


h= h(p, T), p= pp. T) 


instead of Equations (3.63) and (3.64). These functions must be known, compatible with each other, 
and differentiable. 

A new approach (at the time of writing) is introduced that is a generalization of the one by 
Merkle et al. It starts with the use of a Helmholtz potential function, whose derivatives provide the 
thermodynamic properties, including state equations. This approach has been standard practice for 
some time in the computerized modeling of thermodynamic properties (Emanuel, 1987, 
Section 8.5). In this case, the Helmholtz potential equation, which may contain as many as 
100 constants, accurately represents the vapor and liquid properties of a real fluid. This is especially 
important when the state of the fluid is in the vicinity of the coexistence curve. 

The use of a Helmholtz potential means that the governing fluid dynamic equations should be 
formulated in terms of v, or p, and T. Other parameters, such as p, h, s, ..., are obtained by 
differentiation without recourse to a cumbersome iterative or interpolation evaluation process. 
Because of its consistency and completeness, Maxwell's equations and the Clapeyron-Clausius 
equation, for the vapor pressure, are unnecessary. The approach possesses considerable generality; 
e.g., files containing f and its derivatives need to be established only once for a given fluid. A 
liquid/vapor two-phase flow is readily handled. Moreover, the use of temperature as a variable is 
convenient for representing transport properties. 

For pedagogical reasons, an inverse approach is utilized in which the potential is found starting 
with several well-known thermal eos. We also demonstrate how the potential is applied to a 
liquid/vapor mixture. Finally, we illustrate how thermodynamic and CFD models can be efficiently 
coupled so that much of the thermodynamic computation is post-processed. 


HELMHOLTZ POTENTIAL 
As will become apparent, the Helmholtz potential, Equation (3.31), is particularly advantageous 
for our task. As previously noted, the first derivatives of f provide 


pe-fh. S=-fr (3.65a,b) 


where f, denotes df/dv with T held fixed, and f, is Of/OT with v held fixed. The variables to be held 
fixed in a partial derivative are indicated only when required by clarity. Aside from the above 
equations, other parameters of interest are 


e = specific internal energy = f — Tf, (3.662) 
h = specific enthalpy = f — Tf; - vf, (3.66b) 
c, = constant volume specific heat = —Tf,, (3.66c) 


c, = constant pressure specific heat = 7- (f : —forrf w) (3.66d) 
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Kr = isothermal compressibility = -i = = a (3.66e) 
K, = adiabatic compressibility = ION Ext — — (3.66f) 
v Op, V fr — frr Íw 
As discussed in Menikoff and Plohr (1989), thermodynamic stability requires that 
Tetep (3.67a) 
C, C, 
Es 30 (3.67b) 
K, Kr 
One can show, however, that these conditions reduce to 
0 2 frr, ,20 (3.68a,b) 


when using a Helmholtz potential. This remarkable simplification is, in fact, typical for this 
potential. For example, the spinodal curve (Emanuel, 1987) is given by 


fw = 0 (3.69) 
The speed of sound a is given by 
Op v 
2m Cp, A 7 
a 2p x (3.70) 


where k, is provided by Equation (3.66f). The fundamental derivative of gas dynamics T (Emanuel, 
1996) is defined as 


da? 
Dea e 71 
+ 2a? ap, (3.71a) 
This parameter is important in dense gas flows (Argrow, 1996). One can show that this relation 
reduces to 


3 
Deer AM UU VA HU — qum 


g Sor 


which is an unusually simple result for this parameter. This is the only parameter to be discussed 
that requires third derivatives of f. 
The foregoing relations demonstrate that first, second, and third derivatives, i.e., 


fr f. 
frr frv fw 
frrr frr Fro Fow 
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are required. The higher-order derivatives are best performed with symbolic manipulation software. 

Once the equations for the derivatives are established for a given f, they can be stored for subsequent 

and repeated use. Indeed, a wide variety of such files can be established. These would include files 

for different Helmholtz potential functions, including equations for f for a wide variety of fluids, 

as well as files based on Equations (3.65) and (3.66) and other equations still to be developed. 
The coexistence curve is given by 


p T, Ve) = p(T, vy) (3.72a) 


UT, v) = ug, vy) (3.72b) 


where g and f subscripts denote the saturated vapor and liquid states, respectively. The chemical 
potential for a pure substance, per unit mass, can be written as 


Hu = f — vf, (3.73) 
With the aid of this relation, Equations (3.72) simplify to 


FG, Ve) FT Ft T, vy) (3.74a) 


CE) 9e (3.74b) 


The variables are T, v,, and vj; hence, these equations provide v, = v,(T) and v, 2 v(T), which can 
be numerically evaluated and stored. To determine if a state point is on or inside the coexistence 
curve, we first require that its temperature satisfy T € T., where a c subscript denotes a critical 
point value. Secondly, we require that v, < v € v,, where v, and v, stem from Equations (3.74) and 
are evaluated at T. By occasionally monitoring the state of the fluid, it is easy to establish whether 
it is a liquid, vapor, or a two-phase mixture. 

Equations (3.74) are exact in the vicinity of a critical point. At a critical point, however, a 
fluid's representation is nonanalytic and none of the subsequent analytic equations of state is valid. 
This difficulty is restricted to the immediate vicinity of the critical point (Emanuel, 1996). 


IDEAL Gas 


We begin with an ideal gas 
pct» dés c,(T) (3.75a,b) 
where c,(7) is a known function. Equation (3.65a) yields 
f = g(T) - RT In (3.76) 


where g is a function of integration. We next have 


€, = -Tfy = -Tg" (3.77) 
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where a prime denotes differentiation with respect to 7. Repeated integrations provide 





T T^ T 
g(T) = -Í ar” | OP) or (3.78a) 
Fy T. T 


The double integral version of Dirichlet's more general formula 


$ X5 x 
Í dv, | f(x)dx; = Í (x-t)f(t)dt (3.79) 
is utilized, to obtain 
d T 
p Í (: - Fer yar" (3.78b) 
tr, T 
Consequently, the Helmholtz function for an ideal gas is 


f =-RTIn~ + f (1 - 7 eT ar" (3.80) 


o 


In conjunction with Equation (3.71b), this yields 


1 , 
r = ———_ (1-2 1«22)-T = (3.81) 
29 (: + x) x: R Cy 
R R 

If c, is independent of the temperature, then T reduces to (y+ 1)/2. 


VAN DER WAALS FLUID 


If, for a given eos, e and s are known as functions of T and v, then 
f =e-Ts (3.82) 
directly yields the Helmholtz potential. For a van der Waals eos, this process yields 


Se 9v,-1 3v,-1 
f= et RT(- Tong A -T,ln 2 +a) (3.83) 








where 


E: 


e= | (1 zz iTar; (3.84) 
1 T, 
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The r subscript denotes a reduced variable. Note that, at the critical point, 
g D z 0, fe =E= T,s, (3.85a,b) 


Without loss of generality, c, can be written as c,(T)  &,(v, T), where ¢, is determined by 
the thermal eos, and c; is an arbitrary function of the temperature. Thus, c; appears in f; its functional 
form is not determined by f. Over a limited temperature range, c, can be modeled as a polynomial. 
Alternatively, a representation whose accuracy is consistent with a Helmholtz potential is provided 
by the harmonic oscillator approximation, Equation (3.58). In terms of this approximation, g, is 
provided by Equations (3.60) and (3.62) as 











Ii oU T p HIE 
g,-7 (s J c,dT, — R f Cy T | (3.86) 
with T, = T,. 
CiAusius-II FruipD 
For the Clausius-II eos 
AT, 3 
LL .87 
Doe TE (3.87a) 
A = 14+4Z.(v,-1) (3.87b) 
8 
B=1 +3 Z(v,- 1) (3.87c) 
we obtain (Emanuel, 1987) 
_ 9 (9 s, 9 
y e+ RT| 3 (+3)? 273 T, InA+g,(T,)| (3.88) 


Here, Z, is the critical value of the compressibility factor: 
Dv 
Zeb -— .89 
j (5 A Sm 


Martin—Hou FruiD 


As a final example, we mention the Martin-Hou eos (Martin et al., 1959) 


^ 


5 
RT f(T) 
e», d » (3.90) 
i=2 








BI (y 


Classical Thermodynamics 


where b is the covolume, 


fi = A,+B,T + Ce 
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(3.91) 


and the A;, B, C; and k are constants. The same procedure used to obtain the Helmholtz potential 


for an ideal gas results in 
NS f T T 
y— i or v 
f = RT In == ;) y ES ETE J (1 = psa )dT 
i=2 5 


MIXTURE REGION 


For equilibrium mixture states, a new state variable, the quality x, is introduced as 


Y= y 
rom y 





Vg — Ve 
where the conventional definition is 
y = xv, * (1- x)v, 


We thus have 











Ox — xv, +(1-x)vy 
oT, — V, — Vy 
ax d 

dvr Vg — Vp 

5 = xv, + (1-x)v; 
OV gy 

Oxy 8 Tf 


Let y represent v, e, h, or s. Then 7 is linear with respect to x; i.e., 


X = Xy, t (1-x)y, 


(3.92) 


(3.93a) 


(3.93b) 


(3.94a) 


(3.94b) 


(3.952) 


(3.95b) 


(3.96) 


where x, and xy; are functions only of the temperature. In view of Equation (3.82), y also represents 


the Helmholtz potential. Equations (3.95) can be replaced with 





o , ^ 
d = xy,t(l-x)y, 
OF v 

Oxy = Xe- Xf 


(3.97a) 


(3.97b) 


where T and x, instead of T and v, are viewed as the independent variables in the mixture region. 


70 Analytical Fluid Dynamics 


The various v and T derivatives of y are evaluated with the aid of Jacobian theory (Appendix B). 
For instance, write 


ALT) 9x 

OL _ Ax, T) = Ox = Xs — Xt 

% = dvp Ə, T) ov Vp = Vp 
Ox,T) xr 





(3.98) 





Hence, x, is a function only of T. Further v derivatives of y, are zero, while the T derivative of y, 
is straightforward. Thus, 7,,, Xw» and Xr, are zero. The quantity 7, becomes 

















HX, v) 
d 9 T f > X7x , , 
Xr = ar - AT. T = xy,t(l1-x)y,- coy *(1-x)wv;] (3.99) 
a(x, T) 


where the right-hand side only depends on T and x. The derivative 





2x um E cb. TK i 
Xr = dv, ie X (v Vg — v)] = 2 v, vem (v, yy O; vy) (3.100) 


can be more easily obtained directly from Equation (3.98). As with x,, the right side only depends 
on T. Finally, the y; derivative becomes 


Arr = XX. € (0 — 3)xg — Xvrlxv; + (1 7 3)v4] - x [xvz + (1. 7 39v7] 


_ Ve .t( —x)v; 
Vg — Vy Us - 


ETAU SE v4)] 


xv, (1-x)v; ty’ 
Ve Vf I 


ME tv) +L- XX; *vix)-2 -X.(v;-v;)] (3.101) 


Again, the coefficient of x and of 1 — x only depends on T. The only derivatives not explicitly 
evaluated, so far, are 777; and Xrr, which can be done with symbolic manipulation software. 

The derivatives fr, f,, frr, ..., in the single-phase theory are replaced with their x, T' counterparts. 
For instance, Syr and fyr are respectively replaced with the right-hand side of Equation (3.101) with 
X equaling s and then f. This is done for equilibrium mixture states. Actually, single-phase metastable 
states can occur between the coexistence and spinodal curves. These subcooled or supersaturated 
states are accessed by extending, without alteration, the foregoing single-phase formulation into 
these regions. The switchover from a metastable state to an equilibrium one is discontinuous; e.g., 
a condensation shock may occur. 

Equations (3.74) should be checked whenever a discontinuity, such as a contact surface or 
shock wave, is encountered. Otherwise, these equations need frequent monitoring only when 
approaching a coexistence curve. 
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As a simple example, consider c, in the mixture region 


| de _ oO _ €, 
Ci mx = JT, = JT, [ejt x(e,-e;)] = Meg PEOS 





- Z [xv +(1-x)v/] (3.102) 
RUNE 


where Equation (3.99) is used to differentiate e. The jump discontinuity in the equilibrium value 
of c, on the liquid side (x = 0) is 


€,—6€ 
Cy mx, f — Cof = LL v; (3.103a) 
Vg — Vr 


while on the vapor side (x = 1), we have 


Cumae Gg ste M y (3.103b) 


Vg — Vf 


Since v; > 0 and v; < 0, the jump in c, is negative (positive) when x = 0 (x = 1). Consequently, 
(9C, m:/0X)r can have a substantial positive value. 

Many parameters experience a jump discontinuity on the coexistence curve in their equilibrium 
value. Thus, 


C,» Cp A, Kr, Ky, T (3.104) 


y» ~p 


have a discontinuity. Incidentally, a? and T simplify to 


v? f 
Gs == = (3.105a) 
TT 
Pm = — (3 rr f rrs — f ref rrr) (3.105b) 
TT 


where the various derivatives are still to be replaced with their x,T counterparts. In stating that I 
experiences a finite jump discontinuity on the coexistence curve, we differ with Menikoff and Plohr 
(1989), where it is stated that I has a ó-function singularity. One exception to this discussion is 
the critical point. For instance, for all real fluids, c,, c,, and I become positively infinite at the 
critical point (Emanuel, 1996). 


CouPuiNG to CFD 


For conciseness, the discussion is limited to the one-dimensional, unsteady Euler equations. This 
limitation, however, is only for convenience. We start with the conservation equations in a dimen- 
sional, conservative form: 





9p _ Apw) . 
2i + Dri 0 (3.1062) 
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o(pw) o 2Y — 
2 3, (Pp * pv )=0 (3.106b) 
A-pt pho) ð a 
c. + 3, 0 ho = 0 (3.106c) 
where w is the flow speed, and 
1 
ho = h+ 5 w? (3.107) 


The only thermodynamic parameters that appear are p, p, and h. These depend on T and v by means 
of 


p= L p=-f, h= f- Tfr -vf, (3.108a,b,c) 


v 


Consequently, the second- and higher-order derivatives previously discussed need not be evaluated 
during a CFD calculation. The independent variables are x and f, while v, T, and w are the dependent 
variables. In turn, v and T determine p, f, f,, and fr, where f, f,, and f, are provided by explicit 
algebraic equations. Thus, f, f,, and f, can be efficiently evaluated innumerable times during a 
computation. Step size control for numerical stability may require the speed of sound, which 
requires second derivatives of f. This evaluation, however, need not be done at every time step and 
at every grid point. 
Equations (3.106) can be written in vector form as 








g R 20 = 0 (3.109) 
where 
- : 
Vy 
P- Ass (3.110a) 
y 
1 2 
(f Tfr + 50°) 
Be m 
w/v 
2 
Q = UEM (3.110b) 


"(r- Tf, - vf, +50?) 


Decoding the third element of P is the only iterative step. Other parameters, such as p, s, and T, 
can be post-processed after the CFD computation is completed. In the mixture region, v is replaced 
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with the quality as a dependent variable. The change from single phase to a mixture, whether at 
the coexistence curve or interior to it, may require damping if numerical instability is to be avoided. 


3.6 COMPRESSIBLE LIQUID OR SOLID 


A constant-density approximation is often used for a liquid or solid. This usually suffices in engi- 
neering practice. Situations arise, however, where the liquid or solid is relatively compressible and a 
constant density approximation is inadequate. For instance, liquid H, in the space shuttle main engine 
feed system enters a turbopump at 2.41 x 10° Pa and 26 K and leaves at 4.74 x 107 Pa and 56 K. 
During the compression process the liquid hydrogen has a density change of more than 40% (Kolcio 
and Helmicki, 1996). These authors demonstrate that a liquid eos, based on the approximations 


Kr = constant (3.111a) 


p 


thermal expansion coefficient 


= constant (3.111b) 


d eV. 
v oT, 


is appropriate. Our discussion, however, is based on an earlier analysis by Kestin (1979). Other 
pertinent references are Flory et al. (1964), Macdonald (1969), and Boushehri and Mason (1993). 
We start with 


v = v(p, T) (3.112) 
ov gv 
dv = pr dp T IT, dT 


= —vKrdp + vB dT 
or 
dlnv = —Kjdp + BdT (3.113) 
Since Inv is a state property, we have 


Kr _ op 


-2 = 3.114 
o Obs i 
which is satisfied if x, and f are constants. In this circumstance, integration of Equation (3.113) 
yields 


In " = B(T - T) - «(p - pj) 


o 


or 


" Bap_7y1y¥ 
p= Poti (T T,) gm (3.115) 


o 


as a thermal eos with the form of Equation (3.9). 
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Reciprocity now results in 


de op B 1, v 
SE ndn OD. apa cep S nct. 
Qv, oT, 4 Kr ^ Eg Kp y 


o 


After integration, we have 


where 


The constant volume specific heat is given by 


de 


C, JT, = C, 
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(3.116) 


(3.117a) 


(3.117b) 


(3.118) 


The constant-pressure specific heat is provided by the general thermodynamic relation for a pure 


substance (Emanuel, 1987): 


2 
€, = & +T B 
Kr 
Equation (3.25) becomes 
T C, dT’ 
saat] F 
Equation (3.27) is used, to obtain 
dg | p 
dv Kr 


which integrates to 


p 


g = — v+ constant 
Kr 


We thus have the rather simple result for the entropy 


T 
s=5,4£(v-y,)+| et aye 
Kr rT 


o 


(3.119) 


(3.120) 


(3.121) 
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A self-consistent thermodynamic model is obtained in which f), Ky, and c,(T) are empirically 
established. With e and s known, the enthalpy and Helmholtz potential are easily found. Application 
of Equation (3.72a) for the coexistence curve yields 


Ve = Vy (3.122) 


which means the approximation, Equations (3.111), is incapable of producing a proper coexistence 
curve. This defect is important, e.g., if cavitation is of interest. Problem 3.3 presents an alternate 
approach that may not have this coexistence curve difficulty. 


3.7 SECOND LAW 
INTRODUCTORY DISCUSSION 


In contrast to Chapter 2, it is convenient and useful to provide a fairly general second law 
formulation that also considers radiative heat transfer, chemical reactions, and molecular diffusion. 
We still assume a continuum fluid and Fourier's equation for conductive heat transfer, but a 
Newtonian fluid is not assumed until later. A thermally perfect gas is utilized only for illustrative 
purposes. Our discussion is partly based on Argrow et al. (1987). 

For over a century, the second law has been recognized as a fundamental law of nature; 
nevertheless, it is not extensively used in fluid dynamics. Unlike the conservation equations, it is 
not required for obtaining a flow field solution. Typical illustrations of its limited usage are in ruling 
out expansion shock waves for a perfect gas, establishing criteria for transport coefficients, and in 
one-dimensional flows known as Rayleigh and Fanno flows, which are discussed in Section 13.5. 
Toward the end of this section, however, we will discuss the relevance of the second law to CFD, 
where its significance can be overlooked. As indicated, the second law is bypassed because CFD 
algorithms do not utilize it when obtaining a numerical solution, even though the solution may be 
in violation of it. 

Because of the introduction of processes not considered in Chapter 2, a cursory reexamination 
of the energy equation is provided. After this, a general form of the second law is derived and 
discussed. The standard assumptions invoked in the first two chapters are reintroduced and the 
second law is limited to a viscous, heat-conducting flow. This section concludes with a derivation 
of bounds for the viscosity and thermal conductivity coefficients. 


GENERAL FORM OF THE ENERGY EQUATION 
Equation (2.39), written as 
Dh Dp 5.3 


PD: ET V-qg+@® (3.123) 


is a suitable starting point, with the enthalpy Å and pressure f now including radiative contributions. 
These are additive; i.e., 


A 


h=h+ep, P= DPt+DPr 


where h and p have their usual definitions, e, is the radiative energy density, and pp is the radiative 
stress tensor. (Vincenti and Kruger, 1965, provide a more detailed discussion of radiation and 
chemistry than can be given here.) Except in special situations, such as in the interior of stars, 
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these radiative contributions are quite negligible in comparison with h and p. The reason for this 
is that e, and p, are given by equations that involve a very small 1/c multiplicative factor, where 
c is the speed of light. We therefore neglect e, and pp and Equations (2.39) and (3.123) are then 
identical. 

On the other hand, the radiative heat flux, s does not involve the 1/c factor and often is not 
negligible. It is given by 


oo 4n 
dA, t) = | a I, | dQ (3.124) 
0 0 


where v is the frequency of the radiation, /, is the radiative specific intensity at frequency v in the 
differential solid angle dQ, and the unit vector | specifies the direction of propagation for J,. The 
specific intensity 7, is provided by a radiative transport equation. In general, it is a function of 7, 
t, and v, and at a given point of the flow field, J, depends on which way | is pointing. 

Let y, be the mass fraction of chemical species œ in a fluid containing a total of N distinct 
species, and h, be the specific enthalpy of species a. For the specific enthalpy of the mixture, we 
have 


N 
h= ow. (3.125a) 
a=1 
where 
N 
Y» 2 (3.125b) 
a=1 


If the mixture is not dilute or is a mixture of thermally perfect gases, then hg needs to be replaced 
with the partial molar enthalpy of species a. However, the dilute assumption is sufficient for the 
gaseous flows typically encountered in engineering. 

Two processes, molecular diffusion and chemical reactions, govern Vol F t). For diffusion, we 
need the mass diffusion flux vector for species œ, Jœ which is given by 


> 
ja = P¥oWa-W) (3.126) 


where v? Pt) is the average velocity of species œ and py, is the density of species œ. Observe that 
> 
Y j, = 0 (3.127) 


is required in order for © to be the mass-averaged velocity of the mixture. Thus, js provides the 
diffusional flux of species o relative to the average mixture velocity. For notational convenience, 
we hereafter write the species summation without the 1 and N limits; these limits are understood. 
(See Bird et al., 1960, for further details on the constitutive equations for mass diffusion.) 

For the chemical reactions, we introduce the time rate of change of the mass of species œ, @,, 
due to reactions. Thus, @,, is a sum over all reactive processes that alter y, and requires a detailed 
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knowledge of the actual chemical kinetics that are present in the mixture. The two processes can 
be combined into a rate equation 


Dya 
P Dr 





= pòa-V -Ja P= n (3.128) 


for y,. We view the po, term as source or sink terms for species œ. The rest of the equation is 
analogous to continuity; e.g., the V - 7, term arises from applying the divergence theorem. This 
term provides the time rate of change of the mass of species œ in a fluid particle due to diffusion 
of species o into or out of the particle. Both @, and V - j„ may be positive or negative according 
to whether or not these processes are increasing or decreasing the mass of a in the fluid particle. 

The heat flux vector in Equation (2.39) now consists of a conductive contribution given by 
Fourier's equation, a radiative contribution, and a mass transfer contribution, given by 


> 
X haj a 
We thus have 


? = -KVT+Rr+ Y haja (3.129) 


Shortly, we shall need another flux vector d defined by 


ok > 
G= 9+) Wi, (3.130a) 
or 
Ge -KVT + Ý scu) j,* d, (3.130b) 


a 


where jl, is the chemical potential of species œ, per unit mass of species œ. For a mixture of 
thermally perfect gases, the chemical potential of species œ is (Emanuel, 1987) 


Ua = ha- Tsa (3.131) 


where s, is the specific entropy of species œ. Thus, the mass transfer term in Equation (3.130b) 
becomes 


Yate a= T Ys. (3.132) 


and provides in d the diffusive flux of entropy in contrast to the enthalpy flux contained in j. [We note 
that Equation (3.131), which is for a thermally perfect gas, is not essential in the subsequent analysis.] 
The reformulation of the energy equation is completed by noting that 


® = T:(Vn)' (3.133) 
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in which case, T need not be a symmetric tensor. The energy equation is still provided by 
Equation (3.123) but with the carets deleted. In this formulation, the mass fractions y, are deter- 
mined by Equation (3.128), j „is determined by Equation (3.126), d is given by Equation (3.129), 
and d a İS determined by Equation (3.124). The dependent variables are p, p, T, ra I, and yo while 
?, t, and | are em independent variables. Additional relations, of course, are also required for ran 


hy, Oy, Uo € 


GENERAL FORM OF THE SECOND LAW AND ENTROPY PRODUCTION 


The first part of the second law postulates a thermodynamic state variable, the entropy, defined by 
Equation (2.35b) as 


( OQ) rev 
= LU 3.134 
: (3.134) 
This definition was originally for a simple, closed system, where (6),., is the reversible heat transfer 
that crosses the system boundary and T is the absolute temperature of the surrounding medium at the 
boundary. From this definition and the first law of thermodynamics, the relation for a closed system 


Tds = dh- P 
p 


is obtained. This equation can be extended to an open system by writing it as 


Tds = an- P- 2 nd, (3.135) 


If h and p are held constant, then —u,/T provides the entropy change associated with a compositional 
change dy, in species œ. Thus, the chemical potential enables us to consider mass transfer across 
the boundary as well as compositional changes within the system. This extension is essential if 
chemical reactions, phase changes, or diffusion are present. Moreover, the heat transfer in Equation 
(3.134) is now not restricted to conduction but may encompass any reversible heat transfer process 
including mass diffusion, chemical reactions, and the transport of radiative energy. 

For the thermodynamic system, we utilize an infinitesimal fluid particle that moves with velocity 
X but may have diffusional fluxes at its boundary. In this circumstance, we can replace the 
thermodynamic derivatives in Equation (3.135) with the substantial derivative, to obtain 


Ds _ Dh 1 Dp Dya 


Di Di p Di Ò Di 
a 





(3.136a) 


We now use Equation (3.123), without the carets, to eliminate Dh/Dt and Equation (3.128) to 
eliminate Dy,/Dt, with the result 


Ds _ 1 (DP 3 )-:z- (à.- + ja) 
nS V-q+® Ual Ox a Jo 


or 


Ds _ 1 : > * 
p Dt e 1 (9-7 YS Hatda-V "q + Due . Ja) (3.136b) 
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This relation provides the rate of change of entropy of a fluid particle, where part of this change 
is due to the transport of entropy across the system boundary, as given by (6q),.,/T. In order to 

j a Sy 5 i 
focus on entropy transport, in contrast to energy transport, we replace d with q'. This alteration 
is conveniently accomplished by writing the two rightmost terms in the above equation as 


-V-G+ Sui, -v- (T «Y Hada) + Ys ii, 
VP Se Vo Ye N aN d 


us f-yj, - Vi, (3.137) 


to obtain 


Ds - 1 E > 1 >: 
Par = p|- È Paldat ja Vi) |o V- (3.136c) 
In Equation (3.134), the temperature is that of the surface of the system. In V - q'IT, the 
temperature is that of the interior of the fluid particle; hence, this term is not the counterpart of 
(0q),,,/ T. We observe that the quantity we seek is provided by the surface integral 


> 


A ) 
ñ | = | ds 
f (f 


where ôs is the surface area of a fluid particle. By means of Equation (1.63), we have 


zy) 2ar.m 
v.(£)- im $$» (£)a 6.138) 


Thus, V - (d! T) corresponds to the entropy transport into or out of the particle. From the definition 
of d. Equation (3.130b), we observe that heat conduction, mass transfer, and radiative heat transfer 
contribute to the entropy transport, but that viscous effects and chemical reaction do not. As observed 
in the previous section, the mass transfer contribution is associated with an entropy flux 


+ Vibe Hedin = Mss (3.139) 


when Ug is replaced by Equation (3.131). 
We introduce V - (d /T) into Equation (3.136c) by means of the identity 





(peli Veal lg 
v.(£)- zv GAG Vio ud d. vT 
to obtain 
—7V q4 =-V7 mí -VT (3.140) 
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With these relations, Equation (3.136c) becomes 


pe E 4 (3.141) 
Dt E T 
where the rate of entropy production, per unit volume of the mixture, is given by 
; 1 1 > 
Pin = 7 |®-7 d VT- Y onis i Ja Vite) | (3.142) 


Our presentation of the first part of the second law, which started with Equation (3.134), has 
culminated in the above equations. The second part of the law states that 


im = O (3.143a) 
for a reversible process and that 
i ^ O (3.143b) 
for an irreversible process. Although Sin is nonnegative, Ds/Dt can be negative, since the divergence 
term can have either sign. 

The rate of entropy production, Sir, represents the irreversible processes that occur within a 


fluid particle. Hence, the entropy changes are due to internal processes and entropy transport into 
or out of the particle. With the assistance of the methods discussed in Section 2.3, Equation (3.141) 


can be written as 
D d 
Di J psdv = J pad - pa . ($) ds (3.144) 


By way of illustration, consider a mixture of thermally perfect gases that are diffusionally 
mixing. With this as the only process, we have 


= Y -tja = T Y sjo 


or 


"IE 


z Ys Ta (3.145) 


a 


where Equation (3.131) is utilized. Consequently, an fi: Fe appears in the rightmost term in 
Equation (3.144). Equation (3.142) now reduces to 


Pin = z(- pd YT- YA Ma) = 77 [Xs Te. -Vha Ts) 
i by -(Vsq-7 Via) (3.146) 


> 
Thus, a dot product involving j, appears in each of the terms on the right-hand side. 
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Viscous effects and chemical reactions enter through ® and @,, respectively, and are internal 
processes that appear only in s;,,. Evidently, the contribution of viscous dissipation to Si is zero 
when both u and u, are zero or when the velocity gradient is zero. The contribution from reactions 
is zero when the flow is chemically frozen, i.e., all @, are zero, or when the reactions are in 
equilibrium, in which case the: sum X440, is zero. Conductive heat transfer, radiative heat transfer, 
and mass diffusion, through 4^, appear in both Sir and in V - (q T). The analysis has not ruled 
out body forces or restricted the acceleration, Dw/Dt, in any manner. [Remember that F, does not 
appear in Equation (2.39).] A purely accelerative inviscid flow or the work due to a body force 
does not result in any (irreversible) production of entropy. 

Because q is not a state variable, we write (Ôq,e)/dt as ġe rather than as Dq,e/Dt, which would 
be wrong, when following a fluid particle. Thus, Equation (3.134) can be written as 


Ds s 
TDi = drev (3.147) 


and T(Ds/Dt) represents the amount of heat gained, per unit time and per unit mass, by a fluid 
particle undergoing a reversible process. By comparing this result with Equation (3.141), we have 


(3.148) 


x n 


: T 
mw =--V. 
7 p 


for a reversible process, where Si» = 0. This relation is not equivalent to Equation (2.37b), which 
holds for an irreversible or reversible process of a closed, simple system. 

For a general process, T(Ds/Dt?) still represents the heat transfer to a fluid particle. We see from 
Equation (3.141) that the heat gained is due to S; and P It is tempting to partition the heat transfer 
between reversible and irreversible contributions, as was done with the work [see Equation (2.372)]. 
Such a decomposition, however, is not justified, as can be seen from the following argument. 
Consider a process consisting solely of irreversible conductive heat transfer. In this case, we have 


d'-24--«VT (3.149) 


which appears in both the 5;, term and the divergence term on the right side of Equation (3.141). 
Appearing, as it does, in both terms, the heat transfer d cannot be split into reversible and irreversible 
components. 

Suppose a flow field has been analytically or numerically determined. Then Sa. (7,f) is given 
by Equation (3.142), which is an algebraic equation. At all times and at all points of the flow field, 
Equations (3.143) must hold; i.e., 5, cannot be negative. With a known flow field solution, we can 
determine Sin (Fob), and with the aid of Equation (3.141), we can determine s(7,,f). Thus, 5,, and s 
can be evaluated while a solution is being (numerically) obtained or evaluated afterward. 

As previously indicated, our formulation is particularly suitable for ensuring that CFD codes 
provide a solution that does not violate the second law. There are a variety of natural processes, 
such as in a chemically reacting boundary layer, that will produce entropy. There are also a 
variety of sources for numerically produced entropy, including artificial viscosity or damping 
terms, errors due to roundoff and truncation, numerical instabilities, and the presence of discon- 
tinuities like a shock wave. The entropy production from some of these numerical sources, such 
as in the vicinity of a discontinuity, can result in both negative and positive entropy production 
(Cox and Argrow, 1993). 
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It has become common practice to compute a steady-flow solution by using the nonsteady 
equations of motion. During the lengthy nonsteady computation, the numerically produced entropy 
may gradually accumulate. The validity of the computation is then uncertain unless the numerically 
produced entropy, at termination, is still small in comparison to that produced by natural processes. 
Apparently, it is possible for the numerically produced entropy to become sufficiently negative to 
cause a violation of the second law (Powell et al., 1987). 


SECOND Law For A Viscous, HEAT CONDUCTING FLOW 


We return to our basic assumptions of Chapter 1 and suppose only viscous stresses and conductive 
heat transfer are present. In this circumstance, Equations (3.141) and (3.142) become 


Ds 


p D Psin- V. (3.150a) 


way 


nre z(e E z J« vr) (3.1512) 


where d is now the conductive heat flux. If we further assume Fourier's equation and a Newtonian 
fluid, we have 


Ds ; K 

poe = pie V- (5 vr) (3.150b) 
NN 

pis z(e +5 (VT) ) (3.151b) 


where ® is provided by Equation (2.32a) or (2.32b). 
The second law requires Sir 2 0 for any realizable process. By detailed balancing, this must 
hold individually for the heat transfer and the viscous work. We, therefore, require 


K>0, ®20 (3.152) 


For heat conduction, the second law is satisfied providing the coefficient of thermal conductivity 
is nonnegative. 

From Equation (2.32b), it would appear that the ® 2 0 condition is satisfied if u and À are 
nonnegative. While u must be nonnegative, A may be negative as is evident from the Stokes 
hypothesis, which presumes A = -(2u/3). 

To determine the minimum allowed value for A, we consider a purely dilatational motion, in 
which case 


QNS (3.153) 


ui 
Ox; 


where a is a constant. In such a flow, all shearing stress terms are zero. For this flow, 
Equation (2.32b) readily yields 


© = u[2(3a?)] + A(3a)? = 9(A ue = 9a? (3.154) 
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where the bulk viscosity, Jj, is defined by Equation (1.57). However, any constraint on u, A, and 
x must be independent of the assumed flow model, since these parameters are material properties. 
A necessary condition, therefore, for ® > 0 is that 4, 2 0. 

Observe from Equation (2.32b) that the shearing velocity derivatives occur only in the u part 
of ® and then always in squared terms. Hence, the u term is a minimum when these shearing 
derivatives are zero and ® is similarly minimized. This leaves only the dilatation terms, which are 
dealt with in the above paragraph. Thus, u 2 0 and u, 2 0 are the necessary and sufficient conditions 
for ® = 0. In turn, we see that the second law simply requires 


K20, u20, u,20 (3.155) 


for a flow where Fourier's equation and a Newtonian fluid are utilized. Once these relations are 
satisfied, the corresponding conservation equations of Chapter 2 cannot yield an analytical solution 
that violates the second law. Of course, a numerical solution is a different matter, since numerical 
processes, such as artificial damping, are involved that are not present in the conservation equations. 

The above discussion does not conflict with the earlier remarks about applying the second law 
to an expansion shock or to Fanno and Rayleigh flows. The first of these applications is to the 
algebraic jump conditions across a shock, while the others are averaged, one-dimensional flows. 
In none of these instances are the conservation equations of Chapter 2 being directly utilized. 

Like 5, Si is proportional to the square or product of gradient terms. It is, therefore, significant 
in the flow interior to a shock wave or in a high-speed boundary layer. However, Sir is of second 
order for a slightly perturbed uniform or quiescent flow; see Problem 3.9. As mentioned, this is a 
consequence of s; being proportional to the square or product of gradient terms. Thus, when these 
terms are negligible, as is often the case in fluid dynamics, we have 


: Ds 
p = — = .15 
Sin = Q, Di 0 (3.156) 
The entropy of a fluid particle is now a constant and the flow is referred to as isentropic. These 
two relations are basic for the analysis in Part II. 
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PROBLEMS 


3.1 


3.2 


3.3 


3.4 


Start with Equation (3.40) and obtain the Gibbs—Duhem equation 


sdT —vdp + Sindh = 0 


i 


Obtain the integrated form, comparable to Equation (3.40), for the enthalpy and its 
corresponding Gibbs-Duhem equation. 

Write P and Q, Equations (3.110), explicitly in terms of T., v,, w, and constants for a 
van der Waals fluid. Do not assume a constant value for c;. Simplify your results. 
Assume a liquid or solid satisfies the following relations: 


Q 


V 
= constant 


g< i= 


Q 


B, = 


= constant, K 


s 


3p 


(a) Obtain a state equation of the form p = p(v,s). 

(b) Use Equation (3.1) to obtain equations of the form e = e(s,v) and T = T(s,v). These 
equations will involve an arbitrary function g(s). 

(c) Obtain c,(s,v) and p = f(T;v). 

(d) Derive the equations for the coexistence curve. 

Consider a perfect gas between two infinite parallel walls. AII 


A 
quantities depend only on x, and only heat conduction and 1 f 
radiative heat transfer occur. With the additional gray-gas — T,, To 


approximation, we can write for the radiation ? 








4 
* 
NGS S SES UN M 


= qelx, T], y 


S 
Él 
| 


n co. 
qr 20| TEs m+ f TEn- na | T'E;GI- mdi 
0 n 


where the E; are the exponential integral functions. 

(a) Derive an algebraic equation for Si» except for the two integrals that appear in qp. 

(b) Assume a continuous temperature and T, > T,,,. Determine the sign of Sir- 

(c) Derive an algebraic equation for ds/dx and show that s varies linearly with x only 
if TK equals a constant. 
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3.5 


3.6 


3.7 
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Continue with Problem 2.9 and further assume vs = v, = 0, and that the flow, including 
L, A, and «, depends only on r and t. 
(a) Evaluate 


where y is an arbitrary scalar, the œ; are defined in Problem 2.8, and Sim includes 
only heat conduction and viscous processes. 

(b) Neglect body forces and write the conservation equations in scalar form. 

(c) Assume the flow is steady, p, LL, K, and c, are constants, and e equals c,T. Determine 
a solution of the equations in part (b) for v, and p, and establish a differential equation 
for T(r). 

As shown in the sketch, we have a 

stratified Couette flow of a perfect 

gas, where 





C, = — I-I 


p y- y 








KI 
K., T, 


w 


This is a steady flow with a constant pressure whose velocity is given by 


w = u), 


The solution for u(y) and 7(y) can be written as 





Qo RM. T v[e«sa-beav-svi] 
€ a 2 3 
1+b+- 
3 
T-T, = 
0 = LT fap ee aay) 
where 
vo, peek pu Um qu Ig. pe 
U. Ko (Y RT.)'? 2 T., 


Show that s;,, is nonnegative and discuss the possibility that the second law may place 
restrictions on the values for a and b. 

Consider a steady, two-dimensional, parallel viscous flow, where the velocity is in the 
x-direction and all flow properties vary only with y, and assume Fourier's equation and a 
compressible Newtonian fluid. Further assume the flow is thermodynamically reversible. 
Use the second law to determine the solution for y? and T. 
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3.8 


3.9 


3.10 
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Consider a steady, viscous flow without body forces. The 

fluid is between two concentric infinitely long rotating 

cylinders, as shown in the sketch. Use a cylindrical coor- 
dinate system and assume a Newtonian fluid and Fou- 
rier’s equation. 

(a) Derive the appropriate governing differential equa- 
tions assuming a variable density and that the flow 
depends only on r. 

(b) Assume constant values for u, A, and x, and a 
perfect gas. Determine algebraic equations for w(r) 
and 7(r), where there is no velocity slip or temper- 
ature jump at either wall. Determine a quadrature 
solution for p(r). 

(c) Determine an algebraic equation for Sir- 

Determine an equation for Sir to second order using the first-order perturbation results 

of Problem 2.15. 





Consider the throat region of a supersonic nozzle whose cross-sectional area is 
A x? 
A 


where A* is the throat area, x is distance along the symmetry axis, and € is a reference 
length. Assume steady, inviscid, one-dimensional flow of a perfect gas. Also assume all 
transport properties are constants. Utilize standard isentropic relations to evaluate S; at 
the throat in terms of the transport properties, y, R, €, and the stagnation conditions T, 
and p,. The standard isentropic equations are 


Sz 


a 
Il 
* 
- 
— 
S 


2 
T = x! 
T, 
P. x" qr-0 
Po 
yt y+ 


A ur ( 2 pe 1 yXrD 
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3.11 


3.12 


Two solid bars of cross-sectional area 
A are brought into thermal contact at 
time £ = 0, as shown in the sketch, 
where x, and x, are positive lengths. X = -Xq x=0 X= Xg 
Let c be the specific heat, and assume 

the following properties or parameters for both bars are constant and are known: 





P, C, K, A, T; Xp Xy 


where A, = Ay, and p; € py; ..., and i and f denote initial and final conditions. The external 

surface of the bars is well insulated. Assume T; > Tj; and that only one-dimensional heat 

conduction occurs. 

(a) Determine the final equilibrium temperature 7; in terms of the above constants. To 
standardize notation, utilize 





o = thermal diffusivity =~, $ = (pcx); 
pe (pex) 


where Oy £ Qt. 

(b) Establish an energy equation for 7(x,f) and the appropriate boundary and initial 
conditions. Note that at x = 0 we have contact resistance, where only the heat flux 
is continuous. 

(c) For each bar, determine the specific entropy change s(x,t)—s; in terms of the temper- 
ature. Determine the total entropy change AS undergone by the two bars. 

(d) Obtain a solution for 7(x,t) for both bars at small time, or, equivalently, set xj, Xy — o. 
In this circumstance, a similarity solution is possible, which is much simpler than 
a separation of variable solution, which would be required for finite x,, xy values. 
A new boundary condition at x = 0, T, = Ty, needs to be added when f > 0. 

(e) Use the solution of part (d) to obtain Si» for bar I. 

Develop a thermodynamic model for a Martin-Hou fluid. In other words, establish 

equations for p, s, e, h, c,, Cp, a’, and T that are functions of only T, v, and c,(T). Do 

not assume a harmonic oscillator model. Simplify your answers as much as possible. 
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4 Kinematics 


4.1 PRELIMINARY REMARKS 


We examine a number of general results whose validity does not depend on the conservation 
equations or the second law of thermodynamics. Such results are termed kinematic. Their generality 
is such that they hold for incompressible as well as compressible flows, steady or unsteady flows, 
viscous and inviscid flows, and flows with body forces. On the surface, some of these theorems 
appear to be limited to incompressible flows; however, this restriction is not accurate. They did, 
however, originate for incompressible flows in the middle of the 19th century, primarily by Kelvin 
and Helmholtz. 

One important application of these theorems is in wing theory, where the development of lift 
is closely associated with shed vortices. Aside from this, these theorems are not widely utilized. 
As is the case with the second law, they are not needed for obtaining a flow field solution. 
Nevertheless, they are of fundamental importance, as is the second law. 

Before embarking on a discussion of these theorems, it is convenient to introduce common 
definitions and to prepare some of the mathematical apparatus that will be needed. This is done in 
the next section. The remaining two sections are devoted to the Kelvin and Helmholtz theorems. 


4.2 DEFINITIONS 
FieLD LINES 


Let C be a curve in space and let d? be tangent to C. Consider an arbitrary vector field È (7,1) 
that is single valued. The curve C is then a field line of F if d is parallel to F. This condition 
can be expressed in two equivalent ways: 

d?xF 20, d? =dgF (4.1a,b) 
where g is a scalar function. In a steady flow, with F = W, the streamlines are field lines. (If 
the flow is unsteady, the pathlines are the F = X field lines.) With Cartesian coordinates, 
Equation (4.1a) yields Equation (1.21b) for the streamlines. These same equations are obtained 
from Equation (4.1b) with É = # by writing |d7 |/|v| for the differential dg. 

Let C’ be a second curve in space that is not tangent to any field line. The surface consisting 
of the field lines that pass through C' is called a vector surface. If C’ is a simple closed curve, the 
vector surface is a vector tube. A filament is a vector tube in which C^ has shrunk to a point. 

As shown in Figure 4.1, a tube can have two different types of simple curves on its surface. 
The curve C^is referred to as reducible, since it can be shrunk to a point without leaving the surface. 
The curve C is called irreducible, because such shrinking cannot be done. 


SOLENOIDAL VECTORS 


> 
A divergence-free vector field F is referred to as solenoidal; i.e., 


VF =0 (4.2) 
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FIGURE 4.1 Vector tube with reducible (C^) and irreducible (C) curves on its surface. 
By means of the divergence theorem, we have 


Jv Fav = $a Pas = 0 
V S 


for a solenoidal field, providing S is a closed surface. We apply this result to a slice of a vector 
tube. As shown in Figure 4.2, the tube is enclosed by three surfaces 


S = §,+58,+58; 


F ES I 2 1 
where fi is an outward pointing unit normal vector. Let F be solenoidal; hence, 


> > > > 
asas - | as Pass à- Pass f à Fas = 0 
S Sy 5; 


53 


> 
Since 7+ F = 0 on S, this simplifies to 


> > 
Í a-Fds = | (-Aa)-Fds (4.3) 
S. 


2 Sy 


where —fi on S, points into the tube. 
For an open surface S, such as the shaded areas in Figure 4.1, and a solenoidal vector field, 
F, the integral 


> 
Í he Bas (4.4) 
S 


is zero when S is bounded by a reducible curve. When S is bounded by an irreducible curve, the 
integral is not zero. In this later case, the integral provides the strength of a vector tube or a filament, 
if C shrinks to a point. Furthermore, Equation (4.3) provides the important result that the strength 
is constant along the tube or filament at a given instant of time. This constant strength is independent 
of the inclination angle that curve C in Figure 4.1 has relative to the tube's axis. 

Assume F is solenoidal and is tangent to a vector tube. We presume the surface in integral 
(4.4) is approximately perpendicular to the tube's axis; i.e., S is bounded by an irreducible curve, 
such as C, in Figure 4.2. Further, suppose the cross-sectional area of S decreases along the axis of 
the tube. In this circumstance, for the integral to remain constant, the magnitude of F must increase 
as the area of S decreases. One consequence is that the winds are most intense in a tornado where 
its diameter is narrowest. 
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FIGURE 4.2 Nomenclature for a sliced vector tube. 


> 
In view of Equation (4.2), any solenoidal field can be written in terms of a vector potential A as 


PeVxÁá (4.5) 


since 


V-(VxA) 20 
is a vector identity. Vector potentials are not often utilized in fluid dynamics because one vector, 
with three scalar components, is merely replaced by another vector with an equal number of scalar 
components. 5 y E 
The simplest example of a solenoidal field is F = 0, since the vorticity is defined as V x w. 
Another example occurs in incompressible flow, where F = w is solenoidal, since continuity yields 


Equation (4.2). In this case, a vector tube is called a streamtube, a filament is a streamline, and the 
strength of a streamtube is 


a > 
Í ñ» ŵds = constant 
S 


which is the streamtube's volumetric flow rate. In a compressible flow, F = p» is solenoidal if 
the flow is steady. In this circumstance, the strength of a streamtube is 


f «cas Zii 
S 


where m is the constant mass flow rate through the tube. 


IRROTATIONAL VECTORS 


A second type of vector field is referred to as irrotational if it satisfies 


VxF =0 (4.6) 
Since 


Vx(Vo) = 0 
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is a vector identity, an irrotational field can be written in terms of a potential function @ as 


> 
F = Và (4.7) 
> 
In contrast to a vector potential, the replacement of F with $ is highly advantageous, since three 
scalar functions are now replaced by one in a three-dimensional flow. 


The simplest example of an irrotational vector field occurs when the vorticity @ is zero. From 
Equation (1.17), we have the condition for an irrotational velocity field 


@ = Vx =0 (4.8) 
and Y? can be replaced by a scalar potential that is called a velocity potential. 


HELMHOLTz’S THEOREM 


; P ; : . 2 
Under appropriate conditions, such as being single valued, any vector function F can be resolved 
into solenoidal and irrotational components. In this circumstance, we have 


> > 2 
F = F,+F; 


where 


For the solenoidal vector, we use 


> 
È, =VxA 
while the irrotational vector is replaced with 
È: = Vo 
> 
Hence, F can be written as 
> > 
F =VxA+Vo (4.9) 


> 
which is known as Helmholtz’s theorem. N igtice that the three scalar components of F are determined 
by @ and the three scalar components of A. As a consequence, one additional scalar condition can 
be imposed for a unique decomposition of F. Without loss of generality, we require A to be 
solenoidal: 


V.À c0 


An equation for $ is obtained by taking the divergence of Equation (4.9), with the result 





V.P =V. (Vo) = Và (4.10) 
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FIGURE 4.3 Region of integration V for the vector and scalar potential solutions. 


> 
which is a Poisson equation for $. (We assume V + F is a known algebraic function.) As shown in 
Figure 4.3, we consider a volume V containing points P and Q whose location with respect to an 
arbitrary origin is given by È and & , respectively. The solution of Equation (4.10) can be written as 





1 V-F 

> . 

2 4.11 

ed) = -i | Aa (4.11) 
> 

where r is the distance between points P and Q, while the coordinates of V - F and dv are provided 

by £, and V is a region where V - F is not zero. 


We arrive at an equation for the vector potential A by taking the curl of Equation (4.9), with 
the result 





VxF = Vx(VXA) = (V+A)-V2A = -V2A 


> 
since A is solenoidal. This is also a Poisson equation, which has the solution 


> 
AGE E Í Exe dv 
V 





Helmholtz’s theorem is especially useful when È is the velocity. The irrotational part V; of 
the velocity yields 


Vx Wi = 0, Wi = Vo 
where @ is a velocity potential. The solenoidal part results in 


Vox. ce Hee VA 


and the vorticity is given by 





> > > > > 
@ = Vxw = VX(Witws) = VX Ws 


This decomposition is computationally effective for analyzing inviscid transonic flow over airfoils 
and wings (Dang and Chen, 1989). In this application, the flow is irrotational everywhere except 
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FIGURE 4.4 Circulation schematic. 


in the region downstream of the curved shock wave that first appears above the upper surface of 
the airfoil or wing. Only in this region are Wi and Y^, both nonzero. 


4.3 KELVIN'S EQUATION AND VORTICITY 


The circulation IT is defined as the integral along a closed curve C: 
Pe $ eae (4.12) 
C 


where d? is tangent to C and points in the counterclockwise direction (see Figure 4.4). (In 
aerodynamics the circulation is defined as -I in order that I > 0 should correspond to a positive lift.) 

We now evaluate the change in I following the fluid particles initially located on curve C at 
time t, as shown in Figure 4.4. In the analysis, C is fixed in space and time, while C’ consists of 
the same fluid, at time f + df, initially located on C. Since we are following fluid particles, we can 
use the substantial derivative to obtain 


> 
PL modes ? 
Dt J, Dt A 


where the two operations 


5$ -$ 5 
Dt}. J -Dt 


commute, since curve C is fixed in space and time. For the rightmost integral, we have 


D CX iei Dr = > 
p, (27) = a(?*) = dw (4.13) 
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and, consequently, 


We thus obtain Kelvin’s equation: 


DT Dw 
— = —: 4.14 
Dr ~ Ê, pr oe) 
The integral on the right is evaluated in Section 4.4 and still differently in Section 5.4. We note 
that DÈ/Dt is the acceleration in this later evaluation. 

Stokes’ theorem, Equation (1.60), relates the circulation to the vorticity. The theorem yields 


T= d w-d? = [asia = | a- das (4.15) 
C S 


S 


where S is the open surface that caps C. This relation can be differentiated, obtaining 


dT = f- @ds (4.16) 


Thus, dT equals the component of @ that is normal to ds as curve C shrinks to a point. This 
relation represents the connection between the circulation and the vorticity. To clarify the connec- 
tion, consider a region of flow in which à = 0. Then dI = O0 and the circulation is a constant, 
which need not be zero, in the region. On the other hand, if the vorticity is nonzero, then the 
magnitude of dT, at each point of the region, depends on the orientation of ñ. For instance, if fi 
is perpendicular to à, then dT = 0 at this point. Thus, dT/ds can have any value from -œ to +œ 
at the point in question. 


SHEAR LAYER 


It is convenient, at this time, to discuss a shear layer, i.e., a parallel, two-dimensional flow with a 
shearing motion, as sketched in Figure 4.5. We first evaluate the circulation about the ABCD path, 
per unit depth of flow. Along AD and BC, we have 


w-d? 20 
while à 1s constant on AB and CD. We thus obtain 


r= $ È- dÈ = w,AB-w,DC = (w, AB (4.17) 
ABCD 


where the AB and DC distances are equal. 
We can use Equation (4.15) and 


a= |. S=ABAy, @= o]. 
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FIGURE 4.5 Schematic of a shear layer. 


to also obtain for I 
T = AB(Ay)@ 
This relation is equated with Equation (4.17), to obtain 


Wi -W»2 





g= 


or 


È= Laxa) (4.18) 


in a right-handed system. We now let Ay shrink to dy, thereby obtaining a vortex sheet or layer, as 
illustrated in Figure 4.6. Let ds be the surface area and dv be the volume, dyds, of an infinitesimal 
piece of the sheet. A surface vorticity @; is defined by 


@sds = ody 
With the aid of Equation (4.18), this becomes 


> > 2 
à, = dy = AX (W2 — W2) 


Vortex layers are common, especially in supersonic flows. The strength and orientation of such 
layers is provided by Os, whose physical interpretation is clear. 
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FIGURE 4.6 Vortex sheet schematic. 


4.4 HELMHOLTZ VORTEX THEOREMS 
THE First THEOREM 


We focus on the case where the vector in Equations (4.1) is the vorticity 


Thus, È is solenoidal, and for the irreducible curve C, in Figure 4.2, 


r= | Bed? =| a-dds20 
Cy E 


1 


while for a reducible curve on the S, surface, I’ = 0. Hence, the circulation T is the strength of 
the vortex and is constant along the tube at a given instant of time. This is Helmholtz's first 
vortex theorem. 

Frequently, vorticity is found to be concentrated in narrow tubes, or filaments, that are referred 
to as vortex filaments or vortices. As we have just shown, the strength of a vortex filament or tube 
is constant along its length at a given instant of time. It is worth noting that this is not a result of 
any conservation law. 


THE SUBSTANTIAL DERIVATIVE OF THE VORTICITY 


Before embarking on a derivation of Helmholtz's second theorem, we obtain an important result 
that is needed in the derivation. This is a kinematic formula for the substantial derivative of the 
vorticity. The derivation begins by evaluating the curl of the acceleration: 


>_ o DW È > > ow 
Vxd = vx = Vx( Seed v) 
9 > >> JÒ 392 
= a lV OM t Vx(axw) = 7 EVXQX W) 





where Equation (1.18) is utilized along with the identity 


] 2) _ 
vxv(5w)) = o 
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The vector identity (see Appendix A, Table 5) 


Vx(AxB) = A(V + B)—B(V +A) +B+(VA)—A-(VB) 


is used with 


by 
Il 
Sv 
[ovi 
M 
zl 


to obtain 
Vx (xw) = OV +) -PV -Ò+ (VÒ) -Ò (VÈ) 
Another vector identity is 
V. (V x A) - 
thus yielding V - @ = 0 and 
V x(x w) = AV w) +È: (VÒ) -Ò (VÈ) 


With this relation, we obtain 








> 
vxd = #3. (Và) «(v «ià- à- (Vit) = P2 «(v -B)G-B- (vi) 
or 
DÈ 22 
DO = Vxd«d-(Vi)-(v à (4.19) 


for the substantial derivative of @. In the second vortex theorem, we actually need 


> 
x T = óx(Vxd)eOx[O-(Vi))-Ox(Vxd)-[Ó-(Vi)]xà (420) 





where the rightmost term, which resembles a triple scalar product, is not zero because VÒ isa 
dyadic and not a vector (see Problem 4.2). We could, of course, replace È with the momentum 
equation. The result, however, would no longer be kinematic. 


THE SECOND AND THIRD THEOREMS 


In general, the fluid particles that constitute a vortex filament at one instant of time will not constitute 
the filament at a later instant of time. The second theorem of Helmholtz provides the condition for 
the fluid particles to remain fixed with the filament. When this occurs, the filament is a material 
line. For a vortex filament to be a field line, @ must be tangent to the filament and Equation (4. 1a) 
can be used with F = @. For the field line to also be a material line, we must have 


= (d? x à) - 
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or 





Equations (1.45) and (4.13) combine to yield 


D(d?) 


542 5 42 .(V2 
Di = dw = df (Vw) 





where the rightmost term is the directional derivative of # in the d? direction. Equation (4.1b) 
is also used, with F = 6, for the condition that @ is tangent to a filament. We thus obtain, with 
the aid of Equation (4.20), 











[dr (VÈ) x @+d7 , DÓ =0 

Dt 

Do 
iellB- crib xB = 0 

Dt 
[Ó-(VW)]x 0+ Óx(Vxd)-[O-(V$)]x à = 0 

or 
@x(Vxa) = 0 (4.21) 


When this condition holds, the vortex filaments are material lines. 
We need to interpret this condition in a physically meaningful way. Suppose the acceleration 
d is an irrotational vector field so that 


g = Dw _ Vo (4.22) 
Dt 
We then have 
Vx = Vx(V@) 20 (4.23) 


and Equation (4.21) is satisfied. However, Equation (4.14) yields 


> 
2 T d? = f à-d? = $ Voa? = É do = 0 (4.24) 
Dt c Dt z - e 
Hence, an irrotational acceleration implies both Equation (4.21) and DT/Dt = 0. We thus have 
Helmholtz's second theorem, which states that the vortex filaments are material lines in a circulation- 
preserving flow, i.e., a flow in which the circulation along a material line is constant with time. 
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Equation (4.21) is also satisfied if the velocity field is irrotational: 
@ = 0 


and again vortex filaments are material lines. Suppose the irrotationality condition holds throughout 
the flow except along distinct vortex filaments or surfaces that are constructed of filaments, such 
as a vortex tube. For purposes of simplicity, consider an otherwise irrotational flow that contains 
a single vortex tube, like the one shown in Figure 4.1. The circulation I' is zero for a reducible 
curve, such as C’, and finite for an irreducible curve, such as C. These curves, however, need not 
lie on the vortex tube; thus, any curve that does not enclose the tube will have a zero circulation, 
while any curve that encloses it once will have the same constant value I as curve C. In view of 
this, we have DI/Dt as zero, both for the reducible and irreducible curves. We, therefore, again 
obtain the second vortex theorem. 

Helmholtz’s third theorem states that in a flow in which the vortex filaments are material lines, 
the strength of all vortex tubes does not change with time. This result differs from the first theorem, 
which holds at a given instant of time. 

Another consequence of these theorems is that any vortex filament either closes on itself or 
terminates at a boundary. This result holds for the filaments in an otherwise irrotational flow and 
is useful for understanding the vortex filaments shed from the wings of a moving aircraft. The 
gradual decay of the filaments is due to viscous stresses, since vortices are associated with a shearing 
motion. Thus, the vortices shed from the wing tips of an aircraft during takeoff or landing decay 
with time. A landing strip is safe for reuse only after this decay is largely completed. 
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PROBLEMS 


4.1 Consider a steady, parallel inviscid flow of a perfect gas in which y 
the pressure is constant. Between y = —ó and y = 6 the velocity a re! 
profile has a linear variation, as shown in the sketch. Similarly, the 8+ 
stagnation enthalpy h, has a linear variation between h, and h, in 
this region. Determine the variation with y, in this region, for the u 
entropy s and vorticity @. 

4.2 In the derivation of the second Helmholtz vortex theorem, the term 


Uy 





@x[@-(VO)] 


appears in Equation (4.20). Evaluate this term using curvilinear coordinates. The term 
has the appearance of a triple scalar product with two elements that are the same; 
nevertheless, show that, in general, it is not zero. 

4.3 Utilize the results of Problem 2.11(b) to obtain a simple equation for V x d in terms of 
the vorticity. In addition to the assumptions required for Problem 2.11(b), what additional 
assumptions yield V x d =0? 

4.4 Utilize Helmholtz's theorem, Equation (4.9), to decompose 


È = [AG + Bn) If) E863) + C1]:  ECGS) + AGQo1]s 
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4.5 


4.6 


4.7 


4.8 


into a solenoidal vector È, and an irrotational vector F is where li is a Cartesian basis. 

Do not impose the uniqueness condition associated with Fs. 

(a) Assume that the body force É » is given by a scalar potential and the fluid is 
Newtonian to obtain 





Dó 


= 4Vpx Vp-4Vpx {P+ viv pl vx Fed (vi -V à 
Pe P p p 


>, 
where É" is the surface force on a fluid particle associated with the shear viscosity; i.e., 


= 2V - (ue) 


(b) Show that 


Dis 
— = VxF’ 
P Di 


holds for a two-dimensional, incompressible flow. 

(c) With a constant kinematic viscosity v(= u/p) and wv = uf: + vl write the steady- 
flow scalar version of the part (b) result, where only v, u, v, and derivatives of c 
appear. 

Utilize Helmholtz's theorem to decompose 


È = A(Qu)BG3) CGo)R 


where 


ñ = ili o; = constant 


into a solenoidal vector É s and an irrotational vector F ;. Do not impose the uniqueness 
condition associated with F;, and simplify your answers. 

Consider a steady, incompressible, two-dimensional, homogeneous flow with no body 
force. A homogeneous flow is one where the velocity gradient has constant components; i.e., 


Ow, ow, 
Ox, dx; 21€ € 
Ow, Ow, €, —c 
Ju Oxy 


where the x; are Cartesian coordinates and c, c}, and c, are constants. 

(a) Determine w, and w, in terms of x, and x. 

(b) Determine the scalar vorticity, @ 

(c) Determine p in terms of the x;. 

(d) Determine the algebraic equation for an arbitrary streamline. 

Consider a steady, or unsteady, incompressible flow of a Newtonian fluid with constant 
transport coefficients and a negligible body force. 
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(a) Determine a vector equation for ®© such that the momentum equation has no viscous 
force term. 

(b) Introduce Cartesian coordinates and simplify your part (a) answer. 

(c) What are the equations that getermine © and p/p? 

(d) Introduce a vector potential 4 for »? . Determine the governing equation for Á. Also 
determine the equation for @ and the equation for p/p, all in terms of Á. 

(e) Evaluate the helicity density 


> 
Hı = » A 
A ; pmo : 
in terms of the Cartesian components A; of A. Simplify your answers whenever 


possible. 
4.9 From Problem 4.8, part (d), we know that a vector potential for X must satisfy 


(V. V)VxÁ =0 


> 
(a) Show that one possible form for A is 


> e 
where A,, B, and C are constants. The Cartesian components of the triadic satisfy 


C. 


ijk = Cig 
> 

(b) Use A to determine @ and the helicity H,. 

(c) Determine p/p for a steady flow. 


Part Il 


Advanced Gas Dynamics 





Outline of Part II 


Because of the practical and historical importance of the Euler equations, Part II investigates a 
number of their general properties. Some of these, like the Bernoulli equations and irrotational 
flow, are familiar to you. Thus, Chapter 5 is concerned with easily derivable consequences of the 
Euler equations, e.g., Crocco’s equation. Shock waves are treated in a general manner in the next 
chapter, and hodograph transformation theory is discussed in Chapter 7. Chapter 8 discusses a 
transformation, called the substitution principle, that is quite different from the hodograph trans- 
formation. Basic gas dynamic theory is extended to a calorically imperfect gas in Chapter 9. The 
caloric equation of state is based on the harmonic oscillator model, and isentropic flow, oblique 
shock waves, etc., are analyzed. Sweep in a supersonic flow is discussed in Chapter 10 within 
the context of an oblique shock and a Prandtl-Meyer expansion. The next chapter considers the 
interaction process when a Prandtl-Meyer expansion interferes with an upstream oblique shock. 
In this circumstance, the shock possesses a discontinuity in its curvature where the expansion first 
interacts with the shock. The last chapter in this part of the book discusses unsteady, one-dimen- 
sional flow, as typically occurs in a shock tube. Special features in this chapter are an interior 
ballistic presentation and the Riemann function method. 

Although the emphasis is on general properties of the Euler equations, a number of realistic 
flow fields are discussed either in the text or in various homework problems. These include spiral flow, 
Prandtl-Meyer flow, and the flow in a convergent/divergent nozzle. Quite often rotational flow 
fields are of primary interest. Part II can be viewed as containing advanced topics in gas dynamics. 
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5 Euler Equations 


5.1 PRELIMINARY REMARKS 


The Euler equations are readily obtained from the governing equations of Chapter 2 by setting 
u-AÀ-2Kkz-0 (5.1) 


The resulting equations represent an inviscid, adiabatic flow. Usually, the flow is simply referred 
to as inviscid because K and u are not independent parameters but are related by the Prandtl number 


Pr = — (5.2) 


where Pr is finite and positive. The assumption of u = 0 therefore implies K = 0 and vice versa. It 
is useful to note that an adiabatic flow is generally not isothermal, and vice versa. 

The vast bulk of a large Reynolds number flow field satisfies the Euler equations. Those regions 
where these equations do not hold have large gradients where viscous stresses and heat conduction 
are significant. These regions include wall boundary layers, free shear layers, and the flow internal 
to a shock wave. A solution of the Euler equations is usually essential before a viscous boundary- 
layer solution, for example, can be obtained. 

The next section discusses the Euler equations and their associated boundary and initial con- 
ditions. Sections 5.3 and 5.4 then consider the Bernoulli equations and vorticity, respectively. The 
Bernoulli equations relate the pressure to the velocity and therefore are of primary importance in 
evaluating the pressure force on a surface or body. The last three sections assume a steady flow 
and consider the special cases associated with two-dimensional or axisymmetric flow and when 
natural coordinates are utilized. A treatment of a swirling flow is developed as part of the analysis 
of axisymmetric flow. 

The treatment in this chapter can be viewed as fundamental, inasmuch as it is devoid of solutions 
to specific problems. However, Problem 5.4 treats parallel flow, Problems 5.8 and 5.21 deal with 
spiral flow, Problems 5.12 and 5.16 provide the forces on a contoured duct, while Problems 5.22, 
5.23, and 5.24 are concerned with the incompressible flow about a cylinder or sphere. A variety 
of problems (5.10, 5.11, 5.13, 5.14, and 5.15) are concerned with vorticity or dip. These problems 
include a derivation of Beltrami's equation and various forms for the curl of the acceleration, V x à, 
which is utilized in the second vortex theorem. 


5.2 EQUATIONS — INITIAL AND BOUNDARY CONDITIONS 


Conservation of mass, Equation (2.2b), is unaltered by Equations (5.1). With Equation (1.18) and 
T = 0, the momentum equation reduces to 


Woy 2.3. lyp.P (5.3) 
ot 2 p Em f 
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With d = 0, the energy equation, Equation (2.43), simplifies to 


Qu 


Dies T D d Dp (5.4) 
Dt p ot 





The foregoing relations have p, p, h, and Was dependent variables, since É p is presumed 
known. The conservation equations are therefore insufficient in number for determining these 
variables. To obtain a closed system of equations, they are supplemented with a relation, like an 
incompressible assumption, or by several thermodynamic state equations. In this case, we typically 
use a thermally and calorically perfect gas given by 


Do RP. dem arid (5.5a,b) 


where y is the constant ratio of specific heats and R is the specific gas constant. In SI units, R is 
evaluated in terms of the universal gas constant R and the molecular weight W as 


R — 8314(J/kmol-K) (5.6) 
W W(kg/kmol) 

The unsteady form of the Euler equations is subject to a number of conditions, the first of 
which is a set of initial conditions. At some instant of time, enough details of the flow field must 
be known so that a solution can be obtained a short time later. Our approach, although limited to 
the Euler equations, is more general in concept. The equations are written with the unsteady 
derivatives, one per equation, on the left sides. The initial conditions then constitute whatever 
information is required for evaluating the right sides of the equations. 

We thus write the Euler equations in the form 








Ye = -V- (py) (5.7a) 

ow ow >» > 1 > 

opcre ped p (5.7b) 
gu dono E EUR (5.70) 
ot pot " di E: i 


The energy equation requires further revision by introducing the definition of h, and thermodynamic 
state relations. For example, with the assumption of a perfect gas, we obtain 


L TOSA ^ 
ot y-1 p at y-1 p! at 0 OT 
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FIGURE 5.1 Schematic of a wall that is moving into a fluid. 


where Equations (5.7a) and (5.7b) are used. With this result, Equation (5.7c) becomes 


P = _y pV «iit Vp (5.8) 


(A more direct derivation is obtained by assuming a homentropic flow.) Once p, p, and © are known 
as functions of position, at some instant of time, the right sides of Equations (5.7a), (5.7b), and 
(5.8) provide values for p, p, and W ata slightly later time. To start an unsteady solution, we need 
p. p, and V as a function of position at a given time. 

If a steady flow solution is sought, the initial condition is replaced by an upstream condition, 
which is usually a uniform flow. 


BouNDARY CONDITIONS 
In addition to an initial condition, the solution must satisfy a velocity tangency condition at all 
impermeable walls. Let 


F = F(?,t) = 0 (5.9) 


be the surface of one such wall, which may be moving. Then the velocity Wb. of a fluid particle that 
is adjacent to the wall consists of a component Èn that is normal to the wall and a component 5, 
that is tangential to the wall. It is useful to introduce a nondimensional unit vector 


A VF 


that is normal to the wall, as shown in Figure 5.1. We then have 


Wn = Ww,fü, Wf = 0 (5.11) 
where 

Ww = Wnt W, 
The tangential component A is arbitrary, while the A component must match the component 


of the velocity of the wall that is perpendicular to the wall. This velocity component, A is 
obtained from 


DF _ OF 
= =+ 


> 
LP wt VE = 
Dt ot i : 
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or 


a S3 C VEL (5.12) 


since È, - VF is zero. If the wall is motionless, we have 

Ww. VF = 0 
or, better yet, 

Ww = 0 (5.13) 
and the fluid velocity is tangential to the wall. 


When 0F/dt is not zero, an explicit equation is obtained for w, by using Equations (5.10) 
through (5.12), with the result 


OF ^ a _ OF = 
3; tV Fw, A= 3 tV Pw, -0 


or 


1 OF 


Wn = vr) ot 


Hence, the velocity of the fluid that is adjacent to the wall is 








Ww = Wi- = = Wr- 


IVF| ðt IVrp or a) 


Thus, if the wall is moving into the fluid with speed —(OF/dr)/|V F|, then Ww is oriented into the 
fluid as indicated in Figure 5.1. 


5.3 BERNOULLI'S EQUATIONS 


There are two important integrals of the governing equations that typically go under the name of 
a Bernoulli equation. Both require an inviscid, adiabatic flow, i.e., the Euler equations, and both 
require that the body force be a conservative force field. In this case, F, is provided by the gradient 
of a scalar function 


È, = -VQ (5.15) 


Gravity is this type of force field, with Q given by 


Q = -8,7 


o 


where r is measured from the center of the Earth and g, is the magnitude of 2 when r = r,. The 
quantity Q is the potential energy due to gravitational attraction, per unit mass. 
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STEADY-FLOW BERNOULLI EQUATION 


The first version of Bernoulli’s equation further assumes a steady flow and utilizes the energy 
equation, which is 





w-Vh, = -> VQ 


or 
$e vae sw) -0 
In a steady flow, this relation is the condition that h, + Q be constant along a streamline, since 
D p > > 
p; + 2) = 3; (ito + 2) +w.: V(h, + Q) = w-V(hA,+Q) = 0 


We therefore obtain 


h^ e Q sc (5.16) 


where C is constant along a streamline but may vary from streamline to streamline. The constant 
is generally evaluated in the upstream flow; if this flow is uniform and Q is a constant, then C is 
the same constant for all streamlines that originate in the upstream flow. Equation (5.16) can be 
viewed as an energy equation that provides h once w and Q are known as functions of position. 


IRROTATIONAL FLOW BERNOULLI EQUATION 


Most often, Bernoulli's equation refers to the form that is based on the momentum equation. The 
flow need not be steady; instead, it is assumed to be irrotational. The momentum equation then 
becomes 


db yw 2 lv vg (5.172) 
t 247 — 5E : 


In view of irrotationality, a velocity potential function $( Fa t) can be introduced as 
wv =Vo (5.18) 


Since the gradient and time derivative operations commute, we have 


ow 


_~I2u,_-yv% 
a so EN 


ot 


and Equation (5.17a) can be written as 


od 1 2 x wl, 
V[S e ao) +o] xev (5.17b) 
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If the flow is incompressible, we then have 
0g 1 2.p N 
v[S evo «Pal =0 
which immediately integrates to 
oġ 1 kep B 
5, +3(V9) i = C(t) (5.19) 


By setting @ = @+ J Cat, the function of integration C(t) can be absorbed into the 0¢/dt term. This 
relation is the incompressible, irrotational form of Bernoulli’s equation. (With the same assump- 
tions, Problem 2.14 shows that it holds for a viscous flow when the viscosity is a constant. Keep 
in mind, however, that viscous flows are generally rotational.) The equation provides the pressure 
once @ and Q are known. If the incompressible flow is also steady, we have 


pt ; pw + pQ = p. 5 pw. + pQ., = constant (5.20) 


where the infinity subscript denotes a freestream condition, and where the Q terms account for 
the potential energy associated with gravity. This is the most common form encountered for 
Bernoulli’s equation. 

We would like to obtain a relation similar to Equation (5.19) that holds for a compressible 
flow. In this circumstance, we require the pressure to be a thermodynamic function of p and s; i.e., 


p = p(p.s) (5.21) 
A barotropic flow is assumed in which either p is constant or p depends only on p: 
p = p) (5.22) 


The constant density assumption would then yield Equation (5.19) and we, henceforth, exclude 
this case from the discussion. In view of Equations (5.21) and (5.22), the barotropic assumption 
is equivalent to a constant entropy or 


Vs =0 (5.23) 


in which case the flow is referred to as homentropic. Flows that satisfy Equations (5.22) and (5.23) 
are quite common. For example, for a perfect gas, Equation (5.22) can be written as 


2- (8) E 


where the zero subscript denotes a stagnation or reference condition. We are familiar with those 
flows where this relation is utilized. 
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With the barotropic assumption, the thermodynamic relation for the enthalpy 


dh = Tds+ ap (5.25a) 
p 
simplifies to 
dh = ep (5.25b) 
p 
Upon integration, we have 
dp 

h- T + constant (5.26) 


Recall that the directional derivative of a scalar, y, is given by 


dy = dr -Vy 


where dr provides the direction, which is arbitrary. With the aid of this relation, two different 
equations that involve the dp derivative are written as 


dp = d?-Vp 
P -afa vj? 
P P P 


Eliminate dp, to obtain 
EE a? v| 
P P 
Since the d vector is arbitrary, we can cancel the d factor with the result 


TP -v[**- va (5.27) 
p p 
Thus, for a barotropic flow, Vp/p equals Vh. 

The above discussion shows that the derivatives in Equation (5.25b) can be replaced by the 

] f : 2. ] ; 
gradient operator. A key step in the proof is that dr is an arbitrary vector, thereby allowing the 
cancellation of dr. The replacement of the thermodynamic derivative with V is not limited to 
Equation (5.25b) but holds in general, e.g., to Equation (5.25a). 

With Equation (5.27), Equation (5.17b) integrates to 


oo 1 2 = 
a t3 9 th+Q = cQ) (5.28) 
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which is the sought-after compressible counterpart to Equation (5.19). The only new assumption 
required for this result is that the flow is barotropic. As in Equation (5.19), C(t) can be absorbed 
into the d@/dr term. 


Discussion 


The two versions of Bernoulli's equations are quite distinct. The energy version holds only along 
streamlines in a steady flow. However, when Q = 0, as is the case in a gaseous flow, h, is usually 
a constant throughout the flow field, not just along individual streamlines. 

On the other hand, the momentum version holds throughout an unsteady, irrotational flow field. 
This version would appear to be more general than the first. This is an exaggeration, however, as 
can be seen by examining a steady flow downstream of a curved shock. The energy version holds 
on both sides of the shock, while the momentum version does not apply downstream of the shock. 
In this region, as we will show, the flow is not irrotational, barotropic, or homentropic. Application 
of the momentum version is therefore of no use in a flow where curved shock waves are prevalent. 

As shown by Problem 5.13(d), Equation (5.27) can be used to develop the following version 
of Helmholtz's second vortex theorem. In an inviscid, barotropic flow with a conservative body 
force, vortex lines are material lines. Moreover, if the fluid is initially irrotational, it will remain 
irrotational. Of course, if the flow encounters a curved shock, it will not be barotropic or irrotational 
downstream of the shock. 


5.4 VORTICITY 


Vorticity has been a favorite topic of fluid dynamicists for quite a long time (Vazsonyi, 1945). It 
is important in the analysis of several naturally occurring flows, such as dust devils, tornadoes, and 
hurricanes. It is also of interest in the study of transitional and turbulent flows. When a boundary 
layer separates, it may roll up into a vortex or, if it reattaches, a vortical recirculation region forms 
(Délery, 1992). 

Chapter 4 introduced the topic and provides in Problem 4.5 a fundamental equation for the 
rate of change of the vorticity. The first term on the right side of this equation is zero if the flow 
is barotropic. This term, therefore, alters the vorticity anywhere downstream of a curved shock 
wave. There are two terms associated with the shear viscosity that combine as 


Pp 
Vx (5) 
p 
This is just the curl of the shear force per unit mass. The term associated with the second viscosity 
coefficient can be written as 


ape A Dp 
P x V[A(V - ẹ)] = FE. Avpx(¥ 2e) 


if A is a constant. This result can be further expanded by using the general result 


y PZ - DVX 

x 
Y D: Di +Vy-VotVyx à 
where 7 is any scalar. In an incompressible flow, the foregoing terms in DOIDt are zero, except 
for the shear force term. 
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If the flow is inviscid and barotropic, then only the two terms 





Ò. (VÈ) -(V 30 


remain. In this circumstance, an initially irrotational flow will remain irrotational. As mentioned, 
this result does not apply downstream of a curved shock, where the flow is not barotropic. If the 
flow is two dimensional or axisymmetric (without swirl, discussed shortly), then € is perpendicular 
to the plane of the flow. In this situation, È. (Viv) is zero if the flow is two-dimensional, but 
nonzero if the flow is axisymmetric and, again, is oriented normal to the plane of the flow. The 
term, (V . DÒ, is zero only if the flow is irrotational or incompressible. 


Crocco’s EQUATION 


In contrast to Equation (5.20), which dates from the 18th century, Crocco’s equation dates from 
the 1930s. Furthermore, this equation is quite general; it does not require an irrotational or barotropic 
flow. In its original form, a steady, inviscid flow is assumed, assumptions which here are not invoked. 
We start with the thermodynamic relation 


VR TVs + cV (5.29a) 


or 





2 
- 3p = TVs-Vh = TVs-Vh,+V > (5.29b) 


The pressure gradient is eliminated from Equation (2.8), with the result 


Q 
zy 


a 


xè = TVs-Vhe+ 5V: Ë +È) (5.30a) 


which is Crocco’s equation in vector form. This relation is most often used for an inviscid, 
supersonic flow with no body force; i.e., 


Q 
zy 





+@xw = TVs-Vh, (5.30b) 


a 


t 


Problem 5.25 addresses the changes required in a noninertial frame, while Wu and Hayes (1958) 
extend it to a chemically reacting mixture. 
A streamline version of Equation (5.30b) can be obtained by multiplying by W to yield 





> 
DE ede (bx) = TÈ Vs-È-Vhe 
With the aid of 
2 2 
> W% dw > (2502. 
We a5 Ww-(@xw) = 0 
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we have the streamline (pathline in an unsteady flow) form 


RE 


2 
T = Tw-Vs—w-Vh, (5.31) 


Q 


t 


of the equation. Although the vorticity does not appear in this relation, it is useful, as will be evident 
in the next section. 


Discussion 


Equation (5.30b) is important for understanding the role of vorticity in an inviscid flow field. The 
most common type of inviscid flow field encountered is a steady one where the upstream flow at 
infinity is uniform. Equation (5.16) then yields 


eye ed 


2 o (5.32) 


where A, is a constant throughout the flow field, since the upstream flow is uniform. In this case, 
we refer to the flow field as homenergetic. (In fluid mechanics, the prefixes iso- and homo- mean 
constant along streamlines and constant throughout a region of flow, respectively.) 

In a homenergetic flow 


Vh, = 0 (5.33) 


and for a steady flow, Crocco’s equations become 





Oxw=TVs, w-Vs =0 (5.34a,b) 


Thus, the entropy is constant along streamlines but may vary from streamline to streamline. As 
noted at the end of Chapter 3, this type of flow is called isentropic. When the upstream flow is 
uniform, the entropy is constant in some region that includes the far upstream flow and in this 
region the flow is then homentropic. Equation (5.34a) further implies that if the flow field is 
rotational (i.e., Ox 0), then it cannot be homentropic. 


BELTRAMI FLOW 


A steady, inviscid flow with a conservative body force that satisfies 
> 
Oxi = 0 


is called a Beltrami flow (Morino, 1986). We ignore the trivial case where vw = 0 and note that a 
possible solution is @ = 0 and the flow is irrotational. An alternative solution is 


Ò = g(?)$ 


where g is an arbitrary scalar function. Let us examine this equation for the possibility that @ z 0. 
Kelvin's equation and the momentum equation yield 


DT DW > $C ) E fw 
— = 9— -df = -Ọ |-Vp+VQ|-dřf = -0 — 
Dt c Dt c\P Á c P 
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FIGURE 5.2 Curved shock wave in a uniform supersonic flow. 


We now assume a barotropic flow so that the rightmost integral is zero. Since the orientation of fi 
in Equation (4.16) is arbitrary, we see that Ò = 0; thus, a barotropic Beltrami flow is irrotational. 
Moreover, the barotropic assumption implies that Vs = 0 and the flow is homentropic. By Crocco’s 
vector equation, with no body force, we see that the flow is also homenergetic. 

Thus, a steady, inviscid, barotropic flow is quite simple. Some of our conclusions, however, no 
longer hold downstream of a curved shock wave, as in Figure 5.2. There is a jump in entropy across 
a shock, and the magnitude of the jump depends on the slope of the shock wave relative to the 
upstream velocity. Hence, with a constant value for the entropy upstream of the shock, there is a 
variation in the value of the entropy on its downstream side. The downstream flow is therefore 
isentropic but not homentropic. 

For the flow under discussion, Equation (5.33) holds on both sides of a curved shock, and 
Crocco’s vector and scalar equations, on the downstream side, reduce to Equations (5.34). In this 
region, neither Vs nor @ is zero and the flow is rotational. Thus, a curved shock wave generates 
vorticity. Furthermore, the flow downstream of a curved shock further alters the vorticity, since 
æ is not a constant along streamlines. (See the Beltrami equation problems at the end of the 
chapter.) 


HELICITY 


Another rotational quantity of interest is the helicity density (Levy et al., 1990) 
H=- Ò 
or the helicity 
H = fè - @dv 


which is a volume integral. In a two-dimensional or axisymetric inviscid flow, H, is zero. This 
would not be the case in a transitional or turbulent flow, where the helicity concept is of primary 
interest (Hunt and Hussain, 1991). 
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5.5 STEADY FLOW 


In this section, we assume a steady, inviscid flow with no body forces. The governing equations 
can be written as 





V-(pw) = 0 (5.35a) 

2 
V exibit = — Ep (5.35b) 
w-Vh, = 0 (5.35c) 


These represent five scalar equations whose dependent variables are p, p, and w;. Crocco's two 
equations reduce to 





@xw = TVs—-Vh,, -Vs 


Il 
[e] 


(5.36a,b) 


and therefore the flow is isentropic. 

A word of caution is necessary. Although s may be constant along streamlines, the flow need 
not be homentropic (or barotropic). When s varies from streamline to streamline, p is not just a 
function of p and Equation (5.21) should be utilized. Similarly, h, is constant along streamlines 
but may vary from streamline to streamline, in which case the flow is not homenergetic. 

We call h, the stagnation enthalpy, since it equals ^ whenever the flow stagnates. Other 
stagnation quantities can be defined, provided an isentropic restriction is also imposed. Imagine a 
fluid particle being brought to rest isentropically; i.e., 


Ds 

Di^ 0 (5.37) 
(This process does not require a steady flow.) If the flow involves dissipative processes, such as 
viscous stresses, heat conduction, or chemical reactions, then the isentropic process embodied in 
Equation (5.37) is hypothetical. In this circumstance, envision a fluid particle that is removed from 
its dissipative surroundings before undergoing an isentropic deceleration. 

In view of Equation (5.36b), the steady Euler equations are consistent with the requirement of 
an isentropic process. Consequently, the distinction between a real and hypothetical isentropic 
process disappears and Equation (5.37) is redundant with Equation (5.36b). 

We now show that p,, po, and h, are constant along streamlines in a steady, inviscid (or Euler) 
flow. Observe that Equation (5.352) can be written as 


pV:Y-w-Vpz-20 
Hence, continuity becomes 


DB eb ac qi 
D; en w-Vo 


The stagnation density can be defined by 


p, = lim p 


> 
v0 
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where the entropy is held constant while taking this limit. With V — 0, we obtain 





= Hh > m = 
Dr pa w. Vp (5.38) 


and p, is constant along streamlines in a steady, inviscid flow. The steady flow caveat is essential 
as will be shown shortly; Dp,/Dt is generally not zero in an unsteady, inviscid flow. 
If we multiply Equation (5.35b) by i, we obtain 





2 
a us E uy __1Dp 
2 p p Dt 
Or 
Dp 5 w 
YP - op.Vo 
Dt m 2 
Hence, X» — 0 also yields 
Dp 
220 5.39 
Di (5.39) 


while Equation (5.35c) directly shows that Dh,/Dt = 0 also holds. 

In a steady Euler flow, there are several differences between A, and the other stagnation 
quantities. Equation (5.32) provides an explicit equation for h,. Explicit relations, for instance, for 
p, and p, require a thermodynamic model, such as thermal and caloric state equations. A second 
distinction is that h, is constant across shock waves, whereas p, and p, are not. 

It is worth reemphasizing that the above discussion requires a steady flow. In an unsteady, 
inviscid flow, the energy equation, Equation (2.43), can be written as 


DER (5.40) 


H 
Dt — pot 





and h, is not constant following a fluid particle. A similar result holds for p, and p,. We also observe 
that in a viscous (or heat-conducting), steady flow, stagnation conditions again are not constant 
along streamlines. 

If a steady, inviscid flow is also homentropic, as is often the case, then all stagnation conditions 
are constant in this region of the flow. In other words, h,, p,, and p, are constant throughout the 
region and not just along streamlines. 

Thus far, we have avoided the use of a specific gas model. To obtain further results, assume a 
perfect gas. In this case, it can be shown that 


ds T 
am d 5.41 
i T (5.41a) 
Po _ yV-n (5.41b) 
p 

Esc gyn (5.410) 
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where y is the (constant) ratio of specific heats, and X, the Mach number M, and speed of sound 
a are given by 


X= tw (5.42) 

Ma (5.43) 
a 

2 YP 

a = £P (5.44) 
p 


Equations (5.41) are some of the well-known isentropic equations of gas dynamics. In an isentropic 
flow, the various stagnation quantities are constant along streamlines. They will vary from streamline 
to streamline unless the flow is homentropic (or barotropic). 


5.6 TWO-DIMENSIONAL OR AXISYMMETRIC FLOW 


It is useful to introduce the assumption that the flow field is either two-dimensional or axisymmetric. 
This simplification is often warranted; most exact solutions or well-known flows fall into this 
category. À principal objective will be to derive a form of the governing equations that simulta- 
neously holds for both types of flow fields. 


Two-DiMENSIONAL FLOW 


We begin by utilizing a Cartesian coordinate system in which the velocity is written as Equation 
(1.7). The usual operations involving the del operator apply. For instance, the vorticity and the 
vorticity term in the acceleration are 





Îi IP iF 
Ò = Vx = o o o 
Ox, Ox; Ox, 
Wi W2 W3 
_ (ðw, ðw (ðw, Ow3\ (dw, Ow, \y 
J Greely an aa (5.45) 


> > 29 ow, ðw; Ow, Ow,Wi 
Ox = fee See PS SOUL eee ee 
* (e a) "(2 mi) 
+ (2-32)- ($2 - 22) ih 
ded Ox, Ox, HS Ox Ox, 


is (55 wa) (5: wa) i (5.46) 
Wa|-—————|-wiji-—--——15 
Ox, Ox, Ox, Ox, 


Euler Equations 121 





X3 


FIGURE 5.3 Cartesian and cylindrical coordinate system in which 6, and ê, are in the x;,x, plane. 


For a two-dimensional flow, we set 


2 -0 (5.47) 


and occasionally replace x, x; with x,y and w,,w, with u,v for notational simplicity. Equation (5.47) 
does not mean w, is zero; it could be a constant. When w, is a nonzero constant, the flow field, as 
a whole, has a uniform motion in the x, direction. In either case, Equations (5.45) and (5.46) 
simplify to 


N a ae 

@ = ( k a) (5.48) 
iore t Ow, Ow) Ow, Ow,)\> 
Oxw = v(S2- Sh e (22-52) (5.49) 


AXISYMMETRIC FLOW 


Figure 5.3 shows the cylindrical coordinate system to be used for axisymmetric flows. In this 
system, é,, é,, and é, form an orthonormal basis, and 0, ê}, and ê, are in the x;,x, plane. The scale 
factors, h,, h,, and hg and a few of the common del operations are 





h,=1, h,=1, he=r (5.50) 
ME EUR 
V ELLE riii (5.51) 
> 
A = Ajé; = A,é, + A,O, +Aoêo (5.52) 
> OA, 129 1 OA, 
V. 3 3, 049 30 (5.53) 
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h.e, he, hgeg ê, ê, ĉo 
y [D P ME NN M E E 
hyh,he| dx or | 90 r gx or 0 
h,A, h,A, hgAg A, A, rAg 
1/8 OA,\, 10A, OA»). OA, AN, (5.54) 
= (3:049 Feet (108 Beet Se m) 
Let x be the symmetry axis of the flow field, so that 
[p 
= = 5.55 
30 9 (5.55) 


We write the velocity as 


(5.56) 


> ^ ^ ^ ^ 
W = Wf; = W, t W,€, t Wgeg 


and note that wg need not be zero for an axisymmetric flow. In fact, this type of swirling axisym- 
metric flow is of some importance. Swirl occurs in tubular flow in some heat exchangers, tornadoes 
have swirl, and nozzle flows with swirl have been of interest (Chang and Merkle, 1989). We 
therefore include the possibility of swirl and write the axisymmetric counterparts of Equations 


(5.48) and (5.49) as 





rae lo(rwg, Sup (5: Ae (5.57) 


ror ex QU Ur ce 


q 
= 

MY 
w 

A 
D 





Sv 
x 
Sv 
I 
S 


Lal 


I" oWo ðw, ðw |5 
QO, We| — Nea E v (S = Jr ) €x 


z 
= 

= 
= 


+ wor e) Me un 2 








Ox or r o 
T w, (rw) ana (5.58) 
r or “oO 


A steady, homenergetic flow of a perfect gas is now assumed. The governing axisymmetric 


equations, in scalar form, are 


o(pw, 1209 
àx Cra P? 


M 
© 








ð (wi oWo Ow, Ow, lop _ 
xz)- ew SE- SE) +5 Fe 
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9 (wi Ow, Ow, Wed lop 
x) x) Ter o 
LaL) Wa a 
ror Ox 
Lp pei 
y-1p tw = h, 
where h, is a constant and 
w= w? + w + Wo (5.59) 
These equations can be written more simply as 
Orpw, 9 
Be + OPY) =0 (5.60a) 
ow, Ow, lop 
Weg ae poe aaa 
ow, ðw, wo 1 Op 
Ung gee age io 
jg ENO 3 (5.60d) 
Ox or 
Ly ee 
vale + z” h, (5.60e) 
For steady, axisymmetric flow, the substantial derivative of a scalar or a vector is 
D 5 x d 9 Wed 
D^ s Won Or p 30 
There are two exceptions to Equation (5.55) given by (see Appendix A, Table 4) 
a ' MEER RA (5.61) 


— =e . — = y 
90 ^" 98 
(The other seven basis derivatives are zero.) Thus, the substantial derivative of any scalar @ is 


Dr (5.62) 
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while the acceleration is 


x 


Dw _ >? > _ Ow, Ow.) 
Br = Vi = (eem) 


2 
ow ow, w OW 6 dwg W,W 
+ (v. — + - "ee, + (v. = + — Ne, 


ax or r üx "or F 


where the wl r and w,w,/r terms stem from Equations (5.61). The acceleration can therefore be 
written as 




















Dw Dw, ^ (= a ^ (= E ^ 
— = ——“é,+ -—je4|——- ĉo 
Dt Dt Dt r Dt r 
Dw, , Dw, We , 1D(rWe), 
= os 2, +( a - =+) 2,42 E ag (5.63) 
By comparing with Equations (5.60b to d), we have 
Dw, 1 Op 
Z£ -0 5.64 
Di p ox (6m) 
D 
ve M Bees dee (5.64b) 
Dt r por 
D(rwg) 
— = 0 5.64 
Di (5.64c) 


for the momentum equations. Notice that in an inviscid flow with swirl, rwg is constant for a 
fluid particle. 


CoMBINED Two- DIMENSIONAL AND AXISYMMETRIC FLOW 


We are now in a position to combine the two-dimensional and axisymmetric governing equations, 
in scalar form, by defining 


Gu | 0, two-dimensional flow (5.65) 


l, axisymmetric flow 


XX, y rox, z, 0> x3 

o 

h,=1, h, =1, h, = x5 
2, i, b, ê, i2, [s ĉo > i3 


U, W, Wi, — VW, Wo, W, Wg W3 (5.66) 
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where z, Is, and w, are in the plane that is perpendicular to a two-dimensional flow. Observe that 
the orthonormal basis f; is not Cartesian when the flow is axisymmetric. With Equations (5.65) and 
(5.66), we finally obtain 


(xypw,) , Hx pw) 


m E m 20 (5.672) 
m + x -0 (5.67b) 
m) ; L -0 (5.67c) 
ow) =0 (5.67d) 
zb. ev zd. (5.67e) 

where 
D E mat ag esq (5.68) 


In this notation, the vorticity is 





1 12 
Xa Ox Ox, 


> 6 O(xjwi) 4 OW; 4 (23 i 
e = 1 


= le na dis 
Ox, Ox, 


(5.69) 


These equations allow for w, = constant and for swirl. A two-dimensional flow has sweep when 
w, is nonzero, and the projection of the streamlines in the x,,x; plane is curved. Several flows of 
interest with w, equal to a nonzero constant occur in supersonic gas dynamics (see Chapter 10). 
When the flow is axisymmetric with swirl, the streamlines are roughly helical. In either case, the 
Mach number, based on the velocity that includes the w, or wg component, exceeds the Mach 
number for the symmetry plane flow field. Thus, the flow in the symmetry plane may be subsonic, 
while the three-dimensional flow may be supersonic. It is worth mentioning that Problem 5.8 deals 
with spiral flow, which is a flow with swirl. Problem 5.21 provides the helical counterpart to the 
spiral flow of Problem 5.8. 


STREAM FUNCTION 


The above equations are utilized to examine several common simplifications or assumptions. For 
instance, a stream function y can be introduced by setting 


" c ow = c 
Ox, = —PW 2X, Ox, = PW X2 (5.70) 
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which satisfies continuity for a steady flow. These relations are used to replace w, and w,, and 
D()/Dt becomes 


D_1(ay a ay 2) 
Dt pxs o Ox, Ox, AX, (5.71) 


The physical meaning of the stream function can be found by first determining the equation 
for a streamline, Equation (1.21a). For this, we need 


d? = hdq; = hjdxji; (5.72) 
so that 
ii i2 13 
2.2 
drXw = GG, dx, Soak. 0 
Wi W» W3 


In scalar form, we have 


dx, _ dx, _ 04% (5.73) 


2 
Wi Wa W3 


which is in accordance with Equation (1.21b). If w, = 0, then dx, = 0 and the dx, term is deleted. 
However, we also have 


y = V(xi, X2) 
ð d c 
dy = 3. da + ae = px3(-w5dx, + w,dx;) 
s dx, dx; 
Š -pxtwae (T-Z) 


Thus, dy = 0 along streamlines, and we have the conventional interpretation that y is constant on 
streamlines or stream surfaces. 

In a three-dimensional steady flow, two stream functions, y, and y», are necessary. One can 
then show that the relation 


pw = (Vy) x (Vyn) 


satisfies continuity. This approach, however, is seldom used. There is a second type of stream 
function called a Crocco stream function (Emanuel, 1986) and it also is seldom used. 
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VELOCITY POTENTIAL FUNCTION AND THE GAS DyNAMIC EQUATION 
As we know, an irrotational flow is a commonly encountered situation. From Equation (5.69), we 


obtain 


Ow, _ Ow, 
opos (5.74) 


when the flow is two-dimensional or axisymmetric, and 


O(x3w4) = dw, -0 
ox Ox, — 





when the swirling flow is axisymmetric. These latter relations yield for the swirl component 


E 


o 
X2 


(5.75) 


W3 = 


which also holds when the flow is two dimensional, and where c, hereafter, denotes integration 
constants. This result is in accord with Equation (5.67d). 
In accord with Section 4.2, a velocity potential function can be introduced as 


wv =Vo (5.76a) 
or in component form, 
- 96 _ 90 _ 1% 
w = FTN w, = p Ws, = z 2x: (5.76b) 


With swirl or sweep, 0@/dx, is not zero but equals c,. By integrating the w, equation, we obtain 
@ = cux + Cy + 68, x3) 
Since 


_ 96 . 96 (5.77) 


w, = w 
! Ox, 4 Oxy 


Equation (5.74), for irrotationality, is satisfied. 
The governing equations can be replaced with a single partial differential equation (PDE), 
where @ is the dependent variable. We start with continuity and write 


oð net bts 
Ay PPa) * ag P$) -0 
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where the convenient shorthand notation 


- 2% 
$, = Ox; 


is used. The derivatives are expanded to yield 
X3(POx,x, + 0,94) + OPPs, + X2(PPsx,x, + 06,0.) = 0 


or 





Px, Px, 60, 
sx, + Oraz + p ds, + p dx, X; = 0 (5.78) 
The x, and x, momentum equations have the form 
1 

Or 0, s, * x, Ox s, * p Px, =0 (5.79a) 

oc; 1 
Or Oris F x, 0... E — qe Px, = 0 (5.79b) 

X5 p 


In order to replace the density-containing factors in Equation (5.78), we further assume homenergetic 
flow of a perfect gas. Thus, Equation (5.44) provides the speed of sound and Equation (5.67e) becomes 


2 
bc one Ll [s td sj (5.80) 


X2 
where 
2 Po 
a, = ( me 1)h, = p 
d T9, 


Since the flow is steady, irrotational, and homenergetic, Crocco's equation yields Equation (5.23) 
and the flow is also homentropic or barotropic. Consequently, Equation (5.22) yields 


p. T Pa = 4p, i=1,2 (5.81) 


since the speed of sound is defined by 


23 (2) (5.82) 
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Equations (5.79) and (5.81) are solved for p,/p, with the result 


Px, 1 
p — —773 ( Or 0, * 0. 0...) 

a 
p 1 oci 
— = A 9, Ora * 9, 0... T zi 
P a X5 


These relations are substituted into Equation (5.78), to yield 


2 
(d^ O Ora — 29%, 0,0. + (à - 020... + [s + 3 $, = 0 (5.83) 
X 


2 


where Equation (5.80) provides a?. This relation is referred to as the gas dynamic equation; it is a 
second-order, quasilinear PDE, even when swirl or sweep (with c, 4 0) is present. (A quasilinear 
PDE is one where the equation is linear in its highest-order derivatives, which here are second 
order.) When an equation is quasilinear and hyperbolic, the method-of-characteristics can be used 
to obtain a solution. Once @ is known, w, and w, are provided by Equation (5.77), while a? is 
obtained from Equation (5.80). Since the flow is barotropic, the pressure is given by 


aN MY-1) 
(2 | 
P= T 
Ypo” 


Because the flow is steady and irrotational, a Bernoulli equation can also be used. As shown by 
Problem 5.17, an analogous gas dynamic equation can be obtained for a rotational flow by intro- 
ducing the stream function defined by Equations (5.70). Part (d) of this problem demonstrates that 
the rotational gas dynamic equation is also quasilinear. Problem 5.27 involves the derivation of an 
unsteady, three-dimensional gas dynamic equation (Pai, 1959). 





5.7 NATURAL COORDINATES 


Natural coordinates are occasionally used for a two-dimensional flow. Although we will also 
consider their axisymmetric form, without swirl, they are rarely used in this situation because of 
a 1/x, factor that appears in the continuity equation. In either case, the resulting equations, called 
the intrinsic equations of motion (Serrin, 1959), have the simplest form possible for the steady 
Euler equations. Their physical interpretation, in this form, is relatively straightforward. 

As shown in Figure 5.4, the coordinates consist of €,, which is along the streamlines, and &,, 
which is orthogonal to €, and in the plane of the flow. A third coordinate, &, is orthogonal to both 
&, and &,; it equals x, when the flow is two-dimensional and is the aximuthal angle when the flow 
is axisymmetric. (The €, coordinates are not natural coordinates, which are defined in the next 
paragraph.) The figure also shows the orthonormal basis é; and the angle 0 of the velocity relative 
to the x,-axis. This angle will prove quite useful in the analysis. 

Since the €, are orthogonal, the h; scale factors can be introduced as (Emanuel, 1986) 


1 Oh, 90 


2 08 hy = x3 


1 
hob — 0G — m EE? 


(5.84) 
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61, STREAMLINE 








A» X1 


FIGURE 5.4 Natural coordinates. 


Let s and n be natural coordinates, where s is arc length along a streamline and n is the arc length 
normal to a streamline and in the plane of the flow. Consequently, we have (see Figure 5.4 for ds) 


à 129 à 10 


zo ==> 5.85 
m c ab CN E es) 
For &, and &, to provide a legitimate coordinate system, they must satisfy a compatibility condition 


3 _ 99 
0505 — 95,06, 


In conjunction with Equations (5.84), this yields the Gauss equation 
iir me a(t =) = 0 
Ob \h, 05,7. d$; 06, 


The transformation between Cartesian and the € coordinates can be written as 


for the scale factors. 


x;2x(,5),) i212 (5.86) 


There is no need to consider &,, since 


$5 = Xs o=0 


é, = È, o= 


where @ is the aximuthal angle. Once the transformation is known, the scale factors are given by 


(Emanuel, 1986) 
T J” 
h, = (2 5E) ded 
GE , 
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The ê, and ê, vectors can be evaluated without an explicit knowledge of Equations (5.86). This 
is fortunate, since these equations are generally not known a priori; their determination requires a 
simultaneous solution of the flow field and several PDEs for the x;. (This is still another reason 
natural coordinates are rarely encountered.) For the ê; evaluation, we utilize 


e; = 6; 


ij 


ij=1,2 


^ 


w= we, = uli * via = woos Oi; + wsin O12 (5.87) 
where 6, is the Kronecker delta. From these relations, we easily obtain 


ê, = cos Oi + sin O12 


ê, = —sin Oi + cos O12 (5.88a) 
or their inverse 

i, = cos00, — sin 66, 

i, = sinOé, + cos 06, (5.88b) 


For the del operator, we have (see Appendix A) 


V = XXX i, ar - cay ré x59 (5.89) 
We will also need the 96/06, derivatives, obtained from Equation (5.882) as 

E - -sino m, + cosa Sein = set pm 2 (5.902) 

oe 00» l 

JE = Ba - sino ei = -5E 05 i-12 (5.90b) 


For the derivation of the continuity equation, given by V - (pwé,) = 0, we also need (see 
Appendix A, Table 4) 


=e, = 5 => 64 = osin 0é, (5.90c) 
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where (Emanuel, 1986) 


Ox 


=~ = h,sin@ 
o5, ^! 


The foregoing relations result in the following form for the Euler equations: 





Apw) apa 20 MM -0 (5.91a) 
D ior. zd (5.91b) 

wa +3 dp -0 (5.910) 

h+ > w^ = h,(n) (5.91d) 


where h(n) can be evaluated in the upstream flow. Observe the 1/x, factor in Equation (5.91a) that 
was mentioned at the start of this section. When the flow is axisymmetric (o = 1), x, is an unknown 
function of s and n. Note the simple form for the momentum equations. Since the radius of curvature 
of a streamline is -(06/ds)', the transverse pressure gradient is equal to pw? divided by this radius. 
Thus, the transverse pressure gradient balances the angular momentum. When the streamlines are 
curved as indicated in Figure 5.4, 00/0s < 0 and dp/dn is positive. 

Also of interest is the vorticity, which is evaluated as 








hye; hê, hj6, 
p > 1 o f) f) 
0-Vxwz- m uS mes 
į hıhzh; 96, 96; 96; 
hw, 0 0 
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- kai [6 gg, hW) — és ag aw) | (5.92) 
However, we have 
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with the result 


oe (Ewa (5.93a) 
or 
ò = (Ms E 2) à, (5.93b) 


These relations can also be obtained from Equation (5.69) with w, = 0. 


THREE- DIMENSIONAL FLOW 


Section 20 of Serrin (1959) utilizes the Serret-Frenet equations in order to extend natural coordi- 
nates to a three-dimensional flow. These equations have the form (Struik, 1950) 


9i = KÂ 

Os 

a = —Ki+ tb (5.94) 
ab = -Th 

Os 


where 7, fi, and P represent an orthonormal basis. The vector 7 is tangent to the streamlines, f 
is normal to the streamlines and lies in the osculating plane, and Ê is the binormal vector, which 
equals 7 x fi. (Each point of each streamline has its own osculating plane. At a given point, this is 
the plane defined by a circle that is tangent to the streamline at the point in question. The vectors 
1 and fi are in the osculating plane with fi pointing toward the center of the tangent circle.) The 
parameters K and 7 are the curvature and torsion, respectively, of a particular streamline and depend 
on the arc length s along the streamline. One elegant result of formulating the three-dimensional 
Euler equations in this manner is that Equations (5.91b) and (5.91c) still hold, while the momentum 
equation in the binormal direction reduces to a zero pressure gradient in this direction (Serrin, 1959). 

For an orthogonal system, D the derivatives of the basis vectors are given by (see Appendix A, 
Table 4) 


e, 5 (2 dh, à, ah 
Ride air Lae UL aah 
dj nes h; OG; hy Ob, 

where we take 6, to be along a streamline. For this coordinate, we have 


9e, _1 2h; 19h, 96, _ 1 2h; ds _ 1 9h. (5.95) 
i — ORC hy By” d hy OE” E h ES l 
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where the left sides are converted to s derivatives by multiplying by 1/A,. Since both bases are 
orthonormal, we can set 


^ 


ei 


~ 
Il 


—COS Hé, + sin (6, 


um 
Il 


>» 
Il 


—sinaé, + cosaé, (5.96) 


where the angle o is a function of the 5 coordinates. Thus, fi and b are, respectively, rotated about 
a streamline by o starting from —é, and —é,. By comparing Equations (5.95) and (5.96) with 
Equations (5.94), we obtain 


ðh, 
h, 03 


t =~ I 
an a hae 


dő, 


scd DUT no 
hıh, 03 


pucl 00... 
~ hi 0€, — Os 


(5.97) 


For a two-dimensional or axisymmetric flow, 


and « is indeterminate, since the derivative, dh,/d&,, is zero. For a three-dimensional flow, 
Equations (5.97) provide the link between the h; scale factors and the curvature K and torsion T of a 
streamline. (See Emanuel, 1993, for the natural coordinate formulation for an unsteady, viscous flow.) 
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PROBLEMS 


5.1 


5.2 


5.3 


5.4 


5.5 


5.6 


5.7 


Consider unsteady, one-dimensional flow with x as the spatial coordinate. 

(a) Use the Euler equations, without a body force, and write the governing equations 
in scalar form using h instead of h,. 

(b) With h = h( p,p), eliminate the enthalpy and derive three equations whose left sides 
consist only of p, u, and p, 

(c) Introduce the Mach number M(= u/a) and speed of sound, which can be defined as 


es ph, 
1- ph, 





Use a = a(p,p) to eliminate the a, and a, derivatives and derive equations where only 
P» p, and M, appear on the left sides. 
(d) Simplify your answer to part (c) by assuming a perfect gas. Write your results in 
terms of ratios, such as M,/M, M,/M, p,/p, .... 
Derive Equation (5.26), Bernoulli's energy equation, starting with Equation (2.21). List 
the assumptions required for the derivation. 
(a) Consider an unsteady, spherically symmetric flow without a body force. In this flow 


Ww = w(r, He, 


Write the Euler equations in scalar form using r and t as the independent variables 
and w, p, p, and h, as the dependent variables. 

(b) Is the flow irrotational? 

(c) What can you conclude about dw/dt if the flow is homentropic? For part (a) you 
may want to use results from Problem 2.9. 

Start with the steady Euler equations without a body force and derive the most general 

solution possible for a parallel flow, i.e., a flow where the velocity is given by 


E ^ 
we w(x, X» x3)li 


Your solution should be algebraic and involve several functions of integration whose 
particular arguments (1.e., x,, x;, or x4) should be specified. 

For a steady flow without a body force, the Euler momentum equation along a streamline 
can be written as Equation (5.91b). Assume a perfect gas; introduce the Mach number 
and the isentropic relations, such as Equation (5.41). Derive an equation for the stagnation 
pressure p,. 

Assume a steady, two-dimensional or axisymmetric (without swirl), homenergetic flow 
of a perfect gas. Derive the following two PDEs: 


Luti an ey B 2 
3, Lu (Y iilis ur 


Nie 


AEE od vut er POR 
2 dy! ae TE ae to ay zb 


where u and v are the usual Cartesian velocity components. 
Transform the equations of Problem 5.6 such that a stream function y and p are the 
dependent variables. 
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5.8 


5.9 


5.10 
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Cylindrical coordinates, as shown in the sketch, 

are used for a spiral flow. This is a steady, 

homenergetic solution of the Euler equations in 
which there is no body force or flow depen- 

dence on x; or 6. 

(a) Assume a perfect gas, and derive the spiral 
flow solution for we, w,, p, and p. Do not 
assume a homentropic flow. 

(b) Introduce the mass flow rate m, circulation 
T, nondimensional parameter k, and n, M,, 
and X variables 














Write the solution of part (a) for p/p,, p/p,, w,/a,, wela,, and r] in terms of y, k, M, 
and X. 

(c) Is the flow irrotational? 

(d) Determine the equations for a streamline in terms of quadratures of the form 


M? M? 
0 = e«[ füMay dM, n= m+f (M37, k)dM? 
1 


1 


where 0* and 77° are the 0,1] values when M, = 1. 
Consider a compressible, steady, two-dimensional inviscid flow. With the velocity written as 


» - ul vl 


the potential function $ and stream function y are defined by 


where a zero subscript represents a constant stagnation quantity. Start by writing 


6 = (x y), y = y(x, y) 


and derive equations for dx and dy in terms of y, and y,,, where 0 is the angle © has 
relative to the x-axis. Your final answer for dx should have the form 


dx = (6 W, F: Wo; y, Jav + e(o. w, 2 Wo y, uo 


o o 


with a similar equation for dy. 

(a) With F, given by a potential, derive inviscid equations for D@/Dt and for 
D(@/p)/Dt. Your result for D@/Dt is a special case of Problem 4.5. 

(b) Simplify the D@/Dt result when the flow is homentropic. 
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5.11 


5.12 


5.13 


5.14 


(c) Use the results of part (a), without the homentropic assumption of part (b), to 
determine da/ds for a steady, inviscid flow, where s is the streamline arc length. 
The only derivatives in your answer should appear as the Jacobian 0(@,p)/0(s,n) 
(see Appendix B). What is the implication of this result for a two-dimensional flow? 

Continue with Problem 5.10 using natural coordinates for a steady flow without a 

body force. 

(a) Use S for entropy and write Crocco’s vector equation in scalar form. Solve one of 
these equations for a. 

(b) Compare your result for @ with Equation (5.93b) and resolve any differences. 

A liquid is in steady flow through a horizontal 

duct with a bend, as shown in the sketch. Deter- 

mine the F, and F, components of the force 
experienced by the duct in terms of p,, pw?, 

A,/A,, A,sin@,, A sin œ, Acos œ, and A,cos o5. 

(a) Evaluate 


> 
Vx = Vu DM 
dt 


for a barotropic flow with a conservative 
body force. 

(b) Utilize continuity and Equation (4.19) to 
derive Beltrami's equation 





(c) Verify that 


"Ig 


à 5 
=. Vo f 
P o 


is an exact solution of Beltrami’s equation for a barotropic flow. Here the ( ), subscript 
denotes the flow at t = O and the ro subscript means the derivative is with respect 
to Lagrangian coordinates; see Equation (1.19). 

(d) Use the part (c) equation to show that a vortex filament is a material line in a 
barotropic flow. 

Recall that vortex filaments are material lines when V x d = 0. Beltrami's equation in 

Problem 5.13(b) provides the dynamics of Ò when Helmholtz's second theorem does 

not apply. In this circumstance there are several different ways to evaluate V x d. 

(a) Use the Euler momentum equation to show that 


Vxa = “(VP x (Vp) 


and 





Vxd = (VT)x(Vs) 
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5.15 


5.16 


5.17 
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(b) Assume steady, homenergetic flow and show that 





> _ r/a(3-v)-32 1 
Vxd= r[s(à V1)-25 7] 


(c) Use the part (b) result to show that Beltrami's equation can be written as 


Dy) NER 
Dt\pT p 


(d) Assume two-dimensional or axisymmetric flow, without swirl, and obtain the scalar 
version of the part (c) equation. 

Assume steady flow with no body force. 

(a) With the aid of Problem 5.14(a), show that 


HI EV 


Vs 


"Igi 


is constant along a streamline. Note that @ - Vs is trivially zero when the flow is 
two-dimensional or axisymmetric and without swirl. 

(b) For an axisymmetric flow with swirl, evaluate (@/p) - Vs under the assumptions of 
part (a). 

Start with the initial statement of New- A 

ton’s second law in Section 2.4 and 


assume a Steady, inviscid flow without a 
body force. PI 
pO ER === 


(a) Derive the momentum theorem i 





Ell ee A 
A >> ^ = > I TA Ww. 
(pf * pww * fi)ds = 0 W;——h- | —— His We 
CS I 
j=! —— f 


p.m 
where the oval symbol reminds us P GENS 3 
that CS is an enclosing control sur- 1 


face whose outward unit normal 
vector is fi, and where the CS does not contain any internal body (see adjoining 
sketch). 

(b) Apply the result of part (a) to a one-dimensional flow in a duct as illustrated in the 
sketch. By definition, the thrust S is the force exerted on the fluid in the control 
volume. Show that S = F, — F, where the impulse function is F = pA + pw7A. 

Consider steady, homenergetic, two-dimensional or axisymmetric flow, without swirl, of 

a perfect gas. Do not assume homentropic (or irrotational) flow. 

(a) Show that the vorticity can be written as 


o= pres 


where s is the entropy and y is a stream function. 
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(b) Derive the following equations: 


Ls, 2 ods 
W Sx, = W2Sx, = pw “Ty 


ME 2 2 
WiPx,—W2Px, d RCM Wi1Wa Wis,  W2Wf s) 
2 
d -1 Pw o ds 
Wi Px, — W2Px, d oO Pag apa) - ae l pw "dy 


(c) Utilize the above results to obtain the rotational form of the gas dynamic equation 


2 


2 
w ww w Oo o 
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Lm 


where M is the Mach number. Of course, this relation also holds for an irrotational 
flow by setting ds/dy equal to zero. 
(d) Eliminate p?T and w,/a from the above gas dynamic equation to obtain 


[Vs + MIW] Wor, 2M V. Vs Vsus LE 7 M^) V5, +t VO Vs, 


22ds 


O, 2 2 E 1 2 
Z p Vat in) We, = -yR Yat Yo) Jy 
where M^ is given by 


2 2 2 
M ie V. x Wx, 


— E exp[2(s—s,)/R] 
(aele YO, p, X» 
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With the assumption that s = s(y) is a known function, e.g., as established by 
upstream conditions, these two equations show that the rotational gas dynamic 
equation is also quasilinear. 

5.18 The thermodynamics of a van der Waals gas is based on the thermal equation of state 


PRT 2 
=g 
1-Bp P 


where œ, B, and R(= R/W) are constants. By introducing reduced variables 
P = PcPp P = PPh T = T,T, 
where a c subscript denotes a critical point value 


-2 EE CE 
HUE" Cg ESTAR 
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we obtain 
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- Sp T. _ 35 


gp um r 


For this gas, the specific heat c, is an arbitrary function only of the temperature; for 
purposes of simplicity, assume c, to be a constant. As a consequence, the reduced 
enthalpy, entropy, and speed of sound are 

















h-h, c, 3T, 9 3 
h. = = —(T,-1 =F] = E 
(tg = RD tg e4-02-5 
SH So — 3- p, C, 
f rye en( 2, eger, 
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Consider steady, homenergetic, inviscid flow of a van der Waals gas with a constant 
value for c,. Assume p,, T,, and M(= w/a) are known at some point in the flow. Explain 
how you would determine the stagnation quantities p, T,,, Pj», and h, at this location. 


5.19 Consider a steady, homenergetic axisymmetric flow, with swirl, of a perfect gas. Do not 


assume homentropic (or irrotational) flow. 

(a) Show that the swirl velocity component w, satisfies 
D Wa = W2W3 

Dt — X3 








(b) Show that Crocco's equation is compatible with Equations (5.67b to e). 


5.20 Consider a steady, inviscid, homenergetic, rotational flow with no body force. 


(a) Show that the momentum equation can be written as 
Oxw = TVs 


5 
(b) Define a vector A as 


> 
and show that A can be written as 


A = (V) x (Vs) 


where y is a scalar function. 
(c) Show that y is given by 


©- Vy =T 


5.21 This problem is a generalization of Problem 5.8 (Greitzer, 1975). Continue to assume a 


steady, homenergetic flow of a perfect gas, replace x, with x, and assume the velocity 
component w,(r, 0, x) is not zero, while p, p, Wọ, and w, are still only functions of r. 
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5.22 


5.23 


5.24 


5.25 


(a) Determine the solution for ws, w,, w,, p, and p utilizing the nondimensional param- 
eters and variables of Problem 5.8 along with the actual Mach number M(= w/a) 
and write Poo Poco ... only when M, is involved. 

(b) Is the flow irrotational? 

(c) As in Problem 5.8, determine the equations for a streamline. 

Consider unsteady, incompressible flow about a circular cylinder as discussed in 

Section 1.2. 

(a) Use the solution given for u’ and v’ to determine D(wh'?/U?)/DT'. Sketch this 
substantial derivative vs. X + T’. 

(b) Determine the velocity potential function Q(X', Y’, T^). 

(c) Use $ and the appropriate form of Bernoulli's equation to determine the pressure. 

(d) Start with Equation (2.21) and derive the nondimensional form of the energy equation 
for this unsteady flow. Provide a physical interpretation for your result. Show that 
the results of parts (a) and (c) satisfy the energy equation. 

Use the same assumptions and type of notation introduced in the illustrative example of 

Section 1.2, only now the flow is around a sphere instead of a cylinder. We utilize the 

axisymmetric coordinates of Figure 5.3, rather than spherical coordinates, because the 

Galilean transformation, which is needed for the unsteady case, is simpler in terms of 

these coordinates. With these coordinates, the velocity components for incompressible, 

steady flow about a sphere of radius a are 


3 2 2 

Wy a r -2x 

u litorum 
(r +x) 

w, 3 a’xr 

U 2 (2 4°)” 

We 

—°-= 9 

U 


(a) Use the axisymmetric equivalent of Equation (1.21b) to determine the equation for 
a streamline that passes through the point 


where R = (r/a). 
(b) Determine the equations for the unsteady flow pathlines. Hence, show that 7" is 
given by the quadrature 


3 
; 2 (R/R. z dz 
T 2x 
2/3. 1/2 


3 Jer (2 -2) ^p - RE - 2)^] 





where z is a dummy variable and R’ = R, when X’ + T’ z 0. 
(c) Is the velocity field for the steady flow irrotational? 
(d) Show that the vorticity is invariant under an arbitrary Galilean transformation. 
Continue with Problem 5.23 and numerically determine the streamlines and pathlines 
for flow about a sphere. Generate tables and plots for R,, = 0.8732, 1.871, 2.683, 3.459. 
Use the material in Section 2.5 to derive Crocco's equation for a noninertial system. 
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5.26 


5.27 


5.28 
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Consider steady, inviscid, incompressible flow about an arbitrary body whose shape is 
given by 


Far upstream of the body, the velocity W. is uniform. Use a Cartesian coordinate system 
x; with x, aligned with W. Since the flow is irrotational, introduce a velocity potential (PF). 
(a) Determine the governing equation for @ and appropriate boundary conditions. 

(b) Determine the differential equations, in terms of 6, for the streamlines. 

(c) Introduce a Galilean transformation such that the upstream flow is quiescent and 
determine ¢’( ?’, t^) in terms of 9. Use this result to derive the differential equations 
for the unsteady flow particle paths. 

Consider inviscid, irrotational, barotropic flow without a body force. Derive an unsteady, 

three-dimensional gas dynamic equation using Cartesian coordinates. 

Assume unsteady, incompressible, but possibly stratified, inviscid flow with a body force. 

Introduce a vector potential Á for the velocity and a condition that makes À unique. Derive 

vector equations for continuity, momentum, and energy in terms of A. Use the stagnation 

enthalpy form for the energy equation, and simplify your answers as much as possible. 





6 Shock Wave Dynamics 


6.1 PRELIMINARY REMARKS 


The most distinctive feature of a supersonic flow is shock waves. They were discovered theoretically 
by Rankine (1870) and Hugoniot (1877) over a century ago. Ernst Mach was the first to demonstrate 
their existence by publishing in the 1880s schlieren photographs of a bullet in supersonic flight. 
(See Van Dyke, 1982, for an enlargement of one of these photographs.) This remarkable picture 
shows the bow shock, recompression shock, and turbulent wake. Nevertheless, shock wave theory 
developed slowly until the end of World War II. At the time of the war, only the basic fundamentals 
were known; this material is usually covered in an undergraduate compressible flow course. After 
the war, the pace of discovery quickened, spurred on by interest in supersonic flight, nuclear 
explosions, and the reentry physics of long-range missiles. 

A wide range of shock wave topics is still under investigation. These topics range from the 
internal structure of a shock to shock wave reflection, refraction, diffraction, and interference 
(see Chapter 19 of Emanuel, 1986). Shock waves occur in both steady and unsteady flows. They 
may be associated with a wide variety of physical gas phenomena, e.g., chemical reactions that 
change the shock into a detonation wave. Interaction phenomena are also important, especially shock 
wave boundary-layer interaction. Flows with shock waves are frequently discussed in later chapters. 

These shock-related phenomena have one feature in common: the associated flow fields are 
usually difficult to analyze. This is apparent even in CFD, where predicting a complex system of 
interacting shock waves remains a research topic (Moretti, 1987). 

Simple planar or conical shocks are relatively easily handled, both analytically and computa- 
tionally. In complex supersonic flow fields, however, multiple shocks typically occur constituting 
a shock system. There has been some success in analyzing such a flow, most notably with shock 
wave boundary-layer interaction. 

The discussion in this chapter presumes familiarity with the basic concepts of a shock wave, 
including the equations for an oblique shock wave in a steady flow of a perfect gas. We also assume 
in this and subsequent chapters some familiarity with the theory of characteristics (see Section 12.4). 
Instead of examining the details of a specific flow, such as shock wave reflection, we concentrate 
on topics of a more general nature. We therefore begin, in the next section, by formulating the 
jump conditions for a shock in an unsteady, three-dimensional flow without assuming a perfect 
gas. The rest of the chapter is largely devoted to evaluating the derivatives of various quantities, 
such as pressure and velocity, just downstream of the shock. Readers not interested in these 
derivatives may skip Sections 6.3 to 6.6. These sections, however, discuss topics whose significance 
goes beyond the derivatives. Section 6.4 provides a general shock-fitted coordinate transformation 
that may be useful when the upstream flow is nonuniform and unsteady. Second, the vorticity just 
downstream of a shock is evaluated in a general manner at the end of the chapter. 

Derivatives both normal and tangential to the shock are obtained. Derivatives in any arbitrary 
direction can then be found. This facet is illustrated in Section 6.3 by obtaining the derivatives in 
the streamline and Mach line directions. In general, this type of systematic theory should prove 
useful in future analytical studies, in checking the accuracy of computer codes, and in the develop- 
ment of new CFD algorithms for solving flow fields with shock waves. 

Because of its complexity, the basis of our discussion was first published in 1988 by Emanuel 
and Liu. In the past, theoretical shock wave studies were typically done in a piecemeal fashion. A 
particular topic would be focused on, such as nonequilibrium vibrational excitation of a diatomic 
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molecule downstream of a shock. Our development of a theory of some generality is timely, 
especially in view of the continuing interest in hypersonic fluid dynamics. Most applications of the 
theory will probably be associated with complex flow fields that are best analyzed with CFD, 
especially shock-fitting routines. Nevertheless, shock waves will play an important and ubiquitous 
role in many subsequent chapters, especially Chapter 11. 

The analysis, however, is not without its restrictions. A large Reynolds number flow is the most 
important of these. It is essential in order to treat the shock as a surface of zero thickness across 
which the variables of interest can change discontinuously. (At a relatively low Reynolds number, 
the shock thickness is no longer negligible compared to a body dimension.) We assume the shock, 
over some region of its surface, to be smooth and differentiable. A triple point, or line, where shocks 
intersect is thereby excluded from consideration. (The analysis of a triple point is the subject of 
Problem 6.7.) We also assume the gas is in thermodynamic equilibrium on both sides of the shock. 
As a consequence, we do not consider detonation waves, ionizing shock waves, or radiative transfer 
across the wave. We presume the upstream flow field and the shape of the shock are known quantities. 

The foregoing assumptions are viewed as basic. Within the context of these assumptions, two 
versions of the derivative theory are developed. The first of these is the simpler; it utilizes the basic 
assumptions in conjunction with a second set. The latter group presumes steady, two-dimensional 
or axisymmetric flow of a perfect gas in which the upstream flow is uniform. Most simple flow 
fields that contain a shock satisfy these more restrictive assumptions. This first version is given in 
Section 6.3 and has the important advantage of providing explicit results for all derivatives. This 
version is further developed at the end of Section 6.4. 

Only the basic assumptions are invoked in the second version; hence, the gas need not be 
perfect; the flow field, including the shock, may be unsteady and the upstream flow may be 
nonuniform. This level of complexity is encountered in the flow field downstream of the shuttle 
orbiter’s bow shock during atmospheric reentry. Additional shock waves are present downstream 
of the curved bow shock where these shocks have a nonuniform upstream flow. A second example 
is the phenomenon, called buzz, which is caused by an oscillating shock wave system at the inlet 
of a supersonic diffuser. Finally, we note that the flow in the test section of a supersonic, cryogenic 
wind tunnel is generally not a thermally and calorically perfect gas, since the thermodynamic state 
in the freestream is close to the coexistence curve of the gas. 

An essential feature of this second version is the introduction in Section 6.4 of an orthogonal 
coordinate system that is contoured to the shock and moves with it. Section 6.5 then provides the 
tangential derivatives, while Section 6.6 provides the normal derivatives. 


6.2 JUMP CONDITIONS 


Basis VECTOR SYSTEM AND SHOCK VELOCITY 


Only the basic assumptions are utilized in this section. A fixed Cartesian coordinate system x; and 
its corresponding basis iF are introduced. The shock wave surface, which may be in motion, is 
represented by 


F = F(x,t)=0 (6.1) 


Conditions just upstream and just downstream of the surface are denoted with subscripts | and 2, 
respectively. In a more conventional treatment, the upstream flow is uniform and steady and the 
“just” upstream qualification is unnecessary. In our analysis, the » j velocities are written as 


W;-wyu(xet. j= 1,2 (6.2) 
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where the x, and t satisfy Equation (6.1). The arbitrary sign of F is chosen so that 


Di. VF20 (6.3) 


for some region of the shock's surface. For this region, the flow will primarily be in the direction 
of VF. 

The analysis is sometimes a local one, in that it focuses on an arbitrary point of the shock. For 
this point, we shall ultimately relate the downstream conditions to those upstream of the shock. 
As previously stated, we assume Equation (6.1) is available. Of course, from a CFD point of view, 
the shock's location is generally not known but must be found. For our purposes, however, the 
assumption is warranted and the resulting jump and derivative relations hold, whether or not the 
shock's location is actually known. 

A unit vector fj is defined as 


VF 


VF (6.4) 


A = N(Xx;,t) = 


that is normal to the shock and, in view of Equation (6.3), is oriented in the downstream direction. 
We also introduce a vector component i, of the shock wave’s velocity that is normal to the shock 
wave’s surface. As will become evident, a tangential shock wave velocity component does not enter 
into the analysis. In accordance with Equation (5.12), we obtain Ws from 


OF + Ws $ VF = 0 
ot 
With Ws proportional to fj, we have 
> n 1 OF . 
= E oem m tne 5 
Ww, = wá IVF o fü (6.5) 


From the viewpoint of an observer moving with the shock, only the velocity of the gas w 
relative to the shock is significant. These velocities are defined by 





$»;-w;j-W,- Wj-Wû, j=1,2 (6.6) 


When w, < 0, the shock is moving into the upstream flow, and there is an increase in the component 
of Wi that is normal to the shock. 

The vectors A and Y^; define a unique plane. Aside from several exceptions, each point of the 
shock contains such a plane. One exception is a triple point, where shocks intersect. Another 
exception is when the shock is normal to Wi. Aside from these exceptions, conservation of 
momentum shows that #2 lies in this plane. Equations (6.6) then state that the » j also lie in the 
plane. 

It is convenient to define a unit vector 7 that is tangent to the shock, as shown in Figure 6.1. 
We thus have an orthonormal basis, fi, 7, and b, where the binormal 2 is perpendicular to fi and 7. 
This basis moves with the shock, where 7 is in the special hi plane. 

An important reason for our particular f? and ? definitions is to be able to introduce the 0 and 
B angles. These are conventionally used with a steady, planar, oblique shock wave. As shown in 
Figure 6.1, 0 is the acute angle between > and Ww; and B is the acute angle between the shock 
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SHOCK 
WAVE 





FIGURE 6.1 Section through a shock that contains both i?; and ñ. The Ê vector is perpendicular to the plane 
of the page. 


and #1. These angles will play a major role in the subsequent analysis. They are defined only in 
the A,w1 plane and their values change from point to point on the shock's surface. When the shock 
is normal to #1, 0 and B are then 0 and 90°, respectively. 

Although F and Wi are presumed known in terms of a Cartesian coordinate system, the fi, 7, 
and b system is far more convenient for the subsequent analysis. For instance, from Figure 6.1, 
we obtain 


Wi = wi(sin BA + cos B?) (6.72) 
> = wi[sin(B — 6)A + cos(B — 0)1] (6.7b) 
while Equations (6.6) yield 
1 = wisin(f + w,)R + wicosB? (6.8a) 
2 = [wisin(B — 0) + w, JA  w5cos(f8 — 0)? (6.8b) 


Alternatively, an explicit form for Wi is 


d eive See la c 
1 DN: i 1 s Lii Ot IVF 


(6.9) 


where the quantities on the right side are known functions of x; and t. We therefore view Wi asa 
known velocity. 
The binormal is given by 


2o WDxh 
b= Z 5 (6.10a) 
w,Cos 





; son 3 . 2 aoo 
where the denominator converts v; x fi into a unit vector, and f is given by 


~ 
Il 
=» 
x 
oo 


(6.10b) 


Shock Wave Dynamics 147 
The angle f) is defined by 


Wi. VF 
WilV F| 





sinB = (6.11) 


A relation for @ is discussed later in this section. 
We have evaluated b and 7 in terms of Wi. For the later discussion, it is useful to also evaluate 
these vectors in terms of Wi. For b, we write 


>* x > A: A >* A 

wixi Wi-w,n)xn Yi xh 1 
ud = WES Wie = --WixVF (6.12) 
wicosp w;cosp wicosB I 


S» 








where 


2.1/2 


I = wi|VFlcosB = [wi VF]? - (Èi - VF) ] 


in view of Equation (6.11). With the use of the notation 


OF OF 
F = —, = lI 
' ot "o Ox; 
and Equation (6.9), we obtain 
Wii i FEET; 
= SE" IVF? 





Hence, / becomes 


1/2 
2 


F F 
I= (m2 (VEL ;JIver - ais . VF) -2FA- VF- F2 
IVF] IV F| 





2. 1/2 


I = [w| VF]? - (9. - VF) ] (6.13) 


Thus, the equation for b is unaltered if Wilw; is replaced with Wilw,. Finally, we note that ? can 
be written as 


TE WF VE. 1 
B — JVF] I — IVE 





UVF: - (W1 VF)VF] (6.14) 


Consequently, the ñ, 7, b basis can be defined using either Wi or Y. 
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CONSERVATION EQUATIONS 


The same conservation principles that led to the governing equations are applied to a differential 
volume element that contains a piece of the shock. Application of these principles then yields the 
jump conditions, whereby flow conditions on the two sides of the shock are related. For these 
equations, we will need the substantial derivative 


(7) = QE unde $50: (6.15) 


Dt Jj OF 


which has a different value on each side of the shock. 
Conservation of the flux of mass across the shock is given by 


(0%), = (25) so 


This relation can be understood by writing the left side as 


DF\ _ _ (oF 7 1 Ə, > 
(^7), = pi (es. VF) = pvri (wa oe thm] 


with a similar result for the right side. Conservation of mass flux, Equation (6.16), now becomes 


Pi OF mus p» OF 


= > 
Vian PE iva ar Pe 





The two f? terms represent the mass flux across the shock, as if it were steady, while the two OF /dt 
terms provide the contribution from a moving shock. Recall that |V F | (9F /Ot) also appeared in 
Equation (5.14), where it represents the normal component of the velocity of a moving wall. 

In a similar manner, we write the flux equations that represent conservation of the normal 
component of momentum across the shock, conservation of the tangential momentum component, 
and conservation of energy. We thereby obtain 


nvr sof) 


(o? .7 2) E (o2 20) (6.18) 
1 Dt 2 


2. 
[uve +5 (2) | 
1 


Equations (6.16) to (6.19) are the jump conditions in a general form. (In addition, the second law 
requires the entropy conditions, s, 2 s,. We do not list it, since it is not directly utilized in the 
subsequent analysis.) This form, however, is not a convenient one. We would like explicit equations 
for p, P>, h;, and w5, which are viewed as the unknowns. 


[pvr +p (BEY | (6.17) 


[av gr + > (E) (6.19) 
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With the aid of Equations (6.4) to (6.6), the substantial derivatives that appear in the jump 
conditions now become 


(B5) OF rwy. VF o D adi. vr L 2EVF-VF 
j 


DIJO artt ^ vga VHC 


-wj.VF, j=1,2 


Hence, the conditions simplify to 


(PÈ - fi): = (pw - f) (6.202) 
[p*pQG? +A) h = lp +O - &) h (6.20b) 
ÈD = QU.) (6.20c) 

ToS 22 = ie 2 
[i56] = [esa m] (6.204) 


These are the jump conditions in a frame fixed to the shock. We could have started with these 
relations in preference to Equations (6.16) to (6.19). Their algebraic form is a result of the shock 
containing no mass. When a shock is of finite thickness and has mass, the analysis requires 
differential equations, in part, because viscous stresses and heat conduction must be included. 


ExPLICIT SOLUTION 


In order to evaluate the dot products that appear in Equations (6.20a to d), we use Equations (6.7a,b), 
with the result 


Wi-1 = w;cosB (6.21a) 
Wi. = wj sinf (6.21b) 
2 +7 = w3 cos(B-— 0) (6.21c) 
Èz. A = wysin(B- 0) (6.21d) 


From Equation (6.20c) for the velocity tangency condition, we have 


š « cos 
w, = wi — 6.22 
2 loos ( B = 0) ( ) 
This relation cannot be used for a normal shock, since the ratio of cosines is indeterminant. (The 
normal shock formulation is discussed in a subsequent illustrative example.) 
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Conservation of mass flux, Equation (6.20a), yields 


piw;sin B = p,w;sin (B— 6) 


In combination with Equation (6.22), this becomes 


pene 
Po = Pı tan( — 0) (6:29) 


From Equation (6.20b), we have 


pı +(pw”°) sin^B— (pw)ssin'(B— 0) 


P2 = 
= 2) [u 2g _ sin B cos B sin(B— 0) 
= pue (w^) [sig a S | 
» +2, sin f sin 0 
= p,t+(pw hoos(B- 6) (6.24) 
where Equations (6.22) and (6.23) are used. From conservation of energy, we obtain 
1 *2 1 x2. sD 
h, = hi+=w, B- = wy sin (B- 90) 
2 2 
= h+ : wi sin? p- sor Bin (89) Bsin (B= 2 
2 cos (f - 0) 
m 1 we Sues 0)sin 0 (6.25) 
2 cos (B - 0) 


Only the basic assumptions have been utilized in deriving Equations (6.22) to (6.25). The 
downstream variables w3}, P», p>, and h, are explicitly provided by these equations. The equations 
hold for unsteady, three-dimensional shocks and do not assume a perfect gas. Note the absence of 
the ratio of specific heats. The variables are not normalized, since their upstream counterparts are 
functions of position on the shock surface and of time. The downstream velocity w} is then provided 
by Equation (6.8b). The variables on the right sides consist of B, 0, p,, pı, hı, and w}. Except for 
0, these quantities are presumed known, where f) is given by Equation (6.11). 

To evaluate 0, a thermodynamic state equation involving p, p, and h needs to be introduced. 
Since the enthalpy is present in only one jump condition, the most convenient form for this relation is 


h = h(p, p) (6.26) 
Equation (6.25) thus becomes 


:2 sin 0 sin (2 — 0) 


1 
h(p» P2) = h(py Pi) + 51 cos (f — 8) (6.27) 
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FIGURE 6.2 Oblique shock caused by a sharp wall turn. The Mach waves emanate from a turbulent 
boundary layer. 


Equations (6.23) and (6.24) can now be used to eliminate p, and p, from h(p,,0,). The result would 
be an implicit equation for 0. For alternate approaches to treating real gas shock wave phenomena, 
see Vincenti and Kruger (1965), Zel'dovich and Raizer (1966), and Zucrow and Hoffman (1976). 

For a steady shock wave in a perfect gas, Problem 6.1 shows that Equation (6.27) reduces to 
the oblique shock equation 


Mj sin? B-1 


tan 0 = -EREE 
m UO 1)/2] - sin B1MT 


(6.28) 


where the upstream Mach number is 


wi 
M, = ———; 
| (ypilp2)'? 
In this case, the equation for 0 is explicit. An explicit equation for p, referred to as the inversion 
formula, is provided by Appendix C. Problem 6.4 develops the van der Waals counterpart to 
Equation (6.28). 


Illustrative Example 


A shock wave may be unsteady for any of several reasons. The most obvious cause would be an 
unsteady upstream flow. Another weak source of unsteadiness would stem from a turbulent boundary 
layer, as sketched in Figure 6.2. The noise generated by the unsteady outer edge of the boundary 
layer travels along Mach waves until these waves impinge on the shock. As indicated in the figure, 
the Mach waves from both the upstream and downstream walls travel toward the shock. A third 
source would be an oscillating wall downstream of the shock. For instance, imagine that the 
downstream wall in Figure 6.2 is vibrating. The shock wave will then vibrate in response to the 
wall’s motion. 

If the shock is sufficiently intense, the flow downstream of it is subsonic. In this circumstance, 
disturbances can propagate in an upstream direction, thereby causing the shock to become unsteady. 
This mechanism is involved with the buzz phenomenon mentioned in the previous section. For 
instance, consider an axisymmetric, supersonic inlet with a single centrally located cone. During 
buzz, which typically occurs with a frequency of about 10 to 20 Hz, there is a single, detached, 
normal shock when the shock system is in its most upstream position. When in its downstream 
position, it is a multiple system of oblique shock waves, where the upstream-most shock is conical 
and is attached to the apex of the cone. 

To illustrate the theory, we examine the sinusoidal oscillation 


F = x—bsin(27kt) = 0 
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FIGURE 6.3 Schematic of an unsteady normal shock. 


of a normal shock, where the amplitude b and frequency x are constants. The upstream velocity 
(see Figure 6.3) 


è= wh (6.29) 


is taken as steady and uniform. 
For this flow, we readily establish that fi = |i, 


vi VEL w,>0 
in accordance with Equation (6.3), and 7 and b are unnecessary. The shock velocity is 


" ñ OF 


B n SES OE D T 
ws = wli = IVF| or 2nbk cos(2zkt) | 


When the shock is moving to the right, w, > 0 and M, exceeds the value 


1/2 
= 1 -DAM?n 
M = bread x ek] (6.30) 


yMi - (y- 1/2 


it would have if the shock were motionless. Thus, when w, » 0, the shock is weaker than if it were 
stationary. Although M; > M,, M, cannot exceed unity, since the motion is due to downstream 
disturbances that propagate upstream in the subsonic flow. 

When the shock is moving to the left, w, < 0, it is stronger than its stationary value, and M, < M}. 
Furthermore, M, may be negative if w, is sufficiently negative. (The M, and M, Mach numbers are 
with respect to a laboratory frame, not a shock-fixed frame.) As sketched in Figure 6.4, part of the 
time we can view the flow as being driven leftward by a fictitious piston, where the Wa velocity is 
negative. Whenever V» = 0, the flow is similar to that downstream of the reflected shock wave 
that occurs in shock tube flow. 

For a normal shock 0 = 0°, B = 90°, and the velocity tangency condition cannot be used. 
Moreover, Equations (6.23) to (6.25) are indeterminate. This difficulty is avoided by using the 
initial equations for Pp, p>, and h,. For example, p, is given by 


Wi— Ws 





pic (6.312) 


W3—W; 
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FIGURE 6.4 Piston analogy for the shock in Figure 6.3. 


Similarly, we have for p, and h, 
P2 = Pi + pi(wi-w,)(w,—w;) (6.31b) 


h, = hi+5 wi- 5 wy = hı + 5 (Wi = W2)(W + w2) 


h, +5 (07) wa) +w- 2w,) (6.310) 
To proceed with the analysis, a perfect gas is assumed and the enthalpy equation becomes 
P2 2 4 L (w,-wj(w, +w- 2w,) (6.32) 


From Equations (6.31a) and (6.31b), we have 


po piWa3-w, 
— = — L——— + — — 
Da Um sn (w,— w3)(w5 -= w,) 


After eliminating p,/p,, we obtain for w, 


Wood adt 


-1 2y pipi à 2 
y+1 ! ye*lw,-w 


vel 





(6.33) 


S 


Thus, w, equals a steady term, a w, term that is proportional to (27z:kt), and a term with this cosine 
in a denominator. 
As usual with a perfect gas, it is convenient to introduce the Mach numbers 


E se (6.34a) 
ai (ypil pi) 
Mc a a (6.34b) 
92 — (y Pal pz) 
1/2 
Mox. 2s (9. bkcos(2zkt) (6.34c) 
ay, YP 


154 Analytical Fluid Dynamics 


where M,, the shock wave Mach number, is negative whenever w, is negative. In order to obtain 
explicit results, a relation is needed between the upstream and downstream sound speeds. We 
multiply Equation (6.32) with y to obtain 


di = a + (w, -wawi + wa - 20) 


With the aid of Equation (6.33), w, is eliminated with the result 


& y , 27-1) IU - M) - TIDOAU; - Mj) + 1] 
(M, - Mj) 


or 


1/2 


[ya ay 4)" hy?) 








LN 1— r 6.35 
ay (y+1) M,-M, nd 
These are the usual jump condition formulas for a,/a, with M, replaced by M, — M, 
Equation (6.33) is now written as 
y-1 2 a, 2 
M, = —a,M,+— pia 
mha = Man ee oa Mah. y+” 
or 
> L8 - M) (tm, + m,) 
aq 
M, = —— —————————— 
?  y+1 M,- M, a, 
Equation (6.35) is utilized to eliminate a,/a,, with the result 
1+(M,- m( tM, eM) 
M, = 1n 1 (6.36) 


L + rl (M, * My xut, My s 2 


which reduces to Equation (6.30) when M, = 0. This relation provides the time dependence of M, 
through M,, which is given by Equation (6.34c). While the shock speed and M, are simple sinusoids, 
the variation of M,, p», ..., is not as simple. 

From the denominator of Equation (6.36), a real finite solution for M, requires 


-1 


(M, -M° > 2y 
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FIGURE 6.5 Streamline (¢,), left-running (¢,) and right-running (¢_) characteristic directions on the down- 
stream side of a shock. 


Since M, — M, can be written as 
bK 
M,-M, = M, -2n[?X coser). 
Wi 
the left side of the inequality is a minimum when the cosine is unity. As a consequence, we have 


2 
(1-272) E 
Wi 2Y Mj 


The right side is always well below unity and small values for bk/w, readily satisfy the inequality. 
Nevertheless, there is a range of values of 27(bx/w,), centered about unity, for which a real solution 
is not obtained, and the postulated sinusoidal flow does not occur. 


6.3 STEADY, TWO-DIMENSIONAL OR AXISYMMETRIC FLOW 


The analysis of Section 5.6 is extended by presuming a steady, two-dimensional or axisymmetric 
flow of a perfect gas that contains a shock wave. In addition, we also assume no swirl and a uniform 
upstream flow. To simplify the notation, x, y coordinates are introduced; see Figure 6.5, where x is 
along the symmetry axis and y is the radial coordinate in an axisymmetric flow. We first derive the 
jump conditions, next the tangential derivatives on the downstream side of the shock, and, finally, 
the normal derivatives. The utility of the theory is then illustrated by providing the derivatives in 
the streamline and Mach line directions, and in establishing whether a reflected wave is compressive 
or expansive. The theory is further developed at the end of Section 6.4. 


Jump CONDITIONS 


For this flow, the shape of the shock can be written as 
F = f(x)-y =0 (6.37) 
and the freestream velocity is 


Wr = wil (6.38) 
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where w, is a constant and the 7; bases are defined by Equations (5.66). The gradient of F is 


VEGOIB r= a (6.39) 


and Equation (6.3) is satisfied. For fi, 7, and b, we readily obtain 


A = a s (6.402) 
2 à T fh 
b = -i (6.40c) 
In addition, we have 
B= tan f, we (6.41) 


Thus, Equations (6.22) to (6.25) become 


= cos B 
w, = Ww, cea B= 6) 8 (6.422) 
ang (6.42b) 


P2 = Pi tan(B— 0) 


" 2, sin B sind 
P2 = Pit (pw )i cos(B — 6) (6.42c) 


1 w? sin 0 sin(2ß — 0) 


6.42d 
2 cos (B - 0) 


h, = h,+ 


for the jump conditions. 
We next introduce the perfect gas assumption and the Mach numbers provided by Equations 
(6.34a,b). To further simplify the notation, we also define 


2 


m = Mi 
w = (M, sin By 
E ge 
X=1+ z” 
Y= yw- 1l (6.43) 


(The above w should not be confused with w, or w,.) 
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For the later analysis, it is convenient to use velocity components u and v that are tangential 
and normal to the shock, respectively, as shown in Figure 6.5. These components are related to w, 
and w, by means of 


uU, = u = w cos D = w, cos(f — 0) (6.442) 


v = w, sin B, v, = w,sin(B—- 0) (6.44b) 


Equations (6.42a to d), in combination with perfect gas thermodynamic state equations, then 
yield the jump conditions in terms of u and v. These equations are summarized in Part 1 of 
Appendix D, which shows several Mach number functions, since these appear in later equations. 
For the same reason, we also list sin(B — 0) and cos($ — 0). The equation for tan @ easily reduces 
to Equation (6.28). 

The equations in Appendix D1 are arrived at by replacing the normal component of the Mach 
numbers, M,, and M,,, with 


Mı, = M,sinB, M, = M;sin(B- 0) (6.45) 


in the standard equations for a normal shock. The results appear different because sin(f) — 0) has 
been systematically eliminated. For instance, the usual equation for M, can be written as 


y-1,, .:.2 
y- 1 Id MUN i x 
Y 


= sin’(B - 0) yM? Si B- 5 1 7 sin’(B- 0) 


With the sin(f — 0) relation in the appendix, this yields the listed M b equation. 


TANGENTIAL DERIVATIVES 


For the tangential and normal derivatives, we introduce the arc lengths s and n, which are, 
respectively, along and normal to the shock; see Figure 6.1. As in boundary-layer theory, the normal 
coordinate n is well defined only at the shock. This limitation poses no difficulties, since we are 
concerned only with derivatives just downstream of the shock. 

The tangential derivatives are obtained by differentiating the equations in Appendix D1 with 
respect to s. The resulting derivatives are proportional to B^, where 


, dp f” 
e ene ees (6.46) 
ds qunm 


which stems from Equation (6.41). It is worth noting that the curvature of the shock is —B% It is 
also useful for the latter discussion to include the derivative of the Mach angle u, defined by 


(6.47) 
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To illustrate how Appendix D2 is obtained, we derive the derivative of the stagnation pressure, 
(dp,/os),, starting with p,, in Appendix D1 as follows: 








G 4 2 (pw (om oY 


Os),  Y(y*l) m 2 às 
y ( y-1 j y- a | 
+—— Y| 1+ M — | —— 
y-1 Bee 2 Uas), 
2 


2 _ Yy- 1) 
= wp EE («Tz ai) 2ymB’ sin B cos B 





(1+ 1+ m na + yw?) ESR ESSE 


(pw) (1 + x wy B’ sin B cos B(2- 1+ Le yw Lp) 


wu. T Hep 
(ow ^ (1+ 2 us) mX tan D 


ai 


-4 


Observe that (OM fas), is used in the above derivation. Although o does not appear in Appendices 
D1 and D2, all results hold for an axisymmetric shock. Except for (du/ds),, the listed derivatives 
are proportional to cos f, which means they are zero when the shock is perpendicular to the 
freestream velocity. 


NonRMAL DERIVATIVES 


The Euler equations are needed for the normal derivatives. In particular, we need these equations 
in a scalar form and with orthogonal coordinates, where one coordinate is along the shock and the 
other is normal to it. Emanuel (1986, Section 13.3) derives these equations in this form, and 
Table 6.1 provides the change to our notation. The minus sign that appears with dn and v stems 





TABLE 6.1 
Transformation to the Current Notation 
Emanuel (1986) Present Notation 
hog, ds 
h,ðé, -ðn 
X y 
Y u 
Vy =v 
Ki -p 
ky 0 


9 B 
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from the downstream orientation of the n coordinate, while the curvature K, of this coordinate is 
zero, since the n coordinate is straight at the shock. Thus, the version of the Euler equations, given 
in the next paragraph, applies only to the flow field just downstream of the shock. For this reason, 
the 0 of Emanuel (1986), which is the angle between &, and x,, now becomes f. 

For notational simplicity, we suppress the subscript 2 that should appear on all variables and 
derivatives and write the Euler equations as 


AD. APY) + g'py - P (usin B—v cos B) = 0 

ua va fu ver d co 

ue ey Se j "45% = 0 
Gare P. af v^] x (6.48) 


Remember that u and v are the velocity components shown in Figure 6.5. The value of the u, v, p, 
and p variables and their s derivatives are known from Appendices D1 and D2. For instance, for 
the ð (pu)/ds term in continuity, we use 





Xo - p2t. uP = (= : pi xc w,B' sin B) + (w, cos By Dpi pms? mae = d 





E B’ aay 1 
= (y+ 1)(pw), < (-5 wX 4 m cos? B) 





-1 
= qno, EÈ (m3 w- Eh 


Consequently, Equations (6.48) are four linear, inhomogeneous, algebraic equations for du/dn, 
dv/dn, dp/dn, and dp/dn. The solution of these equations, which was obtained with the assistance 
of the MACSYMA code (Rand, 1984), is given in Appendix D3. The g;, which appear in these 
equations, are functions only of y and w; they are listed in Appendix D4 with numerical values 
given in Table 6.2 when y= 1.4. 

Examination of Appendix D3 shows that the normal derivatives, with the exception of those 
for u and p,, are proportional to two terms, one of which is linear in B’ while the other is linear in 
o cos f/y. This latter term stems from the axisymmetric (o = 1) term in continuity, where y is the 
radial distance from the symmetry axis to the shock wave. For a detached axisymmetric shock, the 
o terms are indeterminate on the symmetry axis, since both f) and y are zero. In this circumstance, 
the ratio cos B/y can be shown to equal the curvature of the shock wave on the symmetry axis 
(see Problem 6.2). 

In the w = 1 limit, the shock becomes a Mach wave. In this limit, some of the terms in 
Appendix D3 are indeterminate, since B’ and w — 1 go to zero. A more interesting limit is the 
hypersonic one. If the shock wave is normal or nearly normal to the upstream flow, the rightmost 
terms in Appendix D4 dominate, and the X, Y, and w — 1 factors simplify in an obvious manner. 
Another hypersonic limit is for slender bodies, when w is of order unity, and the g, X, Y, and w — 1 
factors do not simplify. Nevertheless, the equations do simplify because of the presence of m, which 
approaches infinity. 
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DERIVATIVES ALONG STREAMLINES AND MACH LINES 


To illustrate this theory, we obtain the differential operators along streamlines and Mach lines, 
which are sketched in Figure 6.5. (These operators may prove useful for irrotational or rotational 
method-of-characteristic codes.) Streamlines are denoted as Ó, and have an angle @ relative to the 
x-axis, while the left-running (¢,) Mach lines have an angle u + 0 and the right-running (C_) lines 
have a positive angle u — 0. The variables ¢, and ¢, represent arc lengths in their respective 
directions. Small disturbances propagate along the left-running characteristics in the —C, direction, 
i.e., toward the shock wave. These characteristics then reflect from the shock as ¢_ and £, charac- 
teristics and signals propagate along them in these directions. 
In view of the above definitions, we have 


(32). = cos(f - 0), (5c), = sin(B- 0) 


where 3 — Ois the acute angle between a streamline and the shock wave. Hence, the streamline derivative is 


oc) = (sz 2. X 3), = cos(B- 0) (4), + sin(B — 0) (5). (6.49) 


where the sine and cosine coefficients are provided in Appendix D1. 
Downstream of a shock, the stagnation pressure should be constant along a streamline. As a 
check on the theory, we evaluate 


(32), = cos(f- 0) (22) + sin( B — 0) (22) 


l y 2 yGr-1) 
= Xy i «(a m sin B cos 3 B E 1) (: 5 zm ut) 











xls isi (4 sara) 2g = 0 
| 5 m sin D cos B yim -cos p 


and obtain zero, as expected. 

For the Mach line directions, we will need the sines and cosines of u + B — 0 and u — p 0. 
These are the angles that the ¢_ and ¢, characteristics have with respect to the shock. As an example, 
one of the sines is evaluated: 


sin(u+ B- 0) = sin(B— 0) cos u + cos(B— 0) sinu 


-1/2 
mes msn ew py ee ED 
2 2 


X M; MX 


1 msin B cos D 
Mi pyi 
(M5-1) dy ud Mee 


Cp Sing A IE 
i 2 
M; s (Z2 minds] 
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n +1 i 
pc 
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where it is not convenient to eliminate (M g — 1)!2. Note that M, must equal or exceed unity for a 
real valued result. In a similar manner, we obtain 


y+1 m sin f cos B 
cos(u + B — 0) = (5) T X DM a iy 
X 1 + (24 m sin B cos BY 
( 2 X E 
| pu ty CET Oe” 
sin(u - B 0) = (5) RO y*1 nin fees BY 
y* m sin B cos B 
npo ae 
cos(u - B+ 0) = (5) 


y+1msin B cos n 
14 (52 — REN 


For the right-running characteristic direction, we now have 
X = cos(u + f — 0), X- = sin(u + p- 0) 


and 


o os oð ðn ð 


IE ^ OC s 9C. on 
- (X a Ez msi Boos By y+1 msinß cos D ,,» 1/2 9 
«(5 «e Eis eoe BY) [ret nsn 8 cos Bag l 


«[ai- n^- re m sin D 22] (6.50a) 
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For the left-running characteristic direction, we similarly obtain 


a əsə dnd 
ot, Əb, ðs Əb, ðn 


: d 
—cos(u — B+ 0) 2 + sin(u— B+ 0) 3 


zi 
-Gep m sin Boos ey [e msing cos B em- lE 


1m si d 
" oe js m sin B cos : J (6.50b) 


While Equations (6.49) and (6.50) are not particularly simple, they nevertheless provide explicit 
relations for the derivatives of interest. 
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WAVE REFLECTION FROM A SHOCK WAVE 


We mentioned earlier that left-running Mach lines, or characteristics, in part, reflect from the down- 
stream side of a shock as a wave consisting of right-running Mach lines. This is the case in the upper 
half-plane as sketched in Figure 6.5; for the lower half-plane, the two families are reversed. The 
reflected wave is an expansion wave if the Mach lines diverge from each other when they are traced 
in the general flow direction. If the lines converge, the wave is compressive. Moreover, converging 
Mach lines that start to overlap must be replaced with a developing shock wave. Thus, an internal 
shock can form in a supersonic flow containing converging Mach lines of the same family. In this 
situation, flow conditions just upstream of the internal shock are nonuniform. This process results in 
the downstream shock system that appears in the jet emanating from an underexpanded nozzle 
(Emanuel, 1986, Section 19.4). 

It is useful to know whether or not the reflected wave is compressive or expansive. This wave 
may impinge on the body and alter the boundary layer. For instance, if the wave is compressive, it 
may not be strong enough to induce boundary-layer separation, but it can hasten the transition process. 

The family of right-running ¢_ characteristics is referred to as a C. wave. The slope of these 
characteristics, just downstream of the shock, is u — 0 relative to the x-axis (see Figure 6.5). As 
we travel along the shock, in the downstream direction, the wave is compressive (expansive) if the 
positive angle, u — 0, increases (decreases). (When u — 0 increases, the ¢_ characteristics tend to 
converge.) Thus, the C, wave, which consists of the ¢, characteristics, reflects from the shock wave 
as a compression if 


d(u — 0) d(u — 0) 
T; >0 or dB «0 


where the second form is analytically more convenient. Remember that dp/ds is negative if the C, 
wave is expansive. 

It is hopelessly complicated to attempt to derive an equation for d(u — 9)/dB without the 
assistance of the theory in this section. With this theory, the derivation is simple; we start with 
Equation (6.47) and obtain 


CA — 
dM — M(M?-1)"" 


Consequently, we can write 


du 46 
d(u—0) ds ds | 1 1 dM , d@ 
Mar E iy ds ds 





dp dB p 
ds 
With the assistance of Appendix D, we directly obtain 


p 2p «(5 1m sing cos £) l lrt ijmw #24 amwa 


rl m(l4w)-1-2w- yw 


ee CUAL ee ie NE (6.51) 
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FIGURE 6.6 Expansive and compressive regions downstream of a shock when y= 1.4 and M, > 1.59. 


This is an exact result that does not depend on the nature of the incoming C, wave, which may be 
expansive or compressive. Moreover, it is independent of whether or not the flow is two-dimensional 
or axisymmetric. It is also independent of the local shock wave curvature, — B’, since the B’ factors 
cancel. Although complicated, the right side depends only on y, M,, and f; hence, the influence of 
the incident wave is limited to its effect on the wave angle f. 

For the detached shock pictured in Figure 5.2, the flow between the shock and body in the 
nose region is subsonic. This region is bordered by a curved sonic line that intersects the shock 
where its slope is f". The above discussion, of course, only holds when f is less than D". A relation 
for B* is obtained by setting M; — 1 = 0 in Appendix D1; i.e., 


(y+ Dmw' «2«(y-3)w -2y(w) = 0 


This result also means that d(u — B)/df is positively infinite at the sonic point. The above relation 
becomes 


7(M, sin B) -5 Dy- 3 (y+ IMUM, sin BY - 1 = 0 


which yields 





1/2 
sin f. = b fz- 3+(y+1)M? +[17 -6y« 9 2(y- 3)(y- DM + (y+ viva] 


1 


(6.52) 


With y= 1.4 and 1.5 € M, € ee, D" is in the 61° to 67.79? range, where the last value occurs when 
M, is infinite. 

As is generally the case, let the incoming wave be an expansion, thereby weakening the shock. 
In a blunt body flow, the C, wave originates on the sonic line. In any case, detailed calculations 
with y= 1.4 show that the reflected wave is expansive, for all B values, when M, < 1.59. For larger 
M, values, there is a range of f values 


m<Bs M (6.53) 
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for which the reflected wave is compressive. The compressive f region starts at M, = 1.59, where 
(1.59) = 39°. For larger D values, the reflected wave is expansive. Consequently, for a freestream 
Mach number in excess of 1.59, both types of reflection processes are typically present, as 
sketched in Figure 6.6. Note that the compressive reflections occur downstream, where the shock 
is relatively weak. 

Hypersonic small disturbance theory is now briefly discussed. In this theory, we have the limit 


M.—, Kg- M.sin f = O(1) 


oo 


With 





dp y+1 CI y” = y+1 K (6.54a) 
For instance, when Kg is unity, this yields 
d(u-@)  2(3-» S 


dp y+1 


and the reflected wave is compressive. 


6.4 COORDINATE TRANSFORMATION 
Š; COORDINATES 


We return to the theory in Section 6.2 which utilizes only the basic assumptions. A key step in the 
subsequent analysis is the introduction of a coordinate system 5 that is fixed to the shock wave. 
This system is orthogonal and is a function of both the x; and f; i.e., 


PCENA j= 1,2,3 (6.55a) 


T-t (6.55b) 


In Section 6.6, the distinction between the two time variables t and T becomes important. For 
instance, E and 7 are both independent variables so that 


96, _ 
p 


On the other hand, 06/0 is generally not zero. 


166 Analytical Fluid Dynamics 


We let é; and é, conform to the shock’s surface; hence, é, is normal to the shock. More precisely, 
&, and £, are tangent to 7? and P, respectively, and increase in the direction for which these vectors 
are positive. Consequently, the coordinate system is aligned with the possibly nonuniform flow just 
upstream of the shock. For €;, we have a simple choice 


É, = F(x;,t) (6.56) 


where F is given by Equation (6.1) and €, = 0 at the location of the shock. Although the €; would 
appear to be well defined only at the shock’s surface, we will find a transformation, Equation 
(6.55a), that is not so restricted. 

For an arbitrary point in space, we have 


d? a tps = €,dé, = |, dx; (6.57) 
The è, basis, for a right-handed system, is then given by 


È =h ñ (6.58a) 


while the unit vectors are 


q 
Il 
Te 
lay) 
ll 
o 
lay) 
Il 
=» 


(6.58b) 


The A; scale factors, which may be time dependent, will need to be determined. Conventional tensor 
notation would write 5, as &/, since È; ; is the basis for the €/. In the interest of notational simplicity, 
we have not done this. 

The scalar product is evaluated as 


ay = l;- 6j 


with the assistance of Equations (6.14), (6.12), and (6.4), to obtain 


2 [VE w- Qi VEF, iu 
qm |.-f = . 
üj | i IVF|I ( a) 
no vi 
dj, = |; eb = FEIW is, (6.59b) 
A Fy. 
aj, = |;- a=— (6.59c) 
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where £j, is the alternating symbol defined in Table 2 of Appendix A. We hereafter Mew the a; as 
known functions of the x, and f. The rightmost of Equations (6.57) is multiplied with à, with ‘the 
result 


d$, = = dx; (no j sum) 
J 


This is compared with 


- 96; 


d é pS Ox, dx; 
at a fixed instant of time, to obtain 
L - X (no j sum) (6.60) 
which is a central result of this section. 
Equation (6.56) yields 

965 

— =F 

Ox; : 


On the other hand, Equation (6.60) for j = 3 and Equation (6.59c) provide 


Obs da _ F 


i 


Ox; h,  hjJVF| 
By comparing the two 06,/dx; relations, we have 


1 
h = wg (6.61) 


Thus, only j = 1 and 2 need further consideration. Integration of Equation (6.60) for these two 
j values then yields the desired transformation equations. This integration, however, first requires 
finding h, and h,. 


SCALE FACTORS 


The scale factors are not arbitrary. They are established by the requirement that Equation (6.60) 
be integrable, which is assured if the compatibility condition (Stoker, 1969) 


Pie v6 


ar. SOLOS ar J=1,2,3 m#k (6.62) 
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is satisfied. Gauss’ equation in Section 5.7 stems from this condition. Since &, is given by 
Equation (6.56), it satisfies the compatibility condition and only j = 1,2 need to be considered. 
For each j, this equation represents three equations. In combination with Equation (6.60), these 
become 


dq; E dq; | da, " day 
Am >. — Aki 5 zs 
Ox, OX, = OX, Ox, 





where q; = €nh;. When written out, we have 











dq; dq; _ Oa; daij 

di 7 zm 2 t ois (6.63a) 
dq; oq; _ Jaz; daij 

“33 3x, = ^i Ox, = Da Ox; (6.63b) 
dq; dq; _ 003; Od»; 

a3; TP az; X^ 2 oe (6.63c) 


for j = 1 and 2. With ðq;/ðx; as unknowns, the determinant of the left side is zero. Hence, elimination 
of the q; derivatives results in a condition on the a; coefficients: 


2 9 (a5 x22) (2) = u 
aa 9x, (22) +48 OX, (a3; c Ox; Va; Ue, decia (6.64) 


for the existence of a solution of Equations (6.63a to c). This equation, however, can be shown to 
hold for all j, including j = 3 (see Problem 6.8). Thus, a solution of Equations (6.63a to c) exists 
for the h, scale factors. 

Each of Equations (6.63a to c) can be viewed as a separate equation for q; and, thus, solved 
independently of the other two. (Hence, the system of equations is overdetermined.) Each of these 
solutions will involve an arbitrary function of integration. There are no boundary or initial 
conditions that can be used to evaluate these functions of integration. These functions are chosen 
so that the resulting q; is a solution of all three of Equations (6.63a to c). To obtain an explicit 
formulation for this solution, we use superscripts a, b, and c, respectively, to denote the solutions 
of Equations (6.63a to c). These equations are first-order PDEs and their general solution is 
obtained by utilizing a version of the method of characteristics that is described in Appendix E. 
With this approach, we obtain from Equation (6.632) the characteristic equations [Equations (E.8) 
in Appendix E]: 


dx, _ dxj dx, — dej — (6.65) 


dij 0 9d, Od 


Ox, Oxy 


Qj 





For a fixed j, let Use csl), k = 1,2,3 denote the functional form of the unique solutions to these 
three ODEs. To avoid an infinity, the dx, term is made indeterminant by setting x, equal to a 
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constant. The solution of the two leftmost ODEs can be written as 


(a) (a) (a) (a) 
Uj = X3 = Cu, Uj = Cj (6.66a,b) 


where the pr are integration constants. The relation lee. = oF is the functional form for the 


solution of the leftmost of Equations (6.65); x, and t are wa fixed in a,j and a»; when obtaining 
this solution. There are two equivalent possibilities for qu j » for purposes of brevity only one is 
presented. The solution of the dx,, d q! l equation can be written as 


uS (xq, t) = qP- f (o A) Hur a ga (6.66c) 


OX, Ox) Ad; 


where, if necessary, x, and x; are replaced in ne Cte pad with the aid of Equations (6.66a,b). 
After the peT ation is performed, the constants ci j n , k = 1,2, are then replaced by x4, which equals 
ue ) (a) 
uj, , and by uj. 
Although theoretically equivalent, the quadrature that results from using dx,, dq? may be 
simpler or more complicated than the one stemming from dx,, dor. In either case, the general 
solution of Equation (6.63a) can be written as 


hy (a); (a) | (a) 
= = €ng; (uj, uj) 


in accordance with Equation (E.9) in Appendix E, where Cis is an arbitrary function of its two 
arguments. Equation (6.66c) with q% = €nh“ then yields 


Ody; Oa,;\ dx 
(a) = Ceo}. GAN; 1 (a) (a) 
enti (E ale t Eng Gas nd) 
or finally 
M = gP (x5,u) exp \(G2- ^u) 2s Zu (6.672) 
x; OX, ) dy 


The same procedure, when applied to Equations (6.63b,c), results in 


hP = gu exp Í (Fz- Ax) i (6.67b) 


Ox, Ox, a3; 








Oxy Ox, Qj 


hj) = gy (xu) a- f (on - 2 (6.67c) 
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b : 
where u and dy are solutions of 


dde nS. E, cs 


a3; aij a3; ay; 
respectively. The various g, coefficients are chosen by inspection so that 
Lon _ LO) go ONE 
h; = h; = h; m h; , J n 1, 2 


The choice for the g; is not unique. Since h® = hP = hy their selection must satisfy the 


constraint 
daz; Oa,;\ dx daz; ða, \ dx 
(a) 2j. LA E gO EET la 
5j ex(J( Ox, 2) A 8j exp( Jf Ox, 52) ca 


daz; Oa5 dx 
za s T (eta rag ee 
E ew Gs a > 


For each g, choice, there is a different h, and, through Equation (6.60), a different &,. 

Once the scale factors are known, Equation (6.60) is integrated in a stepwise fashion for €, and 
&. This integration is assured, since the h, satisfy Equation (6.63). The final result, Equation (6.55a), 
and the associated scale factors hold globally, both upstream and downstream of the shock, although 
we will use the transformation only just downstream of the shock. Problems 6.18 and 6.19 illustrate 
the use of this approach. 





APPLICATION TO THE THEORY IN SECTION 6.3 


A steady, two-dimensional or axisymmetric flow of a perfect gas is assumed. The velocity in the 
uniform freestream is written as 


^ 


> 
wi = Wilt 


where w, is a constant. It is convenient to introduce a transverse radial position vector 


> k » 
R = xh + oxi 
where 


2,1/2 OR X, OR Ox; 


2 
BO OMe: ae: Spe ae CUR 
2 3 


and its normalized form 
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The arbitrary shape of a shock can be written as 
F = f(x)-R = 0 


In the axisymmetric case, f(0) = 0. The gradient of F and its magnitude are 


df 5 X OX2% 
VF = Lm. Sh, = i-e 
x oxi We 1/2 
VFI = ae) = (1 f^) 


where f = (df/dx,). 
We now determine the ñ, b, and ? vectors, where 


A VF f'li- êr 


n = — FSO 
IVF] a+r” 
Write D as 
> 3 N w ^ 4 
b = W,xA = - ua lı X Êr 
(ERBEN 
where 
CEPR TN E EET 1 T z 
1X ER = guXbtoRhxl = -gOnb-nl) 
This yields 
> w 4 n 
b= — — 345 (Gi b - xil) 
R(le- f^) 
and 
Se od 4 4 
b= g Ob - xl) 
With 


- 
Il 
=> 
x 
So 
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we obtain 


^ 


[o 


(1 f^) 
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1 4 A 
1/2 (I, +f Er) 


The orthonormal basis, £i, b, 1, is only defined at the shock. We extend it to the rest of space by 


simply writing 


é, =t 
e, =b 
64 =n 


With the above, the a; — F . 


1 


ay = aap 
ae m 
R a f^?) 
= oxif' 
"ORCI ym 


1 n "A 
um £g) 


(+f 
1 " Fe 
= g (onb - xj) 


E Cate) 


6; are readily evaluated as 


7 


ay = 0, 4i = 1/2 


a+r’ 


X2 
an, = — 


an 1/2 


RO f^ 


Ox; 
a 


a3) = 1/2 


R(1+f’’) 


We next develop Equation (6.63a) for j = 1; i.e., 


a 28. 
21 dx, 
where 
d 
dan _ 9 
OX 
Ja x; d 
Ox, R dx, 
The equation simplifies to 
, O41 
Ox, 
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ede 
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Oar, day; 
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The characteristic equations are 








dx, Xidx; dx, 1+ a 
FOOR o N 
which yield 
X3 = Cı 
dx Xx)dx 
sat + BEEN = 
f (x5 + 0c1) 
IU M E DR 
dx, f'(1& f^) dx 
The second of these equations integrates to 
xidx; 2 2,1/2 2 2.12 
|= = (x00) = (x2 + 0x3) =R 
(x5 + 0c1) 


with the result 





dx 
jS = C2 


The third characteristic equation integrates to 
J 7 ur mcum 22 
JOE) (Es f^) 


and 


gi Cnm 


(xf 


We thus obtain 





q = enh = en—L + (es R+ f) 
(1 f^) f 


or 


where gu is an arbitrary function of its two arguments. 


174 Analytical Fluid Dynamics 


The same process for Equations (6.63b) and (6.63c) yields 


: dx 
hy? = WEINE Lm g(x» oR+ | =} 
+ 
hP = 31 Gk) 


A simple (nonunique) choice is 


r 
gP = 1, g” = 1, o = f 
since f" is a function only of x,. Consequently, h, is 


F 


h, = 


1/2 


(1 f^) 


and is only a function of x,. 
Equation (6.632) for j = 2 is 


oq 092 Ie: Od» Oa 


5; =— -4p =— = 
"OX Vox ox ox 
where 


Oar da, 
ay = 0, Ox, = 0, Ox, = 


This yields 


OX; Og, _ 


R ox, 


with the result 


n? = a x» x3), 0-20 
a 
gi (xz X3). 0 = 1 
Similarly, the (b) and (c) equations produce 
hy ai 25 (uj X3) 


&f(x,x),  o-20 


(c) _ 
hy m (a) X» A 
Xjg92|X»,—]|] o= 1 

X3 


. . o 
A common solution for h, is h, = x3. 
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With the aid of Equation (6.61), we summarize the results for the scale factors as 


2 f NES. 1 
h; = 72,112? h; 
UE 


1/2 


5 WESS) 
Since f’ = tan f), we have 
h, = sin B, h,; = cos D 


at the shock wave. 
Our next task is to use Equation (6.60) to obtain the transformation equations. For j = 1, we write 


96, au _ 1 


Ox, h P 
which integrates to 


dx, 


ái E 0; (25, X3) T f 


where @, is a function of integration. To evaluate this function, we use 


aé, _ 20 
Ox Oxy 
95 aa 


X2 
Ox, h, R 


or 


JÓ _ 
Ox, R 
x,dx 
ó = 603) +] — a 
(x5 + 0x3) 


In the integrand, x, is held constant, and @, is a second function of integration. Upon evaluation of 
the integral, we have 


1/2 
Pi = Q+ (X+ 0X) = +R 
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To evaluate $», we utilize 


Ii _ dé; , ox; 
Ox, dx, R 


0€, a31 - OX; 
Ox, h, R 


As a consequence, we obtain 


do, 
dx, 


or 


Thus, the &, transformation equation is 





A similar process for €, results in 





é = -fa — 0) x3 + otn( z] 


With the aid of Equation (6.56), we have 


dx, 
f" 





é = R+ És =-[0-0)x+ o€n( z ]} é= f-R (6.68) 


The transformation is not fully explicit until f (xı) is prescribed. As various checks, one can show 
that Equations (6.63) are satisfied for j = 1, 2, 3, the ê; basis is tangent to the 5; and that 


(dsy = hi(d&))° = (dx) + (dx5 + (dx3)” 


Problem 6.18, using experimental data for several blunt body flows, illustrates the application of 
the foregoing analysis. 
The steady Euler equations can be written as 


V. (pw) 


M 
© 


Il 
© 


DÈ 
— +V 
P Dr P 


ss) =0 
Dt p 
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where 


We shall need (Appendix A, Table 4) 


dè, 5 (2 dh, 3, dh, 


ae 
which yields 


985, 


hy 9G, 


1 ðh, 1 dh, 
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^ 


= ES JE 5 hy 26 (ETET 


Note that the h; and €; are explicitly known in terms of x,. Nevertheless, the Euler equations reduce to 


o o 

pe, hs pvo) Sp Ya) = 0 

vi OV; vOv, V3 ( oh, e) 1 op 
A A Lo PNE PLI mm ca ec) A | 

h, 96, j h; 063 : hıh; "OE, "59€, d hyp 96, 
y 9h, + V3 9h; E 0 

hı ð, h, 06, 

vi Ov4 v3 ðv, vı ( oh, =) 1 op 
— at t+ | 1S - =e t+ ae C= CO 

hı ð, h, 0€, hh, "OE Sos h3p 0&3 
vı 22e 2 (2) EE, 

h; 06, p^ hs 96; p 


The form of the continuity equation means that a stream function can be introduced. 
The h, and h, scale factors and their derivatives with respect to 6, and é, need to be written in 
terms of the &;. This is neatly accomplished with Jacobian theory (see Appendix B). For this, we need 


oh, " 9h, z 0 
Ox, (q.gy" Ok.” 
Qmm Qu 7 
oh, 2 gy ” dh; 2 0 
ox QS gx, C 


Ua 


oh, 
3.79 
Oh, | 
ue 
Oh; 

3.70 
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gery) Lasi Leyta 
ox, f” Ox, R’ Ox, R 
or _ 0 05 Ox, 05 _ x ^ 
Ox, > OX, xR' OX R 
Ox, UE ‘ Ox ~ R?’ Ox, i R 
The Jacobian of the transformation reduces to 
J = HE, e» e) = at EFT 
(Xi, X2, X3) To d 
The 0h,/0€, derivative is then given by 
Hn, Éz, 63) 
gh, z Ah, e» És) m AX), X», X3) 
96, o( Six e» $3) HE, Éz, e) 
AX, X» X3) 
oh, 
2 0 0 
_1) 06 06 95.1 EE E 
J| dx Ou 9x J dx dx, dx; Ox40x, 
95, 06, 906. 
Ox, Ox, Ox, 
We thus obtain 
9h; " yop dh, z T gh, - spn 
9$ (pqefüy^" 05 C Os +f)" 
ðh, | oxf"? Jh; Oxx; dh, ox 
OG ROEA OG R? 0099. RAPP 
dhy_ — ff" ahs _ Lc PEN AE a 
Ox, T m pa oc, 2 dé, T H gery 
With this result, the Euler equations become 
g Em say ia a p Ng ees 
Tig ^ tf? R PITE ae y 95; SEO 
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2 g Jo "Er 

"E -f'v "5g t+ “ae Va(v4 + f “V3) *53E = 0 (6.69b) 
ov à ” 

"5 + f’v "3E ce E viv, +f V3) + LE - 0 (6.69c) 


"ag )* vae (5) = 0 (6.694) 


The momentum equation in the 6, direction does not appear because it is identically satisfied. In 
the above equations, f, f^, f^, and R must still be written in terms of the €,. This is possible only 
after a specific f(x,) is given. 

For example, suppose the shock surface is a parabola (o = 0) or a paraboloid of revolution 
(o = 1) with a radius of curvature of unity at the origin (Van Dyke, 1965). In this case, 


1/2 


f = (2x) 
and the inverse transformation for (2x,)!? is a cubic equation 


3/2 


(2x1) + 3(2x:) ^ -3(6 + &) = 0 


6.5 TANGENTIAL DERIVATIVES 


With Equation (6.55a) for the €, coordinates established, we turn our attention to finding the 

tangential derivatives. In contrast to the analysis in Section 6.3, we have two sets, one along é, and 

the other along €,. We assume that the enthalpy function, A (p,p), and the shock surface, Equation 

(6.1), are known. In addition, f and all unity subscripted quantities are presumed to be known 

functions of €,, €,, and T. Consequently, Equations (6.22) to (6.27) provide w3, P» P», hn, and @. 
We first differentiate Equation (6.22) with respect to É, j =1,2, to obtain 


Ow) cos | cop — dw; w;, sin f op n w; cos B tan(B — 0) (28 22) 
oÉ; cos cos (B — 0) oč; cos(B- 0) 2€; cos( B — 0) 


ag; 96, 
which rearranges to 


Ow; | w; cos Bsin(B — 0) 90 | cop | Ow,  wjsin @ Op _ A, 
3E, | cos?( B — 0) o6, - cos(B— 0) 0) OE, cos(B- 0) oÉ, - 


where 00/06, is one of the derivatives to be found. A similar procedure is used for Equations (6.23) 
to (6.25); the result is summarized in Appendix F. Part F1 provides the system of equations for 
dw /0G,, 90/08, 0p,/0&,, and dp,/d& when j = 1,2, where 


O(I), (a 
= (3) =F), 
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and the A, are the known inhomogeneous terms. The h, and h, derivatives are based on 
Equation (6.26) and are related to the speed of sound by means of 





2... op Bs ph, 


where s is the entropy. Part F2 provides the explicit solution to the linear equations of Part F1. 
(Note that /1, and A, are known quantities.) Once these j = 1,2 derivatives are known, the tangential 
derivatives in any other direction can be found, as illustrated by the example near the end of 
Section 6.3. 


6.6 NORMAL DERIVATIVES 


We now consider the normal derivatives that require the Euler equations. These are written in 
vectorial form as 


Dp 


> — 

Dr +pV-w=0 (6.71a) 
Dh Dp _ 

p DL D^ 0 (6.71b) 
Di _ 

p Dt + Vp = (6.71c) 


They hold in the $; orthogonal coordinate system, which is particularly convenient, since č, is 
normal to the shock and the, and &, tangential derivatives are provided by Appendix F. Since the 
coordinates may be time dependent, the velocity of the coordinate system is introduced as 


J 


W = 2 è, = We, (6.72) 


where W? = ðF/ðt and W' and W? also can be nonzero because the upstream flow may be unsteady. 
By comparison with Equation (6.5), we see that -W?, at £4 = 0, does not equal the shock speed w, 
except when VF| = 1. 

The x,t coordinates are for an inertial system, whereas the eot coordinates are noninertial. 
Since these latter variables do not provide a rigid body motion, the theory of Section 2.5 cannot 
be used. Instead, we start with Equations (6.55) from which we obtain 


CIE A C L cd iov. (6.732) 
j 


ð _0td 090 aj 
dx, Ox, dt dx, OE, T h, dE, (6.73b) 
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where 
V= : x (6.74) 
The differential operator V; is just the del operator for the &; system. 
We write the fluid velocity in the é, system as 
È = we; (6.75) 
where the é; are given by Equations (6.58b). By comparison with Equation (6.8b), we have 
u, = w; cos(B— 0) (6.76a) 
u, = 0 (6.76b) 
uj = w; sin(B— 6) +w, (6.76c) 


just downstream of the shock. (Remember that the fj, ? system is defined so that us is identically 
zero just downstream of the shock.) Because the substantial derivative follows a fluid particle, it 
is invariant with respect to the coordinate system. In Cartesian coordinates, we have 


D d > 
—=-—+w-V 
Di ao 
where V, is the operator 
> 0 
V. 2|—— 
x |; Ox 





3E (6.77) 


for the substantial derivative in the €,,7 system. 
In the €; coordinate system, the divergence of the velocity is 





Vade 1 9 (5t v) 
hyhyh, 96; h; 


y 


= 1 d 1 0 3 
S a» 3g, (alta!) -ge hau ) (6.78) 
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just downstream of the shock where u? and du?/d€, are both zero. For notational convenience, we 
again omit the subscript 2, although most of the subsequent formulas hold only just downstream 
of the shock. Equation (6.71a) for continuity therefore becomes 





op (uw +W 9p , ie 
2 +( > le E (hs!) += se (hihu »|-0 (6.79) 


The density p, is provided by Equation (6.23), while (9/01), is obtained by differentiating this 
equation with respect to time. To obtain (du'/0€,), Equation (6.76a) is differentiated with respect 
to é; and the equations in Appendix F2 are then utilized. The density derivatives (dp/d€,), and 
(0p/06,), are also found with the aid of Appendix F2. The €, and £, derivatives of the scale factors 
are provided by 


gh, 1 oh, 1 Oh, 1 dh, hj dh, : 
ES c. OTRO (no j sum) 


JE, T 96, ot dE, Ox, 96; ot zs 
ot Ox; ot 


where the derivatives of h, with respect to t and x; come from Equation (6.55a) and where Equation 
(6.50) is utilized. The rightmost term is set equal to zero if a; = 0, since, in this case, the dh,/dx, 
are also zero. Hence, the only unknowns in Equation (6.79) are the normal derivatives (0p/0€;), 
and (dw/0€,)). 

Equation (6.71b) can be written as 


Dp 

UNE ean pod e NELLO OR 
e( ^5 V 324 Dt : 
With Equation (6.70), this becomes 


Dp Dp. 
Dt D, 


or 





op 209p (map SB) = 
a ? or? Y: aE, a at =0 (6.80) 


J 


When evaluated behind the shock, the unknowns in this relation are (0p/0ó,), and (dp/0€,),. 
For the two differential terms in the momentum equation, we have 


VQ 


P g (6.81a) 


Vp = ; 9E, 


+a 





> i i i di 
Dé ou, 00; uit+W (3e E ; dê; i) (6.81b) 


(A M oe Pe 
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where (Appendix A, Table 4) 


oÊ, Ô d Ô; dh; 
= XR gg): (6.82) 


Evaluation of the (du'‘/dt), term in Equation (6.81b) requires the use of Equations (6.76) and 
differentiation, with respect to t, of Equations (6.11), (6.22), and (6.27). The (26/07), derivatives 
require differentiation of Equation (6.4) and b- (GÀ, x A)/(w,cos D), after which the Cartesian 
basis li is replaced with the é; basis. This last step is expedited with the use of Equations (6.59). 

In view of its complexity, it is not feasible to explicitly write the momentum equation in scalar 
form, partly because of the (06/02), term, nor is it feasible to explicitly solve for its unknowns, 
which are (dp/d€,), and (0ui/05,),, i = 1,2,3. In spite of Equation (6.76b), the (0u?/06,), derivative 
is generally not zero. Nevertheless, the foregoing Euler equations and Equation (6.26) represent 
five linear inhomogeneous equations for (0p/0€,),, (9p/065,),, and (Qui/95,),. The normal derivative 
of other quantities can be found once these are available. For instance, (dw/d€,), and (dW/d€,), are 
given by 


p 9. Vo 9 
(2x) - | 
Isha |u + (u r 


(23) B (x e, ul a =) 
E 2 064 ' 06, 96, 2 


Thus, the &, derivative of the basis enters into the last derivative but not the first. 


VonriciTY Just DOWNSTREAM OF THE SHOCK 


As an illustration of the theory, we derive à. With Equation (6.75) for W, Table 4 in Appendix A 
yields 


> IVA, i ads n a ERE BONS 
O: = hih ^ (vz)- hh a i jg un - 35 = (v) WAI ag Um 00 
(6.83) 


where us = 0, but (0u?/06,), is not zero, and Equation (6.61) is used for h}. Some further algebraic 
development is feasible by replacing the scale factor derivatives and utilizing Appendix F for the 
tangential derivatives of the u'i. The jump in the tangential component of the vorticity is zero 
(Hayes, 1957), since one can show that 


ag own] - È wi] 


where w, is the magnitude of the tangential component of W. 
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For a two-dimensional or axisymmetric flow (without swirl), both 0( )/06, and 0u?/06, are zero. 
(Remember that u? is the velocity component along 6 .) Equation (6.83) therefore becomes 


a, = VF a 1 Of wf 
bye WE) a 29 ( uw YB (6.84) 
hy E (ung ae vn) 


and the vorticity is tangential to the shock. Both vorticity equations hold for steady or unsteady 
flows in which the upstream flow need not be uniform [Equation (6.84) requires a two-dimensional 
or axisymmetric upstream flow], and the gas need not be perfect. Of course, the evaluation of 
derivatives, such as (du'/0€;), and (du?/d§,),, requires an enthalpy function, Equation (6.26). As 
shown in Problem 6.3, Equation (6.84) can be further simplified by introducing the balance of the 
Section 6.3 assumptions. 
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PROBLEMS 


6.1 Start with Equation (6.27) and derive Equation (6.28). 

6.2 Prove the statement made in Section 6.3 that B/y equals the shock wave curvature on the 
symmetry axis for a detached shock. 

6.3 With the assumptions used in Section 6.3, Emanuel (1986), p. 246, shows that the vorticity 
can be written as 


> 1 Qv, 1 ov, y 
WO = 7T —— —tVvE = VK 63 


hı ði h, OS, 


(a) Derive a form for à, consistent with Appendix D1. 
(b) Use the result of part (a) to derive a form for PAN B’w,) that depends only on the 
0 and D angles (Truesdell, 1952). 
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6.4 


6.5 


6.6 


6.7 


6.8 


6.9 


6.10 


6.11 


Utilize the thermodynamics of a van der Waals gas provided in Problem 5.18. For this 
gas, determine the counterpart to Equation (6.28) in the form 


F(0, pim, c, IR, Pris Pri) = 0 


where 





Continue with Problem 6.4; use the assumptions (except for perfect gas) of Section 6.3 
and introduce 


Dog FT 


where the v; are the upstream and downstream velocity components that are normal to 
the shock. Determine a cubic equation for U,/U, whose other parameters are c,/R, p, 
2 2 
DAI Ui, and p,/(p4U!). 
Continue with Problems 6.4 and 6.5. Determine (a,,/a,,)* and s,; — s, in terms of U,/U, 
and the other parameters used in Problem 6.5. 
Consider a triple point in the I 
steady flow of a perfect gas. 
The J and R shocks are weak 
solution shocks while the 
shock M is a strong solution 
shock. Emanating from the tri- W, 
ple point is a slipstream, $$, ———— 
which satisfies the conditions (1) 
that p, = p, and Wy is parallel 
to 4. Let M, = 3, y = 1.4, and 
0, = 30? and determine M,, M3, 
and M,. 
(a) Show that Equation (6.64) 
is identically satisfied for 
jz23. 
(b) Show that Equation (6.64) is also satisfied for j = 1,2 at any arbitrary point on the 
shock. 
Develop a code to compute d(u — 0)/dß as a function of y, M,, and p. Tabulate the 
derivative vs. D for several M, values using y= 1.4. 
A normal shock has speed w,(t). The upstream flow is uniform with a constant velocity, 
w|,, that is perpendicular to the shock. 
(a) Determine F(x,,t) and verify that all tangential derivatives are zero. 
(b) Use the theory of Section 6.6 to determine equations for (0p/05,),, (0p/05,),, and 
(9w5/084). Do not assume a specific form for the enthalpy function, Equation (6.26). 
Continue with Problem 6.10 by assuming a van der Waals gas; see Problem 5.18. 
Determine w, and dw,/d&, in terms of y, p,/p,, and w; — w,. Assume a nearly perfect gas 
in order to obtain an explicit equation for w3. 






-- Ws parallel 
to w. 
"ss 2 
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6.12 


6.13 


6.14 
6.15 


6.16 
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A spherically symmetric flow is caused by an intense point explosion in a uniform 
atmosphere. Assume air to be a perfect gas and ignore the analysis in Sections 6.4 to 6.6. 
Use spherical coordinates for the Euler equations where all scalar variables depend only 
on r and f£ (see Problem 5.3a). Eliminate h, in favor or p, p, and w. Use a coordinate 
system fixed at the shock by introducing 


R(r,t) = r,(t) - r, T=, W = W,-w 


where r, is the radius of the spherical shock and the shock speed w, is dr,/dt. 

(a) Determine the Euler equations in terms of these variables. 

(b) Define the shock Mach number M, = (w,/a,), where a, is the speed of sound ahead 
of the shock, and develop jump conditions for p, p, and W assuming a strong shock; 
i.e., M, >> 1. 

(c) With this assumption, determine p;4[7 (0P/OR),], P22, and W>, in terms of r, and its 
derivatives just behind the shock. Obtain simplified results for these derivatives when 
y = 1.4 and 


r, = ct? 


where c is a constant. 
Consider the steady, homenergetic, two-dimensional or axisymmetric flow, without swirl, 
of a perfect gas. These same assumptions are used in Problem 5.17. 
(a) Show that the vorticity @, just downstream of a shock can be related to the upstream 
vorticity @, by means of 


zu yi ae Y yop -D Low 
v(r« v) 


where w = M? sin? f and $ is the shock wave angle. 

(b) Assume M, is constant and derive a relation between œ, and dB/dy such that c, is 
identically zero. Thus, for a given curved shock shape, B = f(y), the upstream 
vorticity just cancels the shock-produced vorticity. 

(c) Determine the entropy s, = s,(w) when M, is constant and @, = 0. Is s; constant? 

(d) Use Crocco's equation to show that @ = 0 everywhere downstream of a curved shock 
when M, is constant and @, = 0. 

Start with Equation (6.28) and derive (00/05), as given in Appendix D2. 

Use the theory in Section 6.3 to determine 


dp dp dM? 
dq dn dn 


just downstream of the conical shock in a Taylor—Maccoll flow. See Problem 8.2 for 
nomenclature and a brief discussion of this type of flow. Note that the 7] derivative is 
based on the n derivative used in Appendix D. Your final result should be in terms of 
conventional nomenclature, not m, w, X, Y, etc. 

Consider steady, two-dimensional or axisymmetric flow of a perfect gas. Assume that 
all flow conditions just downstream of a curved shock, including 0, are known. Conditions 
upstream of the shock are not necessarily uniform or parallel. A local analysis, at an 
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6.17 


6.18 


arbitrary shock point, is to be performed. Remember that both 0 and f are measured 

relative to the velocity Wi just upstream of the shock at the point in question. 

(a) Derive a cubic polynomial for cos? fj whose coefficients depend only on y, 0, and 
M^. To check your result, use y = 1.4, M, = 3, and 0 = 30°. 

(b) Provide equations for M7, pj/p,, and p»lp, in terms of y, M,, 0, and p. (Although p, 
and p, are the unknowns, it is still convenient to write p,/p, and p,/p,.) 

Consider a steady, two-dimensional or axisymmetric flow of a perfect gas. Let s and n 

be shock-fixed coordinates, as sketched in Figure 6.1. Let $ and n be natural coordinates, 

where s and ñ are along and normal to the streamlines (see Figure 5.4). 

(a) Derive an equation for (dp/dn), that has the form of the Appendix D3 equations. 
For this, utilize 


and the analogous derivations in Section 6.3. 

(b) Obtain an equation for (00/03). 

(c) The curvature of the shock x, and curvature of a streamline «,, just downstream of 
the shock, are given by 


-8 _ (28 
K, = —p', K, = (3), 


The minus signs mean that both curvatures are positive when the shock appears as 
shown in Figure 6.5. Use the part (b) result to write, in conventional notation, a 
relation between the curvatures. 

(d) Evaluate this curvature relation when 


o=0, y=14, M,=3, 6, = 30° 


(e) For extra credit, plot K/K, vs. D, in degrees, when o = 0, y = 1.4, 5/3, M, = 2,4,6,8, 
and u < B < (7/2). 
A cylinder-wedge (o = 0) 
or sphere-cone (o = 1) is 
at zero incidence, as shown 
in the sketch. The sphere 
and cylinder each has a 
radius R,, while the nose 
radius and stand-off dis- 
tance for the detached bow 
shock are R, and A, respec- 
tively. The wedge and cone 
have half angles of 0. Far 
downstream, the shock 
angle ., is for a sharp cone 
or wedge with the same 0, 


— X 
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half angle. If 0, is zero, B,, then equals the freestream Mach angle. Introduce the 
nondimensional notation 


oI 
Il 
| 
al 
Il 
al 
Il 


A 
Ae 
BI: 
: 

a 


where s is arc length along the shock measured from y = 0 and n is normal to the shock. 
An empirical representation for the shock is (Billig, 1967) 





2 


tan? b. 


t 2 1/2 
(+7 mE) -1 
r 


Curve fits to experimental data yield 


i 0.143 exp(324/M2), o= 1 
— |0.386 exp(4.67/M?), 6 


M 
© 


Il 
= 


. [1443 exp[(0.54/(M,-1))!2], © 
1.386 exp[1.8/(M, — 1)°75], c 


M 
© 


for A and F. In normalized form, the shock shape depends only on M, and 0, when y= 1.4. 
(a) Determine equations for y, D, and S in terms of x. 
(b) With the parameters 


y214, M,=4, 6, = 15° 


numerically evaluate f * and x* for both geometries, where the asterisk indicates that 
M, = 1. [Use Appendix C for B, when o = 0. When o = 1, the Ames Research Staff 
(1953) report yields B., = 21.9?.] 

(c) Develop a computer code to evaluate 


k 1 22) 1 (22) 
, , M > — | a0] > — | 3x 
$ P ‘ Pi (35 2 pi \ON), 


at the five shock locations 


x=-1-A, 561-543, X'— L+A+2%*, 2+24+3% 


for both geometries using the y, M,, and 0, values of part (b). Present your results 
in tabular form. (Note the comment about cos fj/y in Problem 6.2, which applies 
when o = 1 and ž = -1 - A) 
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(d) Apply the results at the end of Section 6.4 to obtain h; = h,(x;) and €; = €,(x;) equations, 
where x; = x;/R, and the x, and R are respectively x and y. Simplify all answers as 
much as possible; e.g., evaluate the integral that appears in €,. 

6.19 Consider a steady, axisymmetric shock wave 


1 
F = x— 5 e%(y? +2?) = 0 
where e is a constant and the upstream velocity is 
5 x 
wi = wil 


Determine the ft, b, 7, the h, and the £; in terms of x, y, and z. 





7 The Hodograph 
Transformation and Limit Lines 


7.1 PRELIMINARY REMARKS 


The hodograph transformation was first investigated by Molenbroek in 1890. Most simply, the 
transformation interchanges the dependent and independent variables; the result is called the 
hodograph equation or equations. The name specifically refers to an interchange for a partial 
differential equation or system of equations; its use for solving ODEs long predates 1890. 

As we know, the Euler equations are nonlinear. They can be linearized, for example, by assuming 
a slightly perturbed flow about a known reference state, such as its freestream state. An alternate 
route for obtaining linear equations, without approximating the nonlinear terms, is by means of the 
hodograph transformation. As we shall see, a linear system is obtained only when the flow is 
assumed to be steady, two-dimensional, homentropic, and irrotational. (Starting with a potential 
equation, Oyibo, 1990, provides a three-dimensional extension.) Hence, the flow is also barotropic, 
and by Crocco’s equation, it is homenergetic. In this case, the price of linearity is rather steep. 

The transformation is not restricted to a steady flow but can be used with the unsteady, one- 
dimensional equations of gas dynamics (see Problem 13.13 of Emanuel, 1986). Once again, the 
resulting equations are linear. In this chapter, however, we will focus on steady flows. 

An important step was taken in 1904 by Chaplygin who provided a general solution to the 
hodograph equations and also solved the problem of a subsonic free jet that emanates from a two- 
dimensional slit. We will examine his general solution in Section 7.5. In 1940, Ringleb provided 
a solution that first revealed the presence of a limit line. The solution and the accompanying limit 
line are the subject of Section 7.3. 

Approximate analytical or numerical methods for solving the Euler equations are commonly 
encountered. For subsonic flow, e.g., there is the Rayleigh-Janzen method where an expansion in 
powers of M ? is used. For supersonic flow, there is the numerical method of characteristics. The 
situation for transonic flow, however, is more difficult. In this circumstance, part of the flow is 
subsonic and part is supersonic. From a mathematical viewpoint, the equations are sometimes 
elliptic and sometimes hyperbolic; this is referred to as a mixed system. The transonic equations, 
without the use of the hodograph transformation, are still nonlinear even when a small perturbation 
assumption is utilized. The hodograph equations, however, are linear for subsonic, transonic, and 
supersonic flows. 

Aside from two-dimensional jets (Chaplygin, 1944; Chang, 1952), the primary use of the 
hodograph equations is in analyzing transonic flow. In particular, three types of flows have received 
attention. These are nozzle flow (Cherry, 1950; Libby and Reiss, 1951; Lighthill, 1947), flow 
about an airfoil (Nieuwland and Spee, 1973), and flow about a symmetric wedge that is aligned 
with the freestream (Cole, 1951; Mackie and Pack, 1952; Vincenti and Wagoner, 1951). (It is 
convenient to view the flow about a wedge as distinct from the more complicated flow about a 
smoothly contoured airfoil.) 

Let us briefly discuss the nature of the transonic flow field about a symmetric double wedge 
that is aligned with the freestream (Figure 7.1). The AE line is a detached bow shock, BCE is a 
sonic line, the dashed Mach lines from the shoulder at B represent an expansion fan, while the 
solid Mach lines that originate along BCE represent a compression wave. The compression wave 
reflects from the wedge as a compression; the gradual coalescence of the Mach lines becomes a 
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FIGURE 7.1 Transonic flow about a symmetric wedge at zero angle of attack. (After Vincenti and Wagoner, 1951.) 


weak shock wave. There are also shock waves that start at the trailing edge of the wedge. The BDE 
Mach line is special in that any small disturbance upstream of it is felt throughout the region 
bordered by the bow shock, wedge, and BDE Mach line. (Of course, this runs counter to the usual 
rule that disturbances do not propagate in the upstream direction in a supersonic flow.) Under the 
assumption that the freestream Mach number is near unity, the detached bow shock is weak and 
the rotation introduced by its curvature can be neglected. In Vincenti and Wagoner (1951), the 
irrotational hodograph equations in the region upstream of BDE are numerically solved in a plane 
whose coordinates are u and v. Downstream of BDE, the supersonic flow is numerically solved 
using the method of characteristics. The objective is to obtain the inviscid transonic wave drag of 
the wedge. 

Although the hodograph equations are linear and superposition of solutions can be used, they 
are, nevertheless, mathematically complicated. Section 7.2 derives these equations and the associ- 
ated transformation in which we emphasize a compressible flow. Ringleb's solution and the nature 
of the limit lines are discussed in Section 7.3. Section 7.4 provides a general discussion of limit 
lines, while Section 7.5 discusses the solution of Chaplygin and an alternative class of solutions. 
As à coordinate transformation, the hodograph method does not require that the flow be two- 
dimensional, irrotational, isoenergetic, or homentropic. Section 7.6 derives the pertinent equations 
when these assumptions are not invoked. Of course, the resulting equations are nonlinear; their 
solution is discussed in the next chapter. 

Some of the material presented in Sections 7.2, 7.3, and 7.5 is based on Pai (1959) and Shapiro 
(1954), while Section 7.6 is based on Rodriguez and Emanuel (1989). More mathematically oriented 
discussions of the hodograph transformation are provided by Lighthill (1953) and Manwell (1971), 
while Chang (1952) contains, at the time of its publication, a comprehensive bibliography. 


7.2 TWO-DIMENSIONAL, IRROTATIONAL FLOW 


As discussed in the above section, a steady, homentropic and two-dimensional, irrotational flow is 
assumed. We will use x,y for the Cartesian coordinates and u,v for the corresponding velocity 
components, where 


u = wcosO, v = wsin@ (7.1) 
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and @ is the angle a streamline has with respect to the x-axis. From Equation (5.69) with @ = 0, 
we have 


av _ du 


= 7.2 
Ox oy T) 

and a velocity potential can be introduced as 
u=, v= dy (7.3) 


where a subscript indicates a partial derivative. A stream function y that satisfies continuity is given 
by [see Equations (5.70)] 


Po Po 
u = — y y = =m x 7.4 
5 2 (7.4) 


where it is dimensionally convenient to introduce the constant stagnation density p,. 
The compressible flow Bernoulli equation can be written as 


lf- 
5” «qu =h, (7.52) 


or as 


awe T =0 (7.5b) 


where both forms are used shortly and the stagnation enthalpy h, is a constant. 
Observe that for an incompressible flow, p = p,, Equations (7.3) and (7.4) yield the Cauchy-Riemann 
equations 


Qx = W, 9, =-W 


In this circumstance, both @ and y satisfy Laplace’s equation, while Equation (7.5a) becomes 
Bernoulli’s equation for the pressure. We thus obtain the standard equations for steady, incompress- 
ible, two-dimensional, potential flow. The use of complex variable theory is especially convenient 
in this case. For a compressible flow, however, complex variable theory is of less value and we 
will not need it. 


THE HODOGRAPH TRANSFORMATION 


The hodograph transformation utilizes w and 0, or u and v, as the independent variables. In 
Sections 7.2 to 7.5 we primarily use w and 0, while Section 7.6 uses u and v. One exception to the 
use of w and 0 occurs when graphically showing streamline patterns, where u and v coordinates 
are preferable. For the dependent variables, we initially use both @ and y. At some point in the 
analysis, we also need to determine how p, p, x, and y depend on w and 0. (We note that much of 
the following derivation was foreshadowed by Problem 5.9.) Some of the ensuing analysis can be 
slightly shortened by using a Legendre transformation of the form (Pai, 1959; Lighthill, 1953) 


o = ó-ux-vy 
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where ® is a new dependent variable. However, in the interest of clarity, we will pursue a more 


straightforward analytical approach. 
We first consider @ and y to be functions of x and y so that Equations (7.3) and (7.4) yield 


do = ¢,dx + o,dy = w(cos@ dx + sinO dy) 


dy = w,dx + W,dy = wC sing dx + cos0 dy) 


These relations are solved for dx and dy, with the results 


dx = ~( cos d6- "sing dy) (7.6a) 
di (sine d$ 4 P*cos0 av) (7.6b) 
w P 
We next write 
9$ = Ow, 8), y= Ww, 8) (7.7) 


to obtain 


do = „dw + $540 
dy = w,dwt w,dé 


These relations are substituted into Equation (7.6), thereby yielding 


do [sos 06, — P* sine v.) dw + (cos 06, — È sing vo Jae| (7.8) 
w p p 
_ Af us Po : Po |: 
dy = | ( sin OQ, + 5 cos 0 y^, |dw +| sin09g + B sinO We |d0 (7.8b) 
We now write 
x=x(w, 8),  y-y(w,0) (7.9) 


and 


dx = x,dw + xgd0 
dy = y,dw + ygdO 


The Hodograph Transformation and Limit Lines 195 


By comparison with Equation (7.8), we have 


PES = (cos 9. -^ Big v.) (7.102) 
is 1 (cos oo — Pe sing ) (7.10b) 
gs 6 p Wo . 

- + (sinee 4 Pe cos 0 ) (7.10c) 
Yw = w w p Wy s 

2 7 (sinog +P cose ) (7.100) 
Me 6 p Vo . 


We can eliminate x from Equations (7.10a,b) by setting x,,9 = x9,,. In the process, the pọ and 
p, derivatives are encountered. To evaluate these derivatives, we differentiate Equation (7.5a) with 
respect to 0, keeping w fixed, to obtain 


9 f dp 
00) p 2 
or 
Pe 
p 
Hence, we have 
pe-0 
and p depends only on w; i.e., 
- dp 
Pw a dw 


By performing the indicated x-coordinate cross-derivative operation, we obtain 


E 
wtan0$, — o = —w p V, tw tan 07 - (2) Wo (7.11a) 


after simplification. Similarly, y is eliminated by means of y,,9 = Yọ», with the result 


sn Be 2 d (Po 
wọ, + tanOd, = w p tan 0 y,, +w du (2) Wo (7.11b) 
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These equations are solved for @,, and @, thereby yielding 


_ y A (Pe 

Oy = sí be) Wo (7.12a) 
_ po 

do =w B Wy (7.12b) 


These are the hodograph equations in their most compact form. With the barotropic relation, 
p =p(p), Equation (7.5a) provides p as a known function of w. The above are two first-order, 
coupled, linear equations for @ and y. 

By cross-differentiation, we easily eliminate @, to obtain a single hodograph equation 


Po Po Po 
"dw iss) Vo = e? = qw zu JE p vow (7.13) 


Alternatively, y could be eliminated in favor of @ (see Problem 7.2). In view of streamline boundary 
conditions, a y equation is more useful than one for à; we therefore do not bother to obtain the 
second-order PDE for @. 

It is also convenient to eliminate p,/p in favor of the Mach number, which can be done without 
assuming a perfect gas. Recall that the entropy is a constant; consequently, we have 


wdp _ _ „Pe d(p/p.) 


w 
M = 5 -IP 
P p dw Wp dw | 


ap 
dp 


m 


where Equation (7.5b) is utilized. Since 


d(p/p,) _ -(2 By tv d(p,/p) 
dw Po dw 


we obtain 


„ 2 UPo!P) 


dicm 


(7.14) 


The two speed derivatives that appear in Equation (7.13) then become 





p). Po 1,1400 | Pol PoM _ 1 Poy 
nim code dw Pw P wo wp oy 
av E) = rev d(p,/p) =m Per ph 
dw\ p p dw p p p 


Thus, Equation (7.13) can be written as 


(M^ - 1) Yoo = (1+ MOwy, +W Ww (7.15) 
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FIGURE 7.2 Two possible choices for Equation (7.16). (After Pai, 1959.) 


This equation is still linear inasmuch as M ? is a function only of w. Since the equation is homo- 
geneous, with only derivatives of y, we see that if y is a solution, then 


V = awt+b 


is also a solution, where a and b are constants. Consequently, y can always be set equal to zero 
along a wall or along a symmetry streamline. Furthermore, y can be taken as nondimensional. 


THERMODYNAMIC EQUATION OF STATE 


An explicit algebraic relation between M and w, or p,/p and w, requires a thermal equation of state, 
most conveniently of the form p = p(p,s). Although Equation (7.15) is linear, the coefficients are 
variable and their complexity depends on the choice of a state equation. The two simplest forms 
for Equation (7.15) do not result from the assumption of a perfect gas. For an incompressible flow, 
we simply set M = 0 and use Bernoulli's equation to determine the pressure. A second simple form, 
which is for a compressible flow, stems from the Kármán-Tsien approximation 


B 
p-24A-- 
p 


where A and B are constants. With the entropy constant, the p = p(p,s) state equation provides the 
curved line shown in Figure 7.2 as an isentrope. The parameters A and B are chosen so that 
Equation (7.16), at some point, is tangent to the isentrope. As indicated in the figure there are two 
common choices. In the first, introduced by Chaplygin (1944), Equation (7.16) is chosen to be 
tangent to the isentrope at the stagnation state. The common choice for transonic flow analysis, 
due to Kármán and Tsien, is to choose Equation (7.16) to be tangent to the isentrope at the freestream 
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state (see Problem 7.1). Either choice can be referred to as a first-order approximation. There are 
also second- and third-order approximations (Chang, 1952). 

Although much effort has been put into Equation (7.16) and its higher-order approximations 
(Chang, 1952; Lighthill, 1953), we will not pursue this line of analysis. Our first reason is that 
Equation (7.16) yields for the speed of sound 


-P-B 
dp p 


With B > 0, as is always the case, the speed of sound increases as p decreases, which is unrealistic 
for the homentropic flow of most real gases as evident in a one-dimensional nozzle flow. Second, 
we will ultimately utilize the theory in the next chapter, which requires a perfect gas. 

We thus assume a perfect gas, which means the speed of sound is given by 





2 2 
a pop ee 
yet y-1 
or 
Fae aw 


and the Mach number can be written as 


w 
2 2 
M^ UE. ao 
2 2 
a 1 y-lw 
s^ : 
a, 


_ Ww _ y-1 w 
TES X XA (7.17) 
W max a, 
We thus obtain 
EN RP 
M = rai er (7.18a) 
and, conversely, 
0, M=0 
2 
p= DM2 yl m=i (7.18b) 
1-(y-1)M 72 y+1 
1, M = œ 


where the sonic value of (y— 1)/(y + 1) will hereafter be written as 7". 
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The replacement of M ^in Equation (7.15) is expedited with the aid of 








ae ae oe ee 
2 E 2 a = = 2 1 
M -1-1- , M-«*1 im 1+ 2 M ice (7.19) 
and w with the aid of 
0 dt d wo 2rd 
o lLc-(Q-0-53-— 
ðw | dw Ot aot wot 
a 9 wd| y-192 2w 0 
we ^ Bal gael ge ae OY ge 
2 
= DOE +27 2 
a, XOT o 
With Equation (7.19), the homentropic relations for the density and pressure are 
P (1-9 (7.202) 
Eua (7.20b) 
and Equations (7.1) become 
u 2 y? 5 
2 (54) T cos0 (7.20c) 
v 2 y? an 
d = (4) T “sinb (7.20d) 
while Equation (7.15) transforms to 
2 2-y 1 T 
(1l-t)y,,+ T| 1+—T]y,+7|1-—]Woo = 0 (7.21) 
Mod TV or 


Thus, 7 and 0 are the independent variables where this relation, in contrast to Equation (7.15), 
assumes a perfect gas. A solution y(7,0) of Equation (7.21) is referred to as a solution in the 
hodograph plane; the same terminology is used for a solution y(w,0) of Equation (7.15). 


TRANSFORMATION TO THE PHYSICAL PLANE 


It is, of course, essential to be able to transform the solution of Equation (7.21) back to the physical 
plane in which the coordinates are x and y. The equations for the inverse transformation are based 
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on Equations (7.10). We first eliminate @ with the aid of Equation (7.12), to obtain 








* d (Po _ Po sin 
Xo cos8 = S) Wo p KE W, (7.22a) 
Po sin 
Xo = P (- 389 cos 6v.) (7.22b) 
z d(Po)\,, Po cos 
y, = sind as) Wo Do We (7.22c) 
Po ( cos8 
ye = p (= Wot sin6y,,) (7.22d) 


With the use of Equations (7.14), (7.17), (7.182), and (7.20a), we eliminate p and w, with the result 


23 
 (r-iy^1i|1 id 7 sing 
Sp ( 2 ) a,|2 Prom EET Vo Ta- MID (7.232) 
y I sing p 
Xo = (5- ——————— —. Wo + 2cos 9 ——— — —- y, (7.23b) 
2 a| qq agin T MNT 
Ts 
ard sd | ae as 0 T cos 723 
je E eame Aq carm n Vet aa omn Vr (7.23c) 
1/2 1 1/2 
y cos 0 ] T 
ye — (51 — [—M—————— We + 2sin 0 ————— ——— (7.23d) 
2 a, E zum Vo an) «| 


Integration of these equations would provide x and y once y(7,0) is known, as will be demonstrated 
in the subsequent sections and in several problems. 


UNIQUENESS OF THE TRANSFORMATION 


The transformation between x,y and 7,0 is well-defined only if it is one-to-one; i.e., to every x,y 
point there corresponds a unique 7,0 point and vice versa. This will occur when the Jacobian of 
the transformation 


SO): 
~ A(t, 0) 


Xg 


Vr ye 





= Xy4ye-— X8Y« (7.24) 
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is neither zero nor infinite. With the aid of Equations (7.23) this becomes 





ONE 
y-1 1 Dou 2, 2 

J = -— — | - - sot y (7.25a) 

d G-9 | 4f0 59°" 

2 y-1 1 1-M^ 3, 2 
EM al aces Ad Wot VW, (7.25b) 

If we assume M is finite, then J is zero only when 
2 
EI Pty =o (1.26) 
T 


This relation cannot be satisfied if M < 1. Thus, J can be zero only in a sonic or supersonic flow. 

A limit line occurs when Equation (7.26) is satisfied and J = 0. The name stems from the fact 
that a streamline doubles back on itself when it encounters a limit line. Similarly, for the inverse 
transformation to be one-to-one, J“! cannot be zero; i.e., J cannot be infinite. It is also worth noting 
that a one-to-one transformation of the independent variables does not imply a unique value for 
the stream function in the physical plane. In fact, we will encounter a multivalued y(x,y) when 
discussing the compressible Ringleb solution in the next section. 

Let us examine one important implication of Equation (7.26). To do this, we evaluate the 
magnitude of the acceleration 


Dw ow ow ow . „ow 
=u=~+v=—— =W cos07- + sind 5> 





Dt ox oy 0. oy 
where 
ce EN 
dx ox ot Ox 00 2\y-1) 7 ox 
9v, Bv 209v. 1( 2 Vas e 
dy oyot odyod 2\y-1) 7? oy 
to obtain 
2 
Dw _ a, OT ; OT 
De 751 (cose aet sin @ =) 


To determine the partial derivatives of 7, it is convenient to use Jacobian theory (see Appendix B) 
as follows: 

















OT, x) 

5| E 5) ~ i z (7.27a) 
olt, 0) 
OT, x) 

a 2 5G. a 7 2m iE (7.27b) 


alt, 0) 
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We thereby obtain 


2 
Dw _ 4, 


1 
Dt | y-1J 





(cos 0 yg — sin 0 xo) 


With Equations (7.23b), (7.23d), and (7.25b), we have 


3 
EL s: (E (7.28) 


Dt — (29"(y- s vie vt) 
AT 


Equation (7.26) shows that the acceleration is infinite when J = 0 unless y, = 0. The presence of 
an infinite acceleration can be interpreted as a limit line, thereby extending the concept to flows 
that do not stem from the hodograph transformation. 


7.3 RINGLEB'S SOLUTION 


Ringleb (1940) found an elementary, but informative, particular solution of Equation (7.21): 


ERU (7.29) 


1/2 
T 


where is a nonnegative stream function and sin 0 can be used in place of the cos 0. For convenience 
in the later compressible flow analysis, y is already normalized by €a,, per unit depth, where € is 
a characteristic length and a, is the stagnation speed of sound. As we will see, the above solution 
is simple in the u,v hodograph plane but quite complicated in the physical plane. (By solution, we 
typically mean the streamline pattern in the hodograph and physical planes. We thereby see the 
advantage of using y instead of $.) Because of this complexity, we deviate from our usual 
compressible-flow emphasis to first examine the incompressible streamline pattern in both the 
hodograph and physical planes. These patterns will serve as a rough guide to the corresponding 
compressible flow patterns. 


INCOMPRESSIBLE SOLUTION 


Equation (7.29) is written as 





c (7.30) 


where an i subscript indicates an incompressible flow and both w and y are nondimensional. This 
is readily seen to be a solution of Equation (7.15) with M = 0. This relation is used to eliminate 0 
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V; =constant 


FIGURE 7.3 Incompressible Ringleb solution in the hodograph plane. All streamlines are circles with u 2 0 
when y; 2 0. 


from Equations (7.1), with the result 


2 
u = wcos0 = wY; 


1/2 


=< 
Il 


w(1- cos?) ^ = w(1- Vw) 


We next eliminate w, to obtain 
a 
(w - x) ty = — (7.31) 


Thus, streamlines are circles to the right of the v-axis in the hodograph plane, as shown in Figure 7.3. 
These circles have their center on the positive u-axis and are tangent to the v-axis at the origin, 
which is the stagnation point for each streamline. Since the streamlines are circles, each one has 
its maximum speed at the point where it crosses the u-axis with u > 0. From the above equation, 
we see that the maximum speed, on a given streamline, is 


s.d db (7.32) 


y; 


which is in accordance with Equation (7.30) with 0 = 0°. Observe that a large y; value corresponds 
to a small circle and a slowly moving fluid particle. On the other hand, the fluid will move with a 
relatively high speed over part of its trajectory when y; is small. 

To determine the solution in the physical plane, we utilize Equations (7.22), with p = p,, and 


Vs = sing y cos 0 
ig cm iw = — 2 
v w 
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to obtain 
e 2sin Ecos 0 = ae (7.33a) 
w` w 
sin^0— cos’ cos20 
Xo = 2 xdi EURO 
w w (7.33b) 
xe cost (7.33c) 
w 
ons ue (7.33d) 
w 


where x and y are normalized by €. Equations (7.33b,d) are readily integrated, to yield 


sin20 
Bi 2 
w 


cos20 
cR eg 
2w 





+ f(w) 


<< 
I 


where f and g are functions of integration. By differentiating these relations with respect to w and 
comparing the result with Equations (7.33a,c), we obtain 


df dg 
—=0, --=0 
dw dw 


We take the constants of integration to be zero; hence, the hodograph transformation for 
Equation (7.30) is 


_ _ sin20 . cos208 


= > (7.34) 
2w? ? 2w? 








The streamlines in the physical plane are determined by Equations (7.30) and (7.34). 
Equation (7.30) is first used to eliminate 0 from the other two equations, with the result 


1/2 


a. 3 WO eee Se 
x= wae! w Yi) 


T ae 
0 2w 


Next, w is eliminated, to yield 


x+2yiy = VW (7.35) 
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FIGURE 7.4 Streamlines of the incompressible Ringleb solution in the physical plane. 


Thus, the streamlines are parabolas in the physical plane, as seen in Figure 7.4. As shown, the 
angle 0 is positive for a counterclockwise rotation of the velocity; hence, 0 is positive when x is 
negative. If a fluid particle moves in a clockwise fashion along a streamline in Figure 7.3, then the 
corresponding direction of flow is shown by the arrows on the streamlines in Figure 7.4. The flow 
represents a 180? turn about a semi-infinite flat plate, which is located along the negative y-axis. 
Of course, any two streamlines can also serve as the bounding walls for a flow. 

As indicated by Equations (7.34), the flow stagnates when y — -—ee at both ends of each 
streamline. As was the case in the hodograph plane, the maximum flow speed on a given streamline 
occurs when 0 = 0? or x = 0 and y 2 0. From Equation (7.34), we see that the flow speed is infinite 
when x = y = 0, which is the tip of the flat plate. Hence, y; = 0 on the plate, which is also evident 
from Equation (7.32). The value of the stream function thus increases for the slower-moving flow 
that occurs away from the plate. 


COMPRESSIBLE SOLUTION IN THE HODOGRAPH PLANE 


Our analysis is patterned after the incompressible solution; hence, we shortly obtain the streamlines 
in the hodograph plane. From Equations (7.20c,d), the velocity components are 


2 X as 
u = | —— | t' cos0 (7.36a) 


2 1/2 i2 
es 5) t^ sin@ (7.36b) 


where u and v are normalized by a,. As in Figure 7.3, the hodograph plane origin corresponds to 
a stagnation condition for all streamlines. In Figure 7.5, the sonic line is a dashed circle, labeled 
T= T*, and is centered at the origin. There is a larger circle, labeled T = 1 on which the Mach 
number is infinite. All curves shown in Figures 7.5 and 7.6 are to scale for y= 7/5. Thus, for the 
T'-(y- Dy + 1) = (1/6) sonic circle, the radius is [2/(y + 1)]'? = 0.9192, while for the t = 1 
circle the radius is [2/(y — 1)]!? = 2.236. 
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FIGURE 7.5 Compressible Ringleb solution in the hodograph plane, y= 7/5. 
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FIGURE 7.6 Streamlines, sonic line, and limit line of the compressible Ringleb solution, y= 7/5. 
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We eliminate both 7 and 0 from Equations (7.29) and (7.36), to obtain 


2 
1 2 1 1 
DE aS reb REUS 7.37 
| cumst 2y-1 y? aie 


for the streamlines in the hodograph plane. With y 2 0, the streamlines are circles on the right side 
of the plane as in the incompressible case. For example, curve A represents a subsonic streamline 
that has a maximum Mach number where it crosses the positive u-axis. Because its radius is small, 
we see from the above equation that y is relatively large for this streamline. Streamlines B to E 
have progressively smaller y values; these streamlines all become supersonic. Again, all features 
are symmetric about the u-axis. 

To determine the limit line, we use Equations (7.1) and (7.29), to obtain 


_ sin v 
Vo =- 2 ~~ wt? 

-cos  u. 
Yrs 27^? ne Iw? 


From Equation (7.26), the limit line condition is then 


T 
[s 
"I y! 


xxx Ae csse e 
T(1- 7) "p 4w t 


ALR 


which simplifies to 


SYED Y S possem 
(: rtira tu = 0 


With w normalized by a, in Equation (7.17), we replace T and obtain the final result 


v;21 (7.38) 








where an £ subscript denotes the limit line; thus, the hodograph plane limit line is an ellipse. As 
evident in Figure 7.5, the limit line is tangent to the T = T° circle at u = 0 and tangent to the T = 
1 circle at v = 0. 

The streamline that is tangent to the sonic line at v = O has a nondimensional y value of 
[(y + D —- D]72, which equals 2.450 when y = 7/5 (see Problem 7.3). This streamline, which is 
not shown in Figure 7.5, does not intersect the limit line. The B streamline is tangent to the limit 
line and has a y value of (y + 1y[8(y — 1)]'? = 1.342 (see Problem 7.3). For in-between values, 
1.342 « y « 2.450, the streamlines become supersonic but do not intersect the limit line. For a 
smaller value of y, e.g., 1.2, the C streamline intersects the limit line twice. A special streamline 
is D for which y = 1. This streamline also intersects the limit line twice with the second time at 
v = 0. All streamlines in the range 0 < y< 1 intersect the limit line only once. These streamlines 
terminate at the 7 = 1 circle where M is infinite. When y = 0, the E streamline would become 
coincident with the v-axis. 
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TRANSFORMATION TO THE PHYSICAL PLANE 


Equations (7.23) are now simplified with the aid of Equation (7.29). In these equations, x and y 
are normalized with £, whereas y is normalized with €a,, as before. We thus obtain 


s AED) oe E (1399) 
CN ae (7.39b) 
y 2-1 (553) cos20 LO - rae (7.39c) 
ye7 — (5) cud (7.39d) 
Equations (7.39b,d) integrate to 
x=- ; (4 4)" a + f(T) (7.40a) 
»-j (3) a +800) (7.40b) 


where f and g are again functions of integration. Since 


cae 
1 Pol 


d 1 
dt ES _ | = Pl -pD 
differentiation of Equation (7.40a) with respect to 7 yields 


Y 


1-——T 

1/2 

ks (5 dadgcc-od et 
2 2 T E ge dt 


By comparing this result with Equation (7.39a), we see that x is given by Equation (7.40a) with 
f=0. Similarly, differentiation of Equation (7.40b) with respect to T results in 
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Comparing this relation with Equation (7.39c) produces 


dg l 


which integrates to 


1 dt 
co ait) aaa am 


where the constant of integration is set equal to zero. For certain values of y, the integral can be 
performed; for instance, for y= 7/5 we have 


g = 1.118 anh (1 zu eem : TER a dl (7.41b) 
-T -T -T 


Thus, y is given by Equation (7.40b) with g provided by Equation (7.41a) or (7.41b). 


COMPRESSIBLE SOLUTION IN THE PHYSICAL PLANE 


The angle @ is eliminated between Equations (7.29) and (7.40), with the result 


x +(y-g) = R (7.42a) 
where the normalized radius is 
_ (7-1 1/2 1 
R= 5 ( 2 ) op (7.42b) 


Since g and R are functions only of 7, constant Mach number lines are circles with centers on the 
y-axis. Consequently, the sonic line, T= 7^, is a circle in the physical plane. As in the incompressible 
case, the maximum Mach number on a streamline occurs when 0 = 0°, which in turn implies x = 0. 
Hence, the maximum Mach number on a streamline can be obtained from 


_ (7-1 1/2 1 
eo) MEPU 


and Equation (7.18a). 

As in the incompressible case, the wall occurs where y = 0 or 0 = +(7/2). In accordance with 
the clockwise flow direction indicated by the arrows in Figure 7.5, we have 0 = 7/2 on the left side 
of the wall, where x is 0 and 0 = —7/2 on the right side. Again, the wall is a vertically oriented, 
semi-finite, flat plate. The tip of the plate is located at the point where y in Equation (7.40b), with 
0 = -z/2, has a maximum value. From this equation, we find that (dy/dt) = 0 yields t = 7^. Thus, 
the tip of the plate is coincident with the x = 0 point on the sonic line. 

Figure 7.6 shows the streamlines, sonic line, and limit line in the physical plane. The A,B,...,E 
labeling and arrows on the streamlines coincide with that shown in Figure 7.5. In contrast to the 
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incompressible case, the tip of the plate is at a negative y value and so also is the center of the 
sonic line circle. Except for 0, there is complete symmetry about the y-axis. Only the flow direction, 
shown by the streamline arrows, is opposite on the two sides of the y-axis. 

When 7 «« 1 we expect the streamline pattern in Figure 7.6 to resemble the incompressible 
pattern in Figure 7.4. Streamline A, with y = 2.7, is such a streamline. With a y value of 2.450, 
the streamline is tangent to the sonic line at x = 0, where all streamlines attain their maximum 
speed. With a further reduction in y to 2, the streamline accelerates to a supersonic speed inside 
the sonic circle. For x-positive, the flow on this streamline smoothly decelerates to a stagnation 
condition as x and —y approach infinity. 

We can view the y = 2 and 2.7 streamlines as representing two walls that would bound an 
inviscid flow. In this circumstance, there is a supersonic "bubble" adjacent to the lower wall in which 
the flow smoothly decelerates without the presence of a shock wave. This bubble is similar to that 
which can occur on the upper surface of an airfoil in transonic flow (Nieuwland and Spee, 1973). 


LOCATION OF THE LIMIT LINE 


Before resuming the discussion of the B, ..., E streamlines, we first discuss the limit line shown 
as a short/long dashed curve in Figure 7.6. To obtain the limit line equation in the physical plane, 
we again substitute Equation (7.29) into (7.26), with the result 


1- Misin'6, = 0 
By replacing the Mach number with 7, and eliminating 0,, with the aid of Equation (7.29), we obtain 


Wile — J Te + r> =0 (7.43) 





By setting y equal to zero, we have 7, = 7', where this point is the tip of the plate. Another result 
is obtained by solving this equation for 7;: 








ea fr [1-8-2 yi") (7.44) 


Ay; y*D 


Hence, for a real solution, y, is restricted to the range 


0€ y, 2E ce ee (7.45) 
[8(y- 1)] 
where the upper limit equals 1.342 when yis 7/5. 

To place the limit line discussion in perspective, we briefly return to Figure 7.5. In this figure, 
the E streamline becomes coincident with the v-axis when y = 0. We therefore have a family of 
streamlines that cross the limit line once and end on the 7 = 1 circle. At one end of the family is 
streamline D for which y= 1; hence, this family occurs when y is in the range 


Osysl 
Consequently, the limit line, from its tangency points with the T 27" and T =1 circles, is traversed 


only once whenever y, ranges from 0 to 1. This traverse requires the minus sign before the square 
root in Equation (7.44). 
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The B through D streamlines, however, intersect the limit line twice. Since the B streamline 
has w= (y+ 1D/[8(y— 1)]'2, we now have 


yt+1 
1< < L———— 
Ve iso- DI 


and the plus sign is used in Equation (7.44). Each y; value in this region corresponds to two points 
on the limit line. Both points are supersonic, with the lower speed point occurring to the left of 
where the B streamline is tangent to the limit line. Because of this behavior, there is a variety of 
different streamline families in the physical plane that intersect the limit line. 

We still need the actual equations for the limit line in the physical plane. Equation (7.43) is 
solved for y, to obtain 


- (5 33 CEAN 
We 7 EZ ORE 


We eliminate y, between this relation and Equation (7.29) to obtain the following trigonometric 
results: 


* 1/2 


" ERE - (zi Ay 
cos 0; = (tz 2 , sind, = m E 





? x 1/2 
sin26, = [gne eon 


2 
Te 


These relations are substituted into Equations (7.40), to yield (with f = 0) 


_ (rt)? y-1 (ent) a 
ME a) 2 a-t POI (7.46a) 

E (rry oR + (t) (746b) 
7 9 2 eem eve 


Equation (7.462) provides x, when x, < 0; we simply delete the minus sign for the x, > 0 curve. 
These equations provide the limit line shown in Figure 7.6. At x, = 0 this curve is tangent to the 
sonic line. It then remains quite close to the sonic line, finally deviating from it near where 
streamline D intersects the limit line. 

For purposes of clarity, we, henceforth, discuss the limit line in Figure 7.6 when x, « 0. The 
curve has a sharp peak where it intersects streamline B (see Problem 7.4). Between this peak and 
where streamline C first intersects it, x, has a local minimum value which is not discernible in 
Figure 7.6. At the peak itself, y; has a maximum value while x, has a local maximum value. 
Consequently, both dx//dT, and dy/dx are zero and dy//dx, is indeterminate at the peak. This 
indeterminacy is the reason a sharp peak exists in the first place. Outside of the peak, the limit line 
persists as —x, and —y, go to infinity. 
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STREAMLINE DISCUSSION IN THE PHYSICAL PLANE 


Streamline B, which has a y value of (y+ 1/[8(y — 1)]'? (= 1.342), is the last streamline to be 
able to make a smooth transition across the physical plane. Any streamline with a smaller y value 
will intersect the limit line once or twice when x « 0. Thus, curve C with a y value of 1.2 intersects 
the limit line both to the left and to the right of the sharp peak. These two intersections are also 
evident in Figure 7.5. Anytime a streamline intersects a point on the limit line, 0 changes by 180? 
(Shapiro, 1954); hence, the streamline has a cusp at the point of intersection and doubles back 
on itself. 

The change a streamline experiences when it intersects a limit line is discontinuous. This 
difficulty occurs in the physical plane; the streamlines do not exhibit a discontinuity in the hodograph 
plane. Unlike a shock wave, a limit line is a purely mathematical discontinuity in the physical 
plane. In the real world, a streamline cannot suddenly change its direction by 180°. 

Although complex variable theory has not been used, the concept of a multi-sheeted Riemann 
surface now becomes indispensable. Each time a streamline reflects from the limit line, the solution 
moves onto a different Riemann surface or sheet. Streamline C, before it first intersects the oval- 
shaped portion of the limit line, is said to be on sheet I. This sheet also includes all streamlines 
for which y 2 (y + 1)/[8(y — 1)]'”, such as streamline A. The part of streamline C that is between 
its two limit line intersections is on sheet II. Sheet III consists of those streamlines between the 
two outermost branches of the limit line; these streamlines smoothly cross the y-axis. Sheets I 
and II are separated by a branch cut, which is the oval part of the limit line. Sheets II and III are 
also separated by a branch cut, namely, the non-oval part of the limit line. Below streamline B and 
below the outermost portion of the limit line, after it crosses B, we have either a two- or three- 
sheeted solution. For instance, an x,y point that lies on curve C might be on any one of the three 
sheets. On the other hand, a point above the outermost parts of the limit line and above the central 
part of streamline B can only be on sheet I. 

Streamline £F, as is evident from Figure 7.5, approaches the limit line on sheet I with a positive 
slope near 90?. Just before intersection with the limit line, this streamline crosses the sonic line. 
After intersection, it heads toward infinity (i.e., x — —ee, y — —ee) on sheet II as 7 tends to unity. 
Streamline D with a y value of 1- is similar to E; it does not intersect the outermost portion of the 
limit line. 

For y values in the range of 1 to just below (y + 1)/[8(yv — 1)]!”, such as streamline C, there 
are two limit line intersections and three separate sheets. It is important to note that the third sheet 
does not contain the oval-shaped portion of the limit line, the sonic line, or the plate. The supersonic 
streamlines on the third sheet are nearly horizontal; they smoothly accelerate from the leftmost 
outer section of the limit line to the y-axis after which they smoothly decelerate as they approach 
the rightmost portion of the limit line. For a y value just above unity, not shown in Figure 7.6, 
sheet III streamlines cross the y-axis where the sheet I plate would occur. 

The solution on each of the three sheets satisfies the steady Euler equations and represents a 
legitimate flow field; thus, the solution associated with a given sheet is not necessarily any more 
realistic than that of the other two sheets. Furthermore, the solution on each sheet is distinct; the 
solution on one sheet is not an analytic continuation from either of the other sheets. 

To our knowledge, the foregoing theory has yet to be experimentally verified. For such a 
verification, consider a duct whose walls replace two streamlines. Moreover, the subsequent dis- 
cussion is limited to a duct whose inlet flow is supersonic. Because there is no upstream influence 
in a supersonic flow, a supersonic inlet is easier to generate than a prescribed subsonic inlet flow. 
This simplicity is realistic, of course, only when shock waves are not present. 

The flows on sheets II and III and the flow above streamline B within the sonic circle on sheet I 
are supersonic and thus relevant to the discussion. Consider a sheet I duct whose inlet is located 
on the y-axis of Figure 7.6 where the velocity vector is parallel to the x-axis. To be specific, the 
values of 2.0 and 2.4 are chosen for y and represent the bounding walls of the duct, which is to 
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the right of the y-axis. We therefore have a nonuniform but parallel, supersonic flow at the inlet of 
the duct. For the design approach alluded to in the next paragraph, the supersonic restriction is 
essential, whereas the parallel flow restriction is not, although it simplifies the analysis. Inside the 
duct, the fluid gradually decelerates toward a stagnation condition. Along the way the flow smoothly 
passes through a circular arc sonic line. 

To generate this supersonic inlet flow, a contoured nozzle with an asymmetric diverging section 
would be used that is based on the theory of characteristics. A known solution on the duct’s inlet 
data line is sufficient to design the upstream nozzle. A general design approach is discussed in 
Emanuel (1986, Chapter 18), where it is used to design an asymmetric nozzle that generates a 
supersonic potential vortex for the flow downstream of the nozzle. 

The foregoing approach might be envisioned for a sheet III duct whose supersonic inlet is also 
on the y-axis. It would be interesting to experimentally determine what transpires when the flow 
encounters the outermost limit line. Of course, the duct can terminate before the limit line is 
encountered. This termination condition is readily imposed because there is no upstream influence 
in a supersonic flow. 


7.4 LIMIT LINES 


Within the context of the hodograph transformation, experimental results that focus on limit lines 
appear to be nonexistent. The one exception is for transonic flow over airfoils (Nieuwland and 
Spee, 1973). In this circumstance, experiments demonstrate that a shock-free transition from a 
supersonic flow to a subsonic flow is possible. The maximum value for the Mach number inside 
the supersonic region, however, is near unity and a limit line is not present. The occurrence of a 
smooth transition is really not surprising, since it can appear in a Taylor-Maccoll flow. In this 
section, limit lines are discussed in a more general manner, with emphasis on unresolved issues. 

A simple observation is that a uniform flow in the physical plane corresponds to a single point 
in the hodograph plane. Clearly, the x,y to w,@ transformation cannot be one-to-one in this case. 
Furthermore, any nonuniform flow that depends on a single similarity variable will transform into 
a line in the hodograph plane. This is the case for Prandtl-Meyer flow, which depends typically 
on an angle rather than x and y separately, and with unsteady, one-dimensional rarefaction waves. 
These flows all have zero Jacobian values; they are referred to as missing solutions when using 
the hodograph equations. Hence, nonexistence of a hodograph solution does not mean nonexistence 
in terms of the original variables. 

A second observation is that a limit line is not a shock wave, or vice versa. Like a missing 
solution, it is a mathematical consequence of the theory. As we will discuss shortly, limit lines are 
not just restricted to the hodograph transformation, but may occur more generally. Furthermore, 
while a limit line is not a shock wave, we suggest that it may induce a shock wave, or a shock 
wave system, in the flow somewhere upstream of where the shock-free limit line otherwise would 
occur. For instance, supersonic flow over a transonic airfoil normally terminates with a shock. A 
second illustration would be supersonic diffusers, where relatively strong shock waves are thought 
to be unavoidable. 

As mentioned earlier, the extension to a general flow is via the infinite acceleration condition. 
In a spiral flow (Emanuel, 1986, Section 15.2), there is a minimum radius, with a slightly supersonic 
Mach number, where the acceleration is infinite. In the limiting case of a vortex flow, there is no 
limit line. Alternatively, when the flow is purely a source or sink flow, the minimum radius limit 
line is also a sonic line. This latter solution is used, e.g., in the design of a two-dimensional minimum 
length nozzle with a curved (circular) sonic line at the throat (Emanuel, 1986, Section 17.2). In 
this case, there is no difficulty in starting a flow field solution at a limit line. The flow field upstream 
of the limit line is not an analytic continuation of the downstream source flow. In fact, there is no 
known suitable design procedure for the upstream flow (Argrow and Emanuel, 1991). The situation 
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is different for a minimum-length nozzle with a straight sonic line, where an upstream design 
procedure is known (Ho and Emanuel, 2000). 

Both Cherry (1950) and Lighthill (1947) have examined the transonic flow field in a smoothly 
contoured nozzle using the hodograph transformation (see Problem 17.15). The parabolically shaped 
sonic line is concave in the upstream direction, with respect to the direction of flow on the symmetry 
axis. The parabolically shaped limit line is convex with respect to this direction. The two curves 
are tangent to each other where they meet on the symmetry axis. Cherry provides an analytically 
continued solution, downstream of the limit line, although it is not clear what happens to the infinite 
acceleration. Actual nozzle design does not utilize these studies, and a troublesome limit line is 
not encountered. As evident from the concept of missing solutions, a parabolically shaped sonic 
line, e.g., is not a required feature of the flow. 


LENS ANALOGY 


A steady, inviscid flow can be transformed from one uniform, supersonic state to another uniform, 
supersonic state using the lens analogy (Emanuel, 1986, Section 17.2). (The name stems from the 
similarity with what several lenses can do with an optical beam.) The flow field may be two- 
dimensional or axisymmetric, and is homentropic, i.e., shock-free. The design procedure for the 
enclosing duct has features in common with a minimum-length nozzle, and in neither case is a 
hodograph transformation utilized. Let the upstream and downstream Mach numbers be M, and 
M,, respectively. If M, > M, = 1, we have a supersonic diffuser; otherwise, with M, > M, = 1, we 
have a supersonic nozzle. 

A'Rafat (1994) computationally investigated the diffuser case using the lens analogy. For a 
given value of y and M,, a downstream limit line occurs if M, — 1 becomes too small. At this line, 
the acceleration is infinite and the streamlines go through a 180? reversal in direction (Emanuel 
and Rodriguez, 1998). In contrast to a theorem by Friedrichs (1948), this limit line starts at the 
wall of the diffuser. Actual supersonic diffusers are not designed using the lens analogy, but their 
converging shape is often reminiscent of a lens analogy diffuser. Aside from problems associated 
with an adverse pressure gradient, a limit line may force a shock system to develop upstream of 
the theoretical limit line location. 

Since a lens analogy flow is homentropic, it is reversible. If a diffuser has a limit line, then, 
by interchanging M, and M,, a supersonic nozzle is obtained with a limit line near the inlet. In 
either case, an explicit equation can be written for the Mach number along the limit line (Emanuel 
and Rodriguez, 1998). As a consequence, the lens analogy design procedure can be modified to 
avoid the presence of the line. For example, A'Rafat (1994) uses two diffusers in series, thereby 
avoiding a limit line. 

In view of the importance and conventional difficulties associated with supersonic diffusers, it 
would be interesting to test the lens analogy approach, both with and without the presence of a 
limit line. There would be a major improvement in diffuser efficiency, especially at high inlet Mach 
numbers, if a nearly homentropic flow were obtained. A weak normal shock, or oblique shock 
system, near the exit of the supersonic diffuser would have little impact on its performance. The 
magnitude of the adverse pressure gradient can be limited (Emanuel and Rodriguez, 1998) so that 
(turbulent) boundary-layer separation is avoided. 


7.5 GENERAL SOLUTION 


We commence by finding a general solution to Equation (7.21) by means of a method devised by 
Chaplygin (1944). It is worth recalling that a perfect gas has been assumed. Observe that 0 only 
appears in a partial derivative; hence, 


y -A-B0 (7.47) 
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is a particular solution, where A and B are constants. The constant A merely adjusts the level of y 
and can be set equal to zero. The B0 term represents a compressible line source or sink flow. 

In view of the dependence on 0, it is natural to seek a nondimensional separation of variable 
solution of the form 


y = Ty, (T)sinn8 
or 
y = t"7,,(T)cosn@ 


Upon substituting either of these into Equation (7.21), we obtain 


T(1- x” +1|2m-+ 1 - (2m 1-2) 


where 


" dX, "no 
Xm zm dt’ Xm = 





Observe that a t factor can be canceled by choosing m = n/2. With this simplification, we obtain 





«9e [ne1-(n1- Je] x, se, -0 (7.48) 


where x, is relabeled as y, for notational convenience. A general solution of Equation (7.21) is 


oo 


V = A+BO+ St OX cosnt + B,sinn6) (7.49) 


n=0 


where each y, satisfies Equation (7.48). Observe that the form of this solution does not change if 
0 is replaced with 0 + m or with —0. Thus, the direction of flow is reversible. For instance, if 
Equation (7.49) represents an accelerating flow, it also represents the corresponding decelerating 
flow by simply increasing @ by 7. 

A solution of Equation (7.48) is the hypergeometric function (Spanier and Oldham, 1987; 
Handbook of Mathematical Functions, 1964), written as 


Xn = Fay bic.) (7.50a) 
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where F is the Gauss or hypergeometric series 


T(c) we Pat pros jt! 
Tar) 4 (c+) ji 


-0 


F(a, b,c; T) = (7.50b) 


and where T is the gamma function. (The I function generalizes j!, while the hypergeometric series 
is a generalization of the geometric series, 1+x+x*+... .) The a,, b,, and c, parameters are 
connected to the coefficients of Equation (7.48) by means of 





1 n(n+ 1) 
a, tb, =n-—, a,b, =- > C,=ntl 
Me 20y 
An explicit solution for these parameters is then 
1/2 
(y- Dn-1-[1 * (Y - Di'] 
a4, m MM ————— (7.51a) 
2(y-1) 
2 241/2 
ps (y-Dn-1-[1* (y - 1)n'] (7.51b) 
2(y- 1) 
Cc, = n+l (7.51c) 
We will need a number of properties of the gamma function as follows: 
D(1)20!21 
MA) =G-)! j= 1,2,3,... 
IEG = %, j = 0,-1,-2,... 
T(z+1) = zr (z) 
Since I (c) is infinite when c = 0, — 1, —2, ..., the Gauss series is not defined for these c values, 
providing a — c or b — c is not equal to 0, 1, 2, ... . For instance, if n = —2 and y= 5/3, then neither 


a — c nor b — c equals 0 or a positive integer. The ratio of two infinite gamma function values, 
however, is finite and is given by (Spanier and Oldham, 1987) 


SU ese) tu (7.52) 


when m and N are nonnegative integers. As a consequence of the restriction on the c value, the 
Gauss series generally does not exist when n is a negative integer, which is the reason the summation 
in Equation (7.50b) excludes negative integer values for j. 

Nevertheless, Equation (7.48) possesses solutions for negative integer n values as demonstrated 
for n = -1 in Problem 7.12. The situation is conceptually similar to the expansion 


1 2, 3 
— =1lt+xtx txt: 
1-x 


where the right side is divergent when lx 2 ], but the left side possesses a finite value. Solutions 
to Equation (7.48) therefore exist even though the Gauss series does not. 
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Since Equation (7.48) is second order, it has two linearly independent solutions. From Spanier 
and Oldham (1987, p. 600), these can be written as 


CF (4, bajn + 137) + 0,7 "F(a, —n, b,- n;l — 131) 


where the c; are constant. For n = 0, the c, and c, terms are redundant, while for n = 1, 2, 3, ..., 
the Gauss series that is multiplied by c, does not exist. We thus obtain the form of the solution to 
Equation (7.21) that is given by Equations (7.49) and (7.50). 

For the hodograph transformation, Equations (7.23) can be integrated in closed form. We 
illustrate the procedure with a typical term in Equation (7.49), which we write as 


y = v" y(T)cosn (7.53) 


where y is the hypergeometric function, y,. Equations (7.23a,b), with x now normalized with 
[(y — 1/2] 7(1/a,) for notational convenience, become 


mr cpm T 2 

A =-5 TEES (2 - 1) ze0s9 sinnô + (1-7) (x + =x’) sing cosn8| (7.54a) 
ni? 2 

Xo = TEPU | sin sinnô + (x + ot) cos 0 cosn J (7.54b) 


with similar equations for y, and y, (see Problem 7.6). The integration of x, is expedited with the 
assistance of 


f sin sinn do = cos 0 sinn — nsin 0 cosn@ 


0 m=i 
f cos @ cosn0d0 = ncos 0 sinn0— sin cosn 


2 
0 n -1 


which requires that In| # 1. (The special cases when n = +1 are easily evaluated.) Upon performing 
the 0 integration, we obtain 





x= a (X(T;n)cos0 sinn0 — X(T;1) sin @ cosn@) + f(T) 
n -l1 
where 
B a p (n? +n) ne 24, T 2A" * DA 
im 0-1) 
(1-1) 


and 7 is either n or 1. To determine the function of integration f, we differentiate x with respect 
to 7 and compare the result with Equation (7.54a). This computation utilizes 


dX nd 1-9? 


dt Gao? 


Is[o- 0a --G-025]re ci ia - or] 
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where the second derivative, y”, has been eliminated with the aid of Equation (7.48). We thereby 
obtain 


df _ 
dp 


A similar computation for y (see Problem 7.6) results in 


(n-3)2 


dg. eoe ey 
dt a-p"? X z% 


With the integration constants set equal to zero, we finally obtain 


i QUU y2 
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X= 





x fio +1)% + 277’ ]cos O sinnd— Cc +1)%+ Zey] sin@ coon} (7.55a) 
on QU? 

p -l(rdg09 

x l[o +1)%+ ty cos cosn6 + [(n + Dy + 27y’]sin0 snno g(n (7.55b) 


In view of Equation (7.49), we see that the method is an inverse one in which we hope to find 
suitable boundary conditions that satisfy the solution. Walls and a symmetry axis, if there is any, 
are specified by prescribing constant values for y for them and similarly by specifying @. The 
stream function is also constant on the surface of a free jet. By Bernoulli's equation, Tis constant 
on this surface, if the pressure external to the jet is also constant. Satisfying all prescribed boundary 
conditions in the hodograph plane is usually difficult. 


SOLUTIONS BASED ON A NONINTEGER I? VALUE 


The n parameter in Equation (7.48) is not restricted to a positive integer value (Lighthill, 1953). 
Since n determines a,, b,, and c, by means of Equations (7.51), a noninteger n value provides a 
new class of solutions. We illustrate the general approach by considering a particular solution, 
Equation (7.53), with a noninteger n value. 

We write 7 as 


X = F(a, bin* 1;7) 


where subscripts on a, b, and c are no longer necessary. An especially simple form for the solution 
is obtained by setting 


a — -m (7.56) 
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where m is a positive integer. Although not essential for the analysis, this choice greatly simplifies 
the algebra. Equation (7.50b) for the hypergeometric series now becomes a polynomial of degree m: 


Te) Neo Fm EQ + j) c 
TmT) A T(e*) fi 


F(-m, b;c;T) 


T(-m * DEC + YE), F(- m + 2) (5 +20) 2 
FC-m)r(b)I( + 1) 2F(-m)F(b)TE(c + 2) 


mib(c-1) ., — mKb*1)c-1)! 5 
-"(m-1)(b-DIcl  20-2)(b-1)Ke-1). 
mb, m(m-l)b(b*l)o 


(prtm IG) (757 
ker +(-1) T" (7.57) 


e Ib T(c+m) 


+ 


where Equation (7.52) is used for those gamma functions with a zero or negative integer in their 
argument. With Equations (7.51) and (7.56), n, b, and c become 


1/2 


n, = (y- Dm-52 [?- 1)m?°-(y+1)m+ A 
b+ = n,+m- A 
y-1 
C+ = n.*l 
In order for n, to be real, the quantity within the square root must be nonnegative; i.e., 


(Y - Dm -(y+ Dm 120 


This results in 


72542" m= 1 
1/2 

reat m=2 

yet m = 3 


and consequently the m = 1 case is not of practical interest for a perfect gas, since y cannot exceed 5/3. 
To illustrate the method, we choose 


m = 2, y = 5/3 
with the result that a = —2 and 
n, = 2.257, n_ = —0.5907 


b, = 2.757, b_ = —0.09067 
c, = 3.257, | c. = 0.4093 
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where the + subscripts stem from the two values for n. With m = 2, the hypergeometric function 
simplifies to a quadratic: 


Jon 1_2b__ Rl) 3 
F(-2, b;c;t) = 1 e rai 





where b and c are either b, and c, or b. and c . With the aid of Equations (7.36), (7.53), and (7.55) 
and a computer, solutions for both n values have been generated in the hodograph and physical 
planes.* These are established by holding y constant and letting 7 range from near zero to near 
unity. The range of 7 is further limited by the requirement that Icosn8| <1, or 


<1 





| y 
T’ CT) 





A streamline terminates when this inequality fails to hold. For each y,7 pair, the left side of Equation 
(7.26) is evaluated. If this quantity changes sign along a streamline, then a limit line is encountered 
that cannot be crossed by the streamline. 

It is also essential that the solutions in the hodograph and physical planes be consistent with 
each other. For example, if u and v are both positive, then x and y should increase with T. 
Typically, if the solution is consistent when 7 27,, it is inconsistent when T $ Tẹ. Because of this, 
it is convenient to take advantage of the even property of the cosine function. We therefore write 
Equation (7.53) as 





where 6 is +1. This form is convenient for computer analysis, since both y and 7 are specified. 

Figures 7.7 and 7.8 show the hodograph and physical planes when n = —0.5907. In each of 
the figures, the y = 0, +0.5, +1 normalized streamlines are shown. Whether in the physical or 
hodograph plane, the y= 0 curve is a straight line whose slope is given by n0 = +(7/2). The other 
V curves are then symmetric about this curve. [In the two hodograph planes, u and v are normalized 
by [27 - 1)]2a,.] 

Figures 7.7(a, b) show that the largely subsonic solution requires that 6 = —1. [In Figures 
7.8(a, b), the consistent supersonic solution requires 6 = 1.] In the hodograph plane in Figure 7.7(a), 
the flow originates near the origin of the u,v coordinates and accelerates outward. The asterisk on 
each streamline indicates where the flow is sonic. The streamlines terminate at the limit line, which 
is near the sonic line. For the y= 0 streamline, the sonic and limit lines coincide. This is not the 
case for the y = 0.5 streamlines, although the distance separating the two lines is quite small. A 
similar behavior is evident in Figure 7.5 in the region where the sonic and limit lines are nearly 
tangent to each other. 

The arrows in Figures 7.7(a, b) show the direction of flow. As expected, in the physical plane 
the subsonic flow converges. In accordance with Figure 7.6, the asterisks on the streamlines are 
even closer to the limit line than in the hodograph plane. Recall that any two streamlines can be 
used as walls. For instance, we have flow in an asymmetric duct if y = —1 and y= 0.5 are used 
as the bounding walls. 





* T am indebted to Dr. H.-K. Park for the computations and the associated figures. 
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FIGURE 7.7 Hodograph (a) and physical (b) planes when m = 2, y= 5/3, n = -0.5907, and ô= -1. The flow 
is largely subsonic; the asterisks mark where T= 7”. 
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FIGURE 7.8 Hodograph (a) and physical (b) planes when m = 2, y = 5/3, n = -0.5907, and 6 = 1. The flow 
is supersonic. 
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Figures 7.8(a,b) provide the corresponding 6 = 1 supersonic solution. The streamlines now 
originate at the limit line. In the physical plane, the y = +0.5, +1 streamlines are slightly curved. 
The flow is nearly a source flow. 

Some care must be exercised when this procedure is used. For example, the ô= -1, y= -1.36 
streamline results in a consistent solution that is not cut by a limit line for Tin the range 0 < T< 0.75. 
The solution terminates before 7 = 0.8 is reached because the Icosn6| € 1 condition is violated. On 
the other hand, the adjacent y = —1.35 streamline is cut twice by a limit line. 

Other solutions with noninteger n values can be constructed; e.g., 


w=A+B0+ Act’ F(-2, b,;c.;t)cosn, 0 A t" F(—2, b_:c_;t)cosn_9@ (7.58a) 


Similarly, different integer m values can be used, such as 


V = A T" F(—m, b,;c,0) cosn9- A T? F(-m;, by;cy;t) cosn;0- - — (7.58b) 


where each n; represents an n, or an n_ value. Based on our experience in generating the solutions 
shown in Figures 7.7 and 7.8, this approach is especially amenable to computer analysis. As 
previously noted, it is an inverse method in which we start with a solution and hope to find a useful 
flow field by choosing wall and/or symmetry plane values for y. 


7.6 ROTATIONAL FLOW 


Section 7.1 pointed out that the hodograph transformation does not necessarily require irrotation- 
ality. To significantly broaden the scope of the theory, we do not assume an irrotational, homener- 
getic, or homentropic flow. A steady, two-dimensional or (for the first time in this chapter) axisym- 
metric flow of a perfect gas is assumed. In this circumstance, the Euler equations can be written as 


n. + p(u, t vy) + ae =0 (7.59a) 
p = +p, =0 (7.59b) 

P > + py = 0 (7.59c) 

2 [5] m (7.59d) 


where y is the radial coordinate when the flow is axisymmetric (o = 1) and 


Because h, and s are now only constant along streamlines, the homenergetic relation, Equation 
(7.52), is replaced with that for a constant entropy along streamlines. For a perfect gas, this relation 
is written as Equation (7.59d). 
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ROTATIONAL HODOGRAPH TRANSFORMATION 


Instead of w and 0, it is simpler to use u and v as the independent coordinates. For the dependent 
coordinates, we will ultimately utilize x,y, and the speed of sound a. Consequently, the final system 
of hodograph equations will consist of three PDEs. As in Section 7.2, it is convenient to use Jacobian 


theory for the transformation. Hence, we have 
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SLE DEI 
Yu v Xu Xy 
with similar equations for the other derivatives, and where 
A = uy,- VX, 
B = uy,-VXx, 
We thus obtain 
Aip oi 


+x, +t y, + — = 
y 

PA+YyPu-YuPy = 9 

PB + X,Pu-XuPy = 0 


p 4» "p 


(7.60) 


(7.61) 


(7.62a) 


(7.62b) 


(7.63a) 


(7.63b) 


(7.63c) 


(7.63d) 
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These equations are in the hodograph form but use p, p, x, and y as the dependent variables instead 
of the desired choice. 
Equations (7.63b,c) for momentum are solved for p, and p,, with the result 


Py = - E (Ax, By,) (7.64a) 


P=- : (Ax,- By,) (7.64b) 


Along with a? = (y p/p), these are substituted into the entropy equation, to obtain 
A’x, - AB(x, + y) + B’y, + «(A a -B 2) -0 


The rightmost term is replaced with the aid of Equation (7.36a) and A? is replaced with 


2 2c 2.2 
A 2uy,-2uvy,x,tV x, 


with a similar replacement for AB and B?. After rearrangement and cancellation, we have 


2 2 2 2 
(xy, ES Xyy,y,)u T (—X4X,Y, * XQ, t YvYu — XuYuYy) UV 





2 72 
+ (—x,X,Y, sh xy, F a^ J(x, + yy) = ALAN T 0 
A J factor can be canceled, leaving 
ova J 
(à —v’)x, + uv(x, + y,) + (a —w)y, + = 0 (7.65) 


as the first of the x,y,a hodograph equations. This relation is nonlinear because of the o term and 
the a? terms, since a is a dependent variable. 
The next equation stems from the substantial derivative of the stagnation enthalpy: 


Dh, _ 1 p dN a 1,2 29L 
» ae alee een 





where h, may vary from streamline to streamline. This relation yields 


LINE i UN VM E RAT 


a a 2g. 


A 





With the aid of Equation (7.65), we obtain 


2 2 2 ovj 
Au-— Bv = u y,- Uuvx,—Uvy, +V x, = a | X, y, + — 
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or, more simply, 


AS pity T's, ex «S =0 (7.66) 


a a 2 


for the second hodograph equation. 
We next cross-differentiate Equations (7.64), to obtain 


S SID 


2 Ps _ 1) A - 
Pou = P [Gy -Ax (Br) es Avs) + Byn Ax] 


2 7 a_t) A » 
Pov = P [Gy Ax) (B - 5) os Ava) + Byw An] 


We equate p,,, with p,,, with the result 
(By, - Ax) (2-2) - (By, - Any) (Bi - 5) + Go Ae) - s n A) = 0 
or 
(s, «Jj A) (Ax, - By,) - (^. age Pe) (As, -By,) = D (7.67) 


where 


D= JCA,x, — B,y, — AX, * B,y,) 


EJ (x, + yy (x, us y,)J * {Lv T (x, aa Yu)Yuv E Wun lu Ed [x,X,,— (x, * Vu) Xuv + VXuulvtt 


To eliminate the density, we first differentiate the equation for the speed of sound with respect to 
u and v: 


2 


p, = © p, += paa, 
yoy 
pes ate 
port 


These are combined with Equations (7.64), to obtain 


Pu _ a, Y 

^a = Sb a T) 
Pv _ 

-J— = 2 eL (Ax, - By,) 


p 
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which are used to eliminate the density terms in Equation (7.67). In addition, Equation (7.60) is 
differentiated with respect to u and v in order to eliminate J, and J,. We thus obtain for the third 
hodograph equation 

Jo[x,(Ay,, - By,,— J) * y, (Ax,, - Bx,, — J)] 


+ (Yn - x)(Ax, — Bx) — G5 - uy) Aya, - BY yy) 





a, a, 
+2] (Ax, - By) S (Ax, - By) 2| = 0 (7.68) 
where the vorticity is 
1 
@ = v,- u, = qj 79 (7.69) 


IRROTATIONAL LiMiT 


Equations (7.65), (7.66), and (7.68) are coupled, nonlinear equations for x, y, and a. These three 
equations, or Equations (7.63), are simply alternate versions, within the context of their assumptions, 
of the Euler equations. A method for obtaining solutions for either system is discussed in Section 8.5. 
The equations, however, should reduce to a simpler form if the flow is irrotational. From Equation 
(7.69) this occurs when 


X E (7.70) 
Equations (7.65) and (7.70), in conjunction with 


Dh, 
JP = Ahu- Bh, = 0 (7.71) 





yield Equation (7.66) (see Problem 7.8). With Equation (7.70), Equation (7.68) simplifies to 





(Ay, - By,)a, - (Ax, - By,)a, = 0 
which further reduces to 
va,—ua, = 0 
The general solution of this PDE is provided by Appendix E as 
a = au +v’) = a(w) 
With the definition 


2 
a 1,2 2 a 


w (7.72) 
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and Equation (7.71), we readily obtain 


Dwf da ,y-1 k 
oe (ase 2 w)=0 


for a(w). 

Consequently, there are two possibilities for the flow to be irrotational. First, if Dw/Dt = 0 one 
can show that the flow is a parallel flow or a potential vortex flow (Nemenyi and Prim, 1948). 
Neither of these flows needs to be homenergetic or homentropic. Alternatively, if Dw/Dt + 0 then 


da y-l _ 
a Tyt 2 w=0 (7.73) 


which implies that VA, = 0 (see Problem 7.8). Crocco’s equation for a steady, irrotational flow then 
yields Vs = 0. Hence, if the flow is irrotational and Dw/Dt # 0, it is also homentropic and 
homenergetic. In this circumstance, we can introduce a potential function by means of 


X= by y= 


and obtain the gas dynamic equation in the hodograph plane (see Problem 7.8) 


2 
ova ts _ 


9, 


(a-vo, + 2uvó,, + (à? -u o, + 0 (7.74) 





where the Jacobian is 


J= Pun Pvy — Pay 


In Equation (7.74), à? is provided by Equation (7.72) with h, as a constant. Thus, a single hodograph 
equation is sufficient when the flow is irrotational. This equation is nonlinear when o = 1 but is 
linear when the flow is two dimensional and o = 0. 


REFERENCES 


Abramowitz, M. and Stegun, I.A., eds., Handbook of Mathematical Functions, NBS Applied Mathematical 
Series 55, 1972. 

A Rafat, S., “Numerical Analysis of the Viscous Flow in a Supersonic Diffuser,’ M.S. Thesis, Embry-Riddle 
Aeronautical University, Daytona Beach, FL., 1994. 

Argrow, B.M. and Emanuel, G., “Computational Analysis of the Transonic Flow Field of Two-Dimensional 
Minimum Length Nozzles,” J. Fluids Eng. 113, 479 (1991). 

Chang, C.-C., “General Consideration of Problems in Compressible Flow Using the Hodograph Method,” 
NACA TN 2582 (January 1952). 

Chaplygin, S.A., “On Gas Jets,’ available as NACA TM 1063 (1944). 

Cherry, T.M., *Exact Solutions for Flow of a Perfect Gas in a Two-Dimensional Laval Nozzle;" Proc. R. Soc. 
London A 203, 551 (1950). 

Cole, J.D., “Drag of a Finite Wedge at High Subsonic Speeds,” J. Math. Phys. 30, 79 (1951). 

Emanuel, G., Gasdynamics: Theory and Applications, ALAA Education Series, Washington, D.C., 1986. 


The Hodograph Transformation and Limit Lines 229 


Emanuel, G. and Rodriguez, J., “Lense Analogy for Diffusers and Nozzles,’ University of Oklahoma, AME 
Report 98-1, 1998. 

Friedrichs, K.O., “On the Non-Occurrence of a Limiting Line in Transonic Flow,’ Commun. Appl. Math. I, 
287 (1948). 

Ho, T.-L. and Emanuel, G., “Design of a Nozzle Contraction for Uniform Sonic Throat Flow,” AJAA J. 38, 
720 (2000). 

Libby, P.A. and Reiss, H.R., “The Design of Two-Dimensional Contraction Sections,” Q. Appl. Math. 9, 95 
(1951). 

Lighthill, M.J., “The Hodograph Transformation in Trans-Sonic Flow. I. Symmetrical Channels,” Proc. R. 
Soc. London A 191, 323 (1947). 

Lighthill, M.J., “The Hodograph Transformation,” in Modern Developments in Fluid Dynamics, edited by 
L. Howarth, Vol. I, Clarendon Press, Oxford, 1953, Chapter VII. 

Mackie, A.G. and Pack, D.C., “Transonic Flow Past Finite Wedges,” Proc. Camb. Philos. Soc. 48, 178 (1952). 

Manwell, A.R., The Hodograph Equations, Hafner Publ. Co., Darien, CT, 1971. 

Molenbroek, P.,““Uber einige Bewegungen eines Gases mit Annahme eines Geschwindigkeitspotentials;" Arch. 
Math. Phys. 9, 157 (1890). 

Nemenyi, P. and Prim, R., “Some Geometric Properties of Plane Gas Flow,” Stud. Appl. Math. 27, 130 (1948). 

Nieuwland, G.Y. and Spee, B.M., “Transonic Airfoils: Recent Developments in Theory, Experiment, and 
Design;" Annu. Rev. Fluid Mech. 5, 119 (1973). 

Oyibo, G., “Formulation of Three-Dimensional Hodograph Method and Separable Solutions for Nonlinear 
Transonic Flows,’ AJAA J. 28, 1745 (1990). 

Pai, S.-I., Introduction to the Theory of Compressible Flow, D. Van Nostrand Co., New York, 1959. 

Ringleb, F., “Exakte Loesungen der Differentialgleichungen einer Adiabatischen Gasstroemung,” ZAMM 20, 
185 (1940). 

Rodriguez Azara, J.L. and Emanuel, G., “Compressible Rotational Flows Generated by the Substitution 
Principle, IL" Phys. Fluids A 1, 600 (1989). 

Shapiro, A.H., The Dynamics and Thermodynamics of Compressible Fluid Flow, Vol. IL, John Wiley, New 
York, 1954, Chapter 20. 

Spanier, J. and Oldham, K.B., An Atlas of Functions, Hemisphere Publ. Co., New York, 1987. 

Vincenti, W.G. and Wagoner, C.B., “Transonic Flow Past a Wedge Profile with Detached Bow Wave — General 
Analytical Method and Final Calculated Results,’ NACA TN 2339 (April 1951). 


PROBLEMS 


7.1 (a) Assume a perfect gas and determine A and B in Equation (7.16) for the 
Kármán-Tsien approximation. 
(b) Assume a van der Waals gas with constant c, and repeat part (a). Utilize reduced 
variables and the relations in Problem 5.18. 

7.2 Derive the equations equivalent to Equations (7.15) and (7.21) using a potential function 
$ instead of y with w and 0 as the independent variables. 

7.3 For the nondimensional compressible Ringleb solution, derive the result that the normalized 
y equals [(y + D/(y — 1)]'” for the streamline tangent to the sonic line (on the u-axis), 
(y + DI8(y — DI"? for the streamline tangent to the limit line, and 1 for the streamline 
tangent to the T= 1 circle (on the z-axis). 

7.4 With y = 7/5, determine for the nondimensional compressible Ringleb solution the y value 
where the sonic and limit lines are tangent to each other. Determine the x (with x > 0) 
and y values for the peak point on the limit line. What is the value of M at this point? 
What is the maximum value of the Mach number on streamline B in Figure 7.6? 

7.5 Consider Equation (7.53) with n = 1 and y = 7/5. 

(a) Determine a, b, c, and the first four terms in the Equation (7.50b) expansion for 7(7). 
(b) Obtain the hodograph equations that relate x and y to T and 0. Note that Equations 
(7.55) do not hold when n = +1. 
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7.6 


7.7 


7.8 


7.9 
7.10 


7.11 


7.12 


7.13 


7.14 
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(a) Derive the y, and yg counterparts to Equations (7.54) for the Equation (7.53) stream 
function. 

(b) Utilize Equation (7.56), y = 2, m = 1, and the n, root to determine x and y as 
normalized functions of T and 0. 

(c) Start with the results of part (b) and determine 0, and y, as functions of Tẹ for the 
limit line. 

(a) Determine the solution to Equation (7.48) when n - 0. 

(b) Compare this result to Equations (7.50) and (7.51). 

(c) For the rest of this problem, use the part (a) result with y = 3/2. Write y as 


y = BO+yX, 


and determine x and y in terms of T and 0. Call the constants of integration x, and y,. 
(d) Determine the equation for the limit line in terms of Tẹ, 0, variables. Determine the 
equation for the limit line in the physical plane. 
(a) Show that Equations (7.65) and (7.70) yield Equation (7.66). 
(b) Show that Equation (7.73) implies Vh, = 0. 
(c) Derive Equation (7.74). 
Under what conditions can the method of characteristics be used to solve Equation (7.74)? 
Define a nondimensional potential function and a nondimensional stream function by 
means of 


p c p o 
x = Wi x, = —7— WX», x = TW Xx 
dx, V. p, m Wr, pem 


where the x; are normalized with a characteristic length and the flow speed with the 
stagnation speed of sound. Assume a perfect gas, use t and 0 as the independent variables, 
and obtain the counterpart of Equations (7.12) that holds for both two-dimensional and 


axisymmetric flows. 
(a) Show that 


YxVo— YoW, 
Y«Vo— XgV; 


= tanO 


(b) Verify that Equations (7.23) satisfy this relation. 

(a) Determine the general solution to Equation (7.48) when n = —1, where this solution 
contains two constants of integration. 

(b) Combine the part (a) solution, using the cos 0 form, and Equation (7.47) to obtain an 
equation for the stream function y that contains four arbitrary constants. Demonstrate 
that y satisfies Equation (7.21). 

(c) Utilize Equation (7.23) to obtain x and y as functions of T and 0. 

(a) Determine the equation for the Mach number on the limit line, M,,, when the flow 
in Problem 5.21 has a limit line, where M, is defined in Problem 5.8. 

(b) Show that M,, is finite and is greater than unity. 

(a) Utilize the theory in Section 7.2 to determine a polynomial equation for the Mach 
number, M * on the limit line in terms of yg and y,. Check this result by seeing if 
it is consistent with the compressible, limit line, Ringleb result. 

(b) Use the relation given in Problem 7.11(a) to obtain an equation for the streamline 
angle 6, at the limit line, in terms of x,, xg, Yr ye, and Te. 

(c) With y = 1.4 and w= 0.9, determine the Ringleb solution limit line values for M, 
x, y, 0, and the Mach angle u. 
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7.15 Consider steady, irrotational, two-dimensional flow of a perfect gas in a symmetric 
converging/diverging nozzle. Let x and y be dimensional Cartesian coordinates, where X 
is along the symmetry axis and is measured from the point where the velocity is sonic. 
Also let y be zero on the symmetry axis and note that y is an antisymmetric function 
of 0. Consider only the upper half of the nozzle. Normalize p and p with their stagnation 
values, all speeds with a,, lengths with s* [which is the (unknown) arc length of the 
sonic line measured from the symmetry axis to the wall] and the stream function with 
ügs* [2/Cy + 1)]9*/20-01, 

(a) Simplify Equation (7.49) to account for the symmetry and centerline conditions. 
Sketch typical streamlines in a nondimensional u,v hodograph plane for the upper 
half of a nozzle whose inlet and exit conditions are uniform. 

(b) To simplify the algebra, replace the infinity in Equation (7.49) with unity and assume 
y = 1.5. Determine the equations for the inverse transformation. 

(c) Determine the equation for the limit line. Determine B,, f(T), and g(7) such that the 
sonic line and limit line pass through the origin of the x,y coordinate system. 





8 The Substitution Principle 


8.1 PRELIMINARY REMARKS 


Previous to the application of the substitution principle, exact rotational solutions of the Euler 
equations were rare (or nonexistent). Such solutions are therefore of intrinsic interest, particularly 
when they are simple and represent extensions of well-known irrotational flows. These solutions 
are obtained by means of the substitution principle, which holds for the three-dimensional, steady 
Euler equations with no body force and where the gas is perfect. Moreover, the flow field may be 
subsonic, transonic, or supersonic and may contain shock waves, contact surfaces, and slipstreams. 
In brief, the principle enables us to transform an irrotational, homenergetic, and homentropic flow 
field into one that is rotational, nonhomenergetic, and nonhomentropic. Both flows are exact 
solutions of the steady Euler equations. Generating rotational flows from irrotational flows is but 
one use of the principle. A number of homework problems illustrate alternate applications. 

Our focus is on compressible flows where rotationality is often important. The principle, 
however, has been used in atmospheric studies (Yih, 1960) and in studies of incompressible stratified 
flows. A stratified flow occurs, for example, when fresh water mixes with the higher-density salty 
ocean water. It is also utilized in Chapter 23, which deals with second-order boundary-layer theory. 

The principle was first discovered by Munk and Prim (1947) and Prim (1952) and later 
rediscovered by Yih (1960). Our presentation, however, is primarily based on Rodriguez and 
Emanuel (1988, 1989), since these authors are the first to systematically apply the substitution 
principle to a compressible flow. 

Aside from the substitution principle, a unifying feature in the analysis is the ability to have 
an arbitrary variation, transverse to the streamlines, of the stagnation enthalpy in the transformed 
flow. Such a variation, for example, may stem from nonuniform combustion or heat addition. This 
type of heat addition process occurs in jet engines, ramjets, scramjets, and chemical or gas dynamic 
lasers. The heat addition process in these devices is invariably nonuniform, and the downstream 
flow is not homentropic or homenergetic and is rotational. The analysis of the downstream flow is 
of interest, since it may be passing through a gas turbine or a propulsion nozzle. 

In the next section, we provide the transformation, discuss invariance under it, and establish 
the reason for the perfect gas restriction. The section also provides the corresponding transformation 
for the vorticity. The next two sections deal with applications, first to a parallel flow and then to 
Prandtl-Meyer flow. Other applications are briefly mentioned in the Prandtl-Meyer flow section. 
The final section applies the principle to flow in the hodograph plane; it represents a continuation 
of the analysis in Section 7.6. 


8.2 TRANSFORMATION EQUATIONS 


We start with the steady Euler equations in the form 


ap Ow; _ 
"ao P Oe, TUS) 
Ow; gp _ Ti 
Pw; Ox, dx, = 0, t= 1, 2,3 (8.1b) 
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oh op 


pw; 7 iem =0 (8.1c) 
where Cartesian coordinates are used and Equation (8.1c) stems from Equation (2.39). This particular 
form of the energy equation is being used because a perfect gas is not yet assumed. We presume 
there are two distinct solutions of Equations (8.1), one of which is referred to as the baseline 
solution and is denoted with a subscript b. No special symbol denotes the second solution; it will 
be referred to as the transformed solution. In this section, either solution may be rotational or 
irrotational. 

The two solutions are presumed to be connected by means of a transformation of the dependent 
variables given by 


p= A pss p- i” Ps h=A°h,, w= A" wy (8.2) 


where the c; exponents are constants that are to be determined and A is an arbitrary function. Upon 
substitution of Equations (8.2) into (8.1a), we obtain 





C4 €5 Op, €5-1 Oa € C4 wy | =l 9A 
A (A àx; *coÀ p, a) +A pi(A Ox, ch" Wii gy s) = 0 


or, after simplification, 








9p, OWyN | C3 C4 OA\N _ 
(v Wpj Ox, + Pp ax, ) i Pow.) = 0 


The terms within the leftmost parentheses sum to zero, since these terms satisfy continuity for the 
baseline flow. Thus, for the transformed variables to represent a solution, we require that 


DA. Oh = E 2 aa 


Hence, À is a constant along streamlines in both flows, although we anticipate that it will vary from 
streamline to streamline in the transformed flow. The possibility of 


Co + C4 = 0 


is ruled out by the analysis in the next paragraph. 
The same procedure is applied to Equation (8.1b), with the result 


=c] * 63204 OW; op -cı +c) +2c4-1 QA Cy or E 
(a Pow 1 Ox, + a). cy PW oi (vw ax) Ea Peay. = 0 


The terms within the first set of parentheses sum to zero, providing 


—C,+c,+2c, = 0 (8.4a) 
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The term within the second set of parentheses is zero in view of Equation (8.3), while the last term 
requires that 


c, = 0 (8.4b) 


With c, = 0, Equation (8.1c) becomes 


A955 oh, OP, a ga ta p 2d -0 


bWbj Ox, — Ubi gy. MES 
which now utilizes Equation (8.3) and requires that 
C+c, = 0 (8.4c) 
Equations (8.4) summarize as 
ey =0, c,-2-2c«, cy = 2c4 
The exponent c, is arbitrary; a convenient (nonzero) choice is !/». We thus obtain 
Pp. pA py, h= Ah, w,-2A"w, (8.5) 


Hence, any baseline solution can be used to generate a new, one-parameter family of solutions of 
the steady Euler equations providing A satisfies Equation (8.3). The transformation provided by 
Equations (8.5) is referred to as the substitution principle. 

We can show that this transformation satisfies the properties of a mathematical group (Carmichael, 
1927), where À is the continuous parameter of the group. For instance, the identity transformation 
is provided by A = 1, while the inverse transformation is obtained by replacing A with A~. Clearly, 
this transformation differs from the hodograph transformation, which involves the independent 
variables and is usually intended to obtain linear equations. The two transformations, in fact, are 
quite compatible with each other, as will become apparent in Section 8.5. 

Equations (8.3) and (8.5) leave the steady Euler equations invariant. It is a simple matter to 
show that shock wave jump conditions are also invariant. For example, since h, is constant across 
a shock, we have 


1 1 
hyo + 5 Wis = hy, + 51 


for the baseline flow, which transforms to the jump condition 


1 1 
hy +5 W2 = ht wi 


in the new flow. 
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Gas MODEL 


We need to determine the thermodynamic gas model that is consistent with Equations (8.5). We note 
that the enthalpy can be considered as a function of the pressure and density. Hence, we can write 


h(p, p) = Ah, E Ah(p;, Po) a Ah(p, Àp) 


or 


h(p, Ap) = A" h(p, p) (8.6) 
Thus, / is homogeneous (Emanuel, 1987) of degree —1 with respect to p. This means that it satisfies 


an Euler equation [which is a mathematical equation that has nothing to do with Equations (8.1)] 
of the form (Emanuel, 1987) 
oh 
pal) ares | 
i (55) 


where the subscript indicates the state variable held fixed when performing the partial derivative. 
[Euler's equation is obtained by differentiating Equation (8.6) with respect to A and then setting 
A= 1.] This relation is integrated, to yield 


In h = -ln p * In P(p) 


or 


(p) 
k= (8.7) 
p 
where P is an arbitrary function of integration. 


When the enthalpy is a function of the entropy and pressure, it is called a potential function 
(see Section 3.3). In this circumstance, we can write 


h = h(s, p) 
_ (ah dh (8.8) 


By comparison with Equation (5.25a), which is a general thermodynamic relation, two state 


relations are obtained: 
T= (25) a be (2) (8.9a,b) 
S p P P s 
The density is eliminated from Equation (8.7), with the result 


Ss 
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This relation is also integrated, to yield 


Bi ee E 
P(p) 


where S(s) is another arbitrary function of integration. We thus obtain 
dp 
h = S exp P = P(p)S(s) (8.10) 


where P(p) replaces the exponential factor. Observe that h = Ah, requires the homogeneity condition, 
which in turn requires that the potential function for h be a separable product, in contrast to the 
more general relation, Equation (8.8). The two state equations now have the form 


T = PS’, 5 = P'S (8.11a,b) 


where a prime denotes differentiation with respect to the argument of the differentiated variable. 
Equation (8.112) is a caloric state equation, while the other is a thermal state equation. 
Equation (8.10) has a useful implication for the specific heat c,, which is given by 














oh Hh s = (5) S' 
o(s, p) (5 ) 


where Equations (8.10) and (8.11a) are utilized, and c, is a function only of entropy. 

We next examine the possibility that a thermally perfect gas, p = pRT, can satisfy Equations 
(8.10) and (8.12). For a thermally perfect gas, we know that the specific enthalpy is a function only 
of T. Consequently, c, is also a function only of T. By Equation (8.11a), however, T is a function of 
both pressure and entropy. On the other hand, Equation (8.12) requires c, to be a function only of 
s. This dilemma is resolved by requiring c, to be a constant; i.e., we also have a calorically perfect 
gas. In other words, the assumption of a thermally perfect gas in conjunction with Equation (8.10) 
implies a calorically perfect gas. [From Equations (8.11), we might presume P - 1, but this results 
in p = ee.] 

We must still show that a thermally and calorically perfect gas is consistent with Equation 
(8.10). For this type of gas, we know that 





S-S T Wy-1) Pp 
bos m) 2r] (8.13) 
R T, p 
and 
h=c,T 


p 


where the r subscript denotes a reference condition. By eliminating T, we obtain 


(y- lly = M 
t «(074052 55 un 


which indeed is consistent with Equation (8.10). 
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Equation (8.10) and, consequently, Equations (8.11) are required by the substitution prin- 
ciple when applied to the Euler equations and the shock jump conditions. However, virtually 
all well-known and not-so-well-known thermal equations of state, such as a virial equation, van 
der Waals equation, or the Clausius-II equation, do not fit the form of Equation (8.11b); the 
one notable exception is the equation of a thermally perfect gas. For all practical purposes, the 
substitution principle for a compressible flow is therefore restricted to this gas. In view of this 
and Equations (8.5), we see that the gas is also calorically perfect and has constant values for 
its specific heats. 


Discussion 


The speed of sound can be evaluated, with the aid of Equation (8.11b), as 


2 2) 1 P’ P'(py) 2 
a = -——— = -= = SS, = —A ——M— = A 

5 s p SP” pP p,P^ (p) P 
As a consequence, the Mach number transforms as 


2 2 
M=2= Aws = M? (8.15) 
a Aa; 


This result is also obtained by utilizing the perfect gas equation, a? = (yp/p), for the speed of sound. 
Both the pressure and Mach number therefore are invariant under the transformation. Additionally, 
the stagnation pressure, given by 


M yi 1) 
Do »(1 + rw) 


is invariant. Hence, if p,, is a constant in the baseline flow, then p, is the same constant in the 
transformed flow. 

Since A is a constant along streamlines of a steady Euler flow, it may be a function of s, h,, 
and any other stagnation quantity, such as p,. If the baseline flow is homentropic, then p, is not a 
suitable choice for A, since it is the same constant in both flows. Aside from s, h,, Po, ..., A can 
also be a function of a stream function when the flow is two dimensional or axisymmetric. 

For our purposes, the most convenient choice for A is 


=> 


A= = (8.16) 


=> 
S 
> 


where h,, and h, are constant along streamlines in the baseline and transformed flows, respectively. 
This form for À is chosen because h, is constant across shock waves, À is positive and nondimen- 
sional, and it can be used with three-dimensional flows. 

With A given by the above equation, other quantities that are constant along streamlines can 
be found. Although T is not constant along streamlines, we have 


Rp Rp, i 


The Substitution Principle 239 


With Equations (8.13), (8.16), and the above, we obtain for the entropy, which is constant along 
streamlines, 








R T XI. nl 


r 


or 


jen i. d (8.17) 


Even if the baseline entropy is a constant, the value of the transformed entropy changes from 
streamline to streamline. The transformation for a stream function, y, assuming a two-dimensional 
or axisymmetric flow, is obtained as follows: 


W = -pvy,, Wy, = puy? (8.18a,b) 


y,dx + ydy = — pvy°dx + puy°dy 
A? C p,v,ypdx,, * pyusysd ys) - A "y, 


d 
id (8.19) 


where 


X= Xp, Y= Vo 


as discussed in the next paragraph. 

Since streamlines are determined by Equation (1.21b), we see that they are invariant under the 
transformation. Because Mach lines are at the Mach angle u, with respect to the streamlines, they 
too are invariant. The substitution principle preserves the geometry of the flow field, and wall 
locations, shock shapes, and slipstream locations are unaltered. For instance, if the baseline flow 
involves Mach waves that (do not) coalesce to form a shock wave, then the new flow field will 
similarly involve Mach waves that (do not) coalesce. Since the pressure and wall geometry are 
unaltered, so are all inviscid forces and moments. As we will see in later sections, the principal 
difference between the two flows is in their rotationality. 

Since the inviscid forces and moments are invariant, the substitution principle would appear to 
be of no utility. This is not the case, because the skin friction and wall heat transfer are altered by 
nonzero values for the vorticity and the gradient of the stagnation enthalpy, both evaluated at the 
wall. Chapter 23 discusses the reasons for this and how to determine the heat transfer and skin 
friction. 

The physical notion behind the substitution principle is that there is a degree of freedom between 
adjacent streamlines in a steady Euler flow. This freedom is evident in the inviscid flow about a 
cylinder (Section 1.2), or any body shape, and is especially evident in Problem 5.22. Thus, a steady 
Euler flow is not unique unless upstream (or downstream) conditions are prescribed. This freedom, 
e.g., is not present in a viscous flow. 
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VoRriCiTY TRANSFORMATION 


Because of its central role, it is appropriate to derive several transformation equations for the 
vorticity. We thus have 





à = Vx = Vx (Aw) = (VAN?) x + AV x W, 





= die ; L AX (8.20) 


n 
A 


where VA x », represents a vector that is perpendicular to the streamlines. The component of à 
along the streamlines is obtained by multiplying Equation (8.20) with W, with the result 


> > 
Wp :0-— Aj, * Wb 
Thus, the component of à along the streamlines equals that of à, when Ò, is multiplied by A!?. 
A particularly elegant formula can be obtained when the flow is two-dimensional or axisym- 


metric. We start with Equation (7.69) 


_ dv Qu 


~ dx oy 


which becomes 





Av) aA" u) a = 1 ( A 21) 
= ——— -— =- A- V, =— -Up= 
ox oy 2A "ax oy 


ox dy 
deum) 
2412 b Jy ^gy 


1/2 
A @, + 


With the aid of Equations (8.18), we have 


9E - OR OW. eA. ı o OA 
dx T Oy de PY 3y = C 4nP" Oy 
QÀ daw | ag A _ 1 o OA 
0 pos CCP S ee oa 


Consequently, we obtain 


did alt CL - dy? On . PLA zu wi coà 
= b 54 P» p — Up) Jy ~ b 77°? bY Jy 
c» qui. Ata p À 2 
= “0, 5PM F du (8.21) 


It is worth recalling that pM?y? is invariant under the substitution principle. Hence, it is a simple 
matter to evaluate the vorticity of the transformed flow for a known two-dimensional or axisymmetric 
baseline flow. This vorticity may have a baseline contribution plus a contribution associated with the 
transverse gradient of A. 
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8.3 PARALLEL FLOW 


A parallel flow is one in which the x, coordinate can be aligned with the velocity. This type of 
flow may or may not be uniform. In any case, we have 


w, = wz = 0 


and Equations (8.1) become 


CPi x War a 
NoI OM 
Ow, gp _ Op Op. 
PM Oe On Bay Om S 
oh op _ 
P Oe, ox, 


As shown by Problem 5.4, the general solution of these equations can be written as 


pw; = fi(x» x3) 
p = p(x) 
P *pwi = f(X» x4) 


where fi, f;, and p(x,) are arbitrary functions of integration. (Integration of the energy equation 
yields a result that is not needed in the analysis.) 

Before proceeding, we discuss why we are interested in a parallel flow. This type of flow 
represents the uniform upstream flow for most of the well-known irrotational solutions of supersonic 
gas dynamics. These include Prandtl-Meyer flow, flow with an oblique shock wave, and flow about 
a cone (Taylor-Maccoll flow). Thus, for a vortical flow, the counterpart of a baseline uniform flow 
is a nonuniform parallel flow. In the cases to be discussed, the uniform baseline flow field is either 
two dimensional or axisymmetric. Hence, this and the next section assume a parallel flow that is 
adjacent to a planar wall or that has an axial symmetry axis. 

We therefore assume a baseline parallel flow that is uniform; i.e., 


Pp = Por Po = Po. M, = Mo, Up E Wo, Vy = 0 


where the infinity subscript denotes a constant freestream parameter. For A, we use Equation (8.16), 
where 


-Y Pe ly -X Be 
Nop = y- 1 p- 5b 2 Wee y- 1 X X. (8.22a) 
h= ho) se 2e qe. (8.22b) 





242 Analytical Fluid Dynamics 


and X is defined by Equation (5.42). Because of their invariance, p. and M,, replace p and M in h,. 
Once À (y) is prescribed, h,(y) and therefore p(y) are known. This density result, of course, agrees 
with that provided by Equations (8.5), which can be used to determine T(y) and w(y). Consequently, 
A(y) provides a one-parameter family of two-dimensional or axisymmetric parallel flow rotational 
solutions of the Euler equations. 


STREAM FUNCTION, STAGNATION ENTHALPY RELATION 


While we have considered h, as a function of y, it is essential for the subsequent applications to 
evaluate h, in terms of y, or vice versa. The reason for this is that both h, and y are constants 
along streamlines. A relationship such as 


h,=h(y) or w= Why) (8.23) 
then holds throughout the flow field, including across shock waves. We thus evaluate one of the 
equations in (8.23) in the upstream parallel flow but continue to use this equation throughout the 


nonparallel, downstream flow field. 
We start with Equations (8.18), with the parallel flow result 


y, = 0 





E Ngo. 
W, = pwy =A 2 owy? = (5 


where 





a 1/2 1/2 X 1/2 
isse [ets Boe (e ean (3 


We thus have 











dy E E. ) y 
T = yp.M (5 NS (8.242) 
or 
X 1/2 py y'dy 
= yp-M.( ) Í (8.24b) 
£ Y-V Joh O) 


where y is measured from the planar wall or the symmetry axis, where y is zero. While these 
relations require a parallel flow, once the integration is performed, y can be eliminated to yield one 
of the equations in (8.23), which then holds throughout the flow field. 


Example 


As an example, suppose we have a parallel flow with 


h, = h,(0)(1 +y)? (8.25) 
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where A,(0) is the value of h, when y = 0. Equation (8.24b) then yields 


X 1 1/2 
ypM(—= i ) In (1 4 y), 0-20 


Vy 





X 1 1/2 
- Yp-M t i ) [y-In(i+y)], o= 1 
We eliminate y by using Equation (8.25), to obtain the relations 
AW) 2 [Q-DhA( 7^ 
Z = » 
h, (0) eel X. | wr, o=0 (8.26a) 


v.) = Palo nz) Eaj e (hs) c-1 (826) 


that hold throughout the flow field. Since the baseline flow is irrotational, Equation (8.21) yields 





(8.27) 


With the aid of Equations (8.26), this becomes 
1/2 


X 


2 
oed EE MM 
for the vorticity of the transformed, two-dimensional or axisymmetric parallel flow. In this case, 
æ is a constant. Generally, the stagnation enthalpy distribution is arbitrary since h, can increase, 
decrease, or vary in a nonmonotonic manner with y. Consequently, œ can be positive or negative, 
depending on the sign of dh /dy. 


8.4 PRANDTL-MEYER FLOW 


For simplicity, the discussion of Prandtl-Meyer flow is restricted to a sharp expansive wall turn, 
as shown in Figure 8.1. Nevertheless, the theory applies directly to smoothly varying expansive or 
compressive wall turns. For the baseline case, the upstream flow is uniform with a supersonic Mach 
number M.. The leading edge of the expansion is a straight, left-running Mach line that has an 
acute angle U., which is the Mach angle, relative to the upstream wall. As shown in Figure 8.1, 
the expansion terminates at its trailing edge, which is a left-running characteristic, at the Mach 
angle LL», relative to the downstream wall. A subscript 2 denotes the uniform flow downstream of 
the trailing edge. The Mach number M, is given by the gas dynamic relation 


v(M5;) = vM.)* 0,2 Vo + 6, (8.28) 


where 0, is the positive wall turn angle and v is the Prandtl-Meyer function 


1/2 


v(M) = (c3) an [(Z r- D - an (M^ - 1)” (8.29) 


With homentropic relations, conditions downstream of the expansion are readily established. 
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leading edge 


trailing edge 








FIGURE 8.1 Nomenclature for a Prandtl-Meyer flow. 


IRROTATIONAL PRANDTL—MEYER FLOW 


For the rotational analysis, we will first need the baseline flow solution inside the expansion. Since 
the form obtained for the solution is not provided by other compressible flow texts, we proceed to 
derive it. This irrotational flow has a similarity solution that can be found in terms of an angle 7 
(see Figure 8.1). Thus, all flow properties are constant along ray b, which is an arbitrary Mach line 
inside the expansion. 

As 0, increases, the expansion fan broadens. This broadening is achieved by the trailing edge 
rotating in a clockwise direction. The previously existing expansion, before 0, increased, is unal- 
tered by the further broadening of the fan. We find the solution on ray b by considering an imaginary 
wall at an angle 0,, where 0, > 0,. For the flow with wall a, ray b is the trailing edge Mach line. 
Hence, we have 


v(M,) = v. * 0, 


and 


However, U, is also given by 
Hu, = &+7 


with the result 


ni 
M,) = v+u,- = v, t sin — — 
v(M,) = v. + Up= = v. sin wn 


For the actual flow, where the wall is at an angle 0,, the Mach number on ray b is provided by the 
same relation 


ke] 
M) = va + sin’ —- 
v(M) = v, sin 4f n 


where 7] is the angle the ray has with respect to the x-axis. 
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This is an implicit equation for M; a useful explicit version can be found by noting that 


u= sin v = cot (M^- 1) 


1/2 


and the trigonometric identity 
tan @+ cot à x 7 


which holds for any angle @. We thereby obtain 


7 y+? 4 A T m "n 
v(M) = (E) tan llo (M D tan (M? — 1) 
= v. «cot (M^ 1) ^ - 7 
Or 
x y-1 2 1/2 i (£z T ) 
tan eae b = (Gan) per (8.30) 


It is convenient to replace 7 with a scaled angular coordinate 


On the leading edge of the expansion we have z = 0 when M,, = 1, whereas z = 7/2 on the trailing 
edge when the trailing edge Mach number is infinite, regardless of the value of M... While n may 
be positive or negative, z is confined to the 0 to 7/2 range. 

With z, Equation (8.30) becomes 





M = 14 En ui (831) 


which is the sought-after relation for the Mach number inside the expansion. Other variables are 
now readily obtained, since the baseline flow is homentropic. For this, we write 


_ y-l,2 Yy-*l 2 iy 
doe M Ss (1+ tan“ z) = 2 


1 





2 
sec z 


Consequently, the pressure inside the expansion is 





-yl(y-1) 
p = p,X 0-0 = 26 l sec? 
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(A subscript b is not used on p, p,, or M, since these are invariant under the transformation.) On 
the other hand, p, can be evaluated in the freestream as 


p,-p xc-n0 
so that 
2 y yy-1) 
p= "(ZA X, COS z) (8.32a) 
Other baseline variables of interest are 
2 y yon 
Pa = P cos z) (8.32b) 
1/2 
N E cot [(2=) tan 1 -n (8.32c) 


u, = w, COSO = (v Z )Mcose 
Pp 


2 1/2 
= (-) a,..M cosÓ cos z (8.32d) 
2 12 
yy = (Ax) a, M sinO cos z (8.32e) 


Observe that a downward-pointing streamline has a positive (clockwise) angle 0 relative to the 
x-axis; this definition is consistent with 0, being positive. In view of Equation (8.31), all variables 
given by the above equations only depend on 1]. 


ROTATIONAL PRANDTL—MEYER FLOW 


With the use of Equations (8.5) and (8.16), Equations (8.32) are easily transformed, noting that 
p, M, 0, n, and z are invariant. Thus, p is given by 








"TENES _ Y DIAS 2 y MM 
p r3 À Po = nw? E y-1 h, (= 1^ cos z) 
or 
2. 
p | 1 ( 2 ee cog! 7 D, Abe 
Pepe Eo 6 2 y une 8.33a 
Pa yi ; Uy) Mem) 
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where h,, and p, are replaced by Equations (8.22a) and (8.32b), respectively. We similarly obtain 
for u and v 


1/2 


afa f= 
u = [2 254 h,( v)| M cos@ cosz (8.33b) 
y-1 1/2 , 
y2- [2 yel h,( v)| M sinO cos z (8.33c) 


As discussed in the preceding section, A, (y) is established in the upstream parallel flow. In contrast 
to the previous irrotational solution, this solution is not a similar one, since p, u, and v depend on 
both 7 and y. Note that by replacing h, with h,,, we recover the irrotational solution. 


VORTICITY 


We denote the variable vorticity of the upstream rotational flow as œ; it is given by Equation 
(8.27). Since the vorticity of the baseline flow is zero, the vorticity inside the expansion is provided 
by Equation (8.21) as 











= EN 21 dh, 
da uT 
which becomes 
de 2 2 E ytl, 2 n dh, 
Qo = I» 1 cos z) 1+ yc tan z h, dy (8.34a) 


with the aid of Equations (8.31) and (8.32a). A normalized vorticity is thus given by 





y - 1) 
ol (HH X.. cos? z) (1 + 2 : tan? z) (8.34b) 


and is displayed in Figure 8.2 for y= 7/5. This form is especially convenient, since it does not 
depend on A, (y), and basically represents the vorticity along a streamline inside the expansion. The 
leftmost point of each curve corresponds to the leading edge of the expansion, where @ = c... When 
the trailing-edge Mach number is infinite, we have @ = 0 at z = 90°. The curves have a maximum 
value that is greater than unity when M,, < 2/72, which stems from a multiplicative factor 


cos? z- hin (8.35) 


2y 


that appears in the equation for DoyDt (see Problem 8.1). In the narrow region between the curves 
labeled M„ = 1 and 2/2, w/q@,, is double-valued. One value corresponds to a solution where 
1 € M,, € 2:7, the other to a solution where M, is slightly greater than 22. 
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FIGURE 8.2 Normalized vorticity distribution for a rotational Prandtl-Meyer flow, y= 7/5. 


The vorticity of a fluid particle, as it traverses the expansion, may increase or decrease and 
may exhibit a minimum or a maximum value. These trends depend on the values of M. the trailing- 
edge Mach number, factor (8.35), and the sign of dh,/dy. 


OTHER SOLUTIONS 


Aside from a parallel flow and a Prandtl-Meyer flow, Rodriguez and Emanuel (1988) also 
consider two other well-known gas dynamic flows. One of these is the Taylor-Maccoll flow 
about a cone, which is further discussed in Problems 8.2 and 8.3. The other is a flow with a 
planar, oblique shock wave. When the upstream parallel flow is rotational, the vorticity goes 
through a jump at the shock, and the downstream flow is again a parallel, rotational flow. The 
ratio @,/@,, across a planar shock is also independent of h,; this ratio is exhibited in Figure 8.3 
for y = 7/5. The leftmost point on each of the curves corresponds to the shock becoming a Mach 
wave, while at the rightmost point, where the shock angle fj is 90°, the shock is normal to the 
flow. For relatively small shock angles, the freestream vorticity is amplified by the shock. At 
large M., values this amplification is quite significant. At large shock angles, however, the vorticity 
is attenuated by the shock. 

Suppose a parallel flow upstream of a curved shock is rotational. As we know, a curved shock 
generates vorticity, and the two effects act in combination. For a vorticity jump condition, we can 
utilize Problem 6.13. 

It is natural to expect that a transverse gradient in the vorticity upstream of a shock would alter 
the shape of the shock. This is not the case, however, if the upstream flow remains parallel. When 
there is a change in the shape of the shock, the upstream flow is no longer parallel. To the author's 
knowledge, experimental verification of the supersonic substitution principle has yet to be performed. 
It should not be too difficult to demonstrate the principle with a Prandtl-Meyer or planar oblique 
shock experiment. 
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FIGURE 8.3 Normalized vorticity distribution behind a planar shock, y= 7/5. 


8.5 ROTATIONAL SOLUTIONS IN THE HODOGRAPH PLANE 


Suppose we have a solution, such as Equation (7.29) or Equation (7.49), of the linear hodograph 
equations. As indicated in Section 7.6, an irrotational flow is a necessary condition for the linear 
hodograph equations. We now transform this irrotational baseline solution by means of the 
substitution principle 


XX, y-2y, a= A"a,  u2AT?u, v= Ay, (8.36) 
as applied in the hodograph plane. As before, the parameter A must satisfy 


DÀ . 
Dt 
or, in the hodograph plane, 
Ad, -BA, = 0 (8.37) 
where A and B are provided by Equations (7.62). The transformed result is an exact solution of 
Equations (7.65), (7.66), and (7.68), which are the nonlinear, rotational, hodograph equations for 


a two-dimensional or axisymmetric flow. If the baseline flow is in terms of w, T, and 0, then 
Equations (8.36) are supplemented with 


w-2A^w, tT=t, 0-290, (8.38) 
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IRROTATIONAL SOURCE FLOW 


To illustrate the method, let us consider two-dimensional supersonic nozzle flow between planar, 
diverging walls (Rodriguez, 1988). This is a cylindrical source flow in which fluid properties vary 
only with the distance r from the (apparent) source. This type of flow has a number of applications, 
including use in the design of minimum-length nozzles with a curved sonic line (see Section 7.4). 

The irrotational solution for a cylindrical source flow can be based on the area, Mach number 
relation of gas dynamics 


(y+1)/[2(7-1)] 
aei as» 
: 


where r" is the radius of the sonic line. This relation is to be used for the baseline flow in the hodograph 
plane, with x,y as the dependent variables and u,v as the independent variables. We begin by setting 


r 2 (4 1)/[2Cy71)] 

x =rcos@= M Akl cos 0 (8.402) 
r 9 (y+1)/[2(y-1)] 

y 2rsnó- T Akl sin 6 (8.40b) 


We obtain from Equation (7.71) 





= 1/2 1 
a = (y-1) ho=5W (8.41) 
so that 
w 1 w 
Mz=-- ——, —— 
1/2 12 
a (y- 1) (s. - 5) 
2 
and 
X= ho 
h m 
EO. 


With these relations and Equations (7.1), Equations (8.40) become 








(y-1)/[2(y-1)] 1 2 2 -1/(y-1) u, 
ueg [hoo 5 Gi vi s (8.422) 
Up V, 
-I/(y-1) 
» = CHE MT ng 2 oen] m (8.42b) 
u, + V; 


for the baseline flow, where 
9 \OFDIRG-DI 
) ; 


"E 
c=7- D" (n 
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is a constant. In these hodograph equations, there is no dependence on the speed of sound, since 
h, is a constant. 


ROTATIONAL SOURCE FLOW 


With Equations (8.16) and (8.36), the rotational form of Equations (8.42) is obtained. The rotational 
equations, however, are identical to Equations (8.42) but with the subscript b deleted. The parameter 
A does not appear because x and y are invariant under the substitution principle. Nevertheless, in 
the rotational solution, h, is not a constant but is a function of the stream function y. In a rotational 
source flow, y is proportional to 0, which equals tan-!(v/u); hence, h, is an arbitrary function of v/u. 
As seen from Section 7.6, the rotational solution may involve the speed of sound, which is given 
by Equation (8.41), with u? + v? replacing w? and h,= h,(v/u). 

To evaluate the Jacobian of the transformation and the vorticity, we will need the derivatives 
of the coordinates. From Equations (8.42), with the subscript b deleted, we have 








y+ 1 Nou h-u 2u 


Yy LY: 
2(y-1) h 2 2 
(y ) h, ( bas. 5 GP v) u +v 








with similar relations for x, and y,. Equation (7.60) then yields for the Jacobian (Rodriguez, 1988) 





yt+1 NP 
F (u +v) 
quos Sow ycdyo (8.43) 


LEE ee jac +v’) 
Equation (7.69) provides the vorticity 


y+1 
- = h.— 
Ch »lI2(y-1)] o 2(y- 1) 


Du? +v’) [hy — 5a ^| 


ae + v’) 


Waa 





hoy — Vhon) (8.44) 


where the substantial derivative of h, 
uh,, + vh, = 0 


is used to simplify this result. The vorticity can also be derived from Equation (8.21). 
Observe that when h, is a constant, @ is zero, as expected. From Equation (8.43), we see that 
J # 0 for either the transformed or baseline flows, except when x or y is zero or 


y+1 


De £29 
°~ Xg-1) (u +v’) 
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which occurs when M = 1. In addition, J is infinite when u or v is zero or M is infinite. On the 
sonic line one can show that the acceleration is infinite (see Problem 8.5); hence, it is a limit line. 
The other zeros or infinities of J cause no difficulties. 

Although some variables, such as p, p, and M, depend only on r, the irrotational solution is 
not a similarity solution in the hodograph plane, since x and y depend on both u and v. Consequently, 
the irrotational source-flow solution is not a missing solution in the hodograph plane. Similarly, 
the rotational solution is also not a missing solution. 
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PROBLEMS 


8.1 (a) Assume a two-dimensional or axisymmetric flow and derive the vorticity relation 


Do in DO, oD 1 dÀ 
Dt FA Dt E sao") jp e» d 


The ov term represents the vortex stretching (or compression) by the radial compo- 
nent of the velocity in order to keep the strength of a vortex tube constant as its 
cross-sectional area changes. 
(b) Apply this result to the Prandtl-Meyer flow, thereby obtaining the factor (8.35). 
8.2 Taylor-Maccoll flow is a steady, super- y 
sonic flow about a cone at zero angle 
of attack with an attached conical 
shock. For the baseline flow, the 
upstream flow is uniform and the flow 
downstream of the shock is homen- 
tropic, homenergetic, and only depends 
on the angle n, as shown in the sketch. 
Assume the baseline flow field is fully 
known. In order to apply the substitu- — ,, 
tion principle to the flow, assume h,(y) — —- 
is known in the freestream flow. 
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8.3 


8.4 


(a) Determine the vorticity @,(y) and the dyw/dy equation in the upstream flow. 

(b) Determine the equation for y/y, for a streamline, in terms of a quadrature, for the 
flow downstream of the shock. The ordinate y, is the y value at the shock, while y 
is downstream of the shock; both values are for the same streamline. 

(c) Derive the equation for o (1], y) for the flow downstream of the shock. 

(a) Utilize the material in Problem 8.2 and determine the vorticity @(y) on the surface 
of the cone. The solution o (1], y) of Problem 8.2 is singular on the surface of the 
cone, where both 7 and y are zero and cannot be used. 

(b) Use conical flow tables or figures, such as in Ames Research Staff (1953), and the 
conditions 


y=14, M.-3, p.-latm ß = 35.6° 


to evaluate œ/x on the surface of the cone when the nondimensional variation of h, 
in the freestream is 


h,=1+y 


Use the results of Section 8.3 to consider a parallel, rotational baseline flow that has 
gradients only in the y direction, where y is perpendicular to a planar wall; i.e., 


pu = fi). pepw = fiy) 


In addition, assume homenergetic flow of a perfect gas. 

(a) Find f, as a function of f, and determine p, p, u, and win terms of f, and f = (df./dy). 

(b) Assume u(0) = 0, u(cc) = U = constant and determine f,(0) and f,(c¢) in terms of U 
and other constants. Determine conditions on f, such that the following inequalities 


2 
= Fug, O<ysoo 
dy dy 
hold. 
(c) Consider the results of parts (a) and (b) as providing a rotational baseline flow. Use 
a subscript b to denote the baseline flow in this part of the problem. Apply the 
substitution principle in the form 


u(y) = [AQ uy) 


and derive the conditions on A such that 


du 


u(0) = u,(0), u(%) = U, o) = 0 
dy 


where y* is a positive y value. The objective of this problem is to develop an 
inviscid profile with an inflection point for use in the stability analysis of a laminar 
boundary layer. 
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8.5 


8.6 


8.7 


8.8 


8.9 
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(a) Show that a sonic line has an infinite value for the magnitude of the acceleration in 
a cylindrical source flow of a perfect gas. 

(b) Assume h, = h,(0), with h,(0) = h,(27), and determine the vorticity à(M,0). 

Consider the flow in Problem 5.21 under the substitution principle. This is a spiral flow 

with a constant velocity component normal to the plane containing the original spiral. 

Use Equation (8.16) and write the rotational solution for wọ, w,, w,, p, and p. Use 

Appendix E to explain how h, is determined when hoa = h,(0,,N,) is prescribed in the 

x =x, plane. Finally, determine the vorticity @. 

Consider a baseline flow that is rotational and is not homenergetic or homentropic. 

(a) Derive the condition such that this flow can be transformed into (i) a homenergetic 
flow, (ii) a homentropic flow, or (iii) an irrotational flow. Each of these conditions 
should be independent of A; e.g., the case (iii) condition is simply V x à =0. 

(b) For each of these cases, derive algebraic equations for À in terms of only baseline 
flow variables plus constants associated with the transformed flow; hence, A is no 
longer an arbitrary function. In case (iii) use Cartesian coordinates and the theory 
in Section 6.4 to obtain an answer for À that depends on the w,; velocity components. 

Consider a baseline flow that is rotational and homenergetic but not homentropic. We 

shall use the substitution principle to transform this flow into a rotational and homentropic 

flow that is not homenergetic. 

(a) Determine h, in terms of the entropy and baseline flow variables. 

(b) Assume a two-dimensional or axisymmetric flow without swirl. Starting with the 
Euler equations, derive two PDEs whose dependent variables are p and the stream 
function y for the transformed flow. 

(c) If h,(y) is known, what is an integral of these two PDEs? 

The lower wall of a two-dimen- y 

sional duct has a sharp turn as 

shown in the adjoining sketch. The 

upper wall is contoured so that the 

Prandtl-Meyer expansion does not 

reflect from it; i.e., between the 

leading and trailing edges of the 
expansion, the wall is a streamline of 

a Prandtl-Meyer flow. 

(a) Determine the shape, x/y, and 
y/y,, of the upper wall between 
the leading and trailing edges of the expansion as a function of 7. Use continuity 
and assume p,(y) is a constant. 

(b) Determine analytical results for the force components per unit depth, F, and F,, acting 
on the upper surface between the leading and trailing edges. These components can 
be found by performing an integration that involves the pressure along the section of 
wall of interest. Alternatively, the momentum theorem (see Problem 5.16) 





[ow (? +A) + pü] ds = 0 
CS 


can be used where part of the control surface, CS, is adjacent to the curved wall. 
(c) Evaluate F, and F, when 


y=14, M,-222, 0-15? 
p, = 10°Pa, yı = 10cm, Az = 30cm 


where Az is the depth of the duct. 
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8.10 


8.11 


8.12 


8.13 


8.14 


8.15 


(d) Do your results for parts (a) to (c) hold if the parallel flow in region 1 is rotational, 
and why? 

Consider a rotating system, such as that associated with a compressor or turbine blade, 

where R = 0 and the angular velocity, Òn is a constant vector. With respect to the 

rotating system (see Section 2.5), assume a steady inviscid, compressible flow of a perfect 
gas. Does a nontrivial form of the substitution principle exist for the rotating system? 

Continue with the analysis in Problem 8.10 and use a Cartesian coordinate system with 

à,, aligned with the x3-axis. 

(a) Assume a steady flow in the noninertial system and derive a nondimensional con- 
dition so that the flow in the x,, x, plane is approximately two dimensional. 

(b) Suppose the inertial flow is irrotational and homenergetic. Is the two-dimensional 
flow in the x,, x4 noninertial plane irrotational and homenergetic? 

(c) For the (approximately) two-dimensional flow in the x,,x, plane, apply the hodograph 
transformation to the continuity equation. Use Jacobian theory to interchange x,,x; 
with w,,w3, where the overbar has been deleted from the w;. Is the resulting equation 
linear or nonlinear? Can you explain this answer? 

(a) Use Jacobian theory and derive the relation for the specific heat c,[=(de/dT),] that 
is the counterpart to Equation (8.12). 

(b) Similarly, derive a relation for the Joule- Thomson coefficient, which is defined as 


_ 
Myr = p, 


Consider a centered, rotational Prandtl-Meyer expansion. 

(a) Use Jacobian theory to determine Dd/Dt, where $ is an arbitrary scalar, for a 
streamline located a distance y,, above the upstream wall. Assume /,(y,,) is known 
and utilize the r = r(1],y..) relation from Problem 8.9. 

(b) Evaluate Dw/Dt. 

Consider a centered Prandtl-Meyer expansion 

in which the parallel upstream flow is rotational. 

Denote conditions just upstream and down- 

stream of the leading edge (LE) of the expansion 

with — and + subscripts, respectively, and assume 

h (y) is continuous. 

(a) Evaluate (du/dy), and (dv/dx),, thereby 
demonstrating that (i) derivatives normal 
to the LE characteristic are discontinuous, 
and (ii) the vorticity 





"EE, 
~ ox oy 


is continuous at the LE. 

(b) Under what conditions are dv/dx and du/dy continuous across the LE? 

Consider a steady, three-dimensional flow. 

(a) Determine a relation, similar to Equations (8.5), for how the helicity density, 
H,= w. Ò, transforms under the substitution principle. 

(b) Consider an irrotational baseline flow that is transformed under the substitution 
principle to a rotational one. Determine H, and an equation for the angle o between 
the transformed velocity and vorticity vectors. 
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(c) Fora two-dimensional or axisymmetric, rotational baseline flow, we have the following 
expansions: 


Wp = Fry 
i=0 
0, = Y ooy 
i=0 
cos Qf, = 


ZOM 
i=0 


; > 
where a, is the angle between » p and @,, and 


A= SY AQ 
i=0 


Determine the expansion, in the order specified, for w, H,,, Ha, and @ to O(y?) in 
terms of the known coefficients wj, @,;, Op and À;, where i = 0, 1, 2. Be sure to 
simplify your answers. 





9 Calorically Imperfect Flows 


9.1 PRELIMINARY REMARKS 


There are many engineering situations where real-gas effects cannot be overlooked. They range 
from the flow in a cryogenic wind tunnel to the aerodynamics of high-speed reentry. Real-gas 
effects are important in the vicinity of the coexistence curve, especially for a polyatomic molecule 
with large specific heats. Our interest in this chapter, however, is primarily with air when its 
temperature is well above room temperature. 

Throughout the early part of this book, a thermally and calorically perfect gas is sometimes 
assumed. This assumption, however, is not appropriate for air at cryogenic temperatures or when 
the temperature is well above room temperature. In the latter case, the perfect gas assumption 
should be replaced with one that incorporates real-gas phenomena. For air, and many other gases, 
a thermally perfect, calorically imperfect gas model is useful, since it is applicable over a broad 
range of pressures and temperatures. In thermodynamics, this model is called an ideal gas. Further 
revision is required at still higher temperatures when molecules begin to dissociate or react. 

At all temperatures, except near absolute zero, simple polyatomic molecules in the gaseous 
state are rotationally fully excited. At room temperature, however, the vibrational mode, or modes, 
are not necessarily excited. For instance, the single vibrational mode of N, and of O, is not excited; 
hence, N, and O,, or a mixture of the two, has a specific heat ratio of 1.4. At temperatures above 
about 600 K, however, the vibrational mode of O, gradually starts to become excited with a similar 
occurrence for N, at a higher temperature. The reason is evident from the characteristic vibrational 
temperature, 7;, of O,, which is equal to 2219 K, and of N,, which equals 3352 K. 

Tsien (19472) performed the first gas dynamic study of imperfect gas flows. A van der Waals 
state equation is used, but the paper is marred by many errors (Tsien, 1947b; Donaldson, 1948). 
A more systematic treatment is provided by Eggers (1950) and the Ames Research Staff (1953) in 
which a Berthelot thermal equation of state is used in conjunction with a harmonic oscillator model 
for vibrational excitation. The Ames report contains several charts for evaluating imperfect gas effects 
for a streamtube flow, a uniform flow containing a planar shock wave, and a Prandtl-Meyer flow. 

The discussion in this chapter assumes a diatomic gas consisting of a single species that is 
thermally perfect but whose vibrational excitation is provided by the harmonic oscillator model of 
Section 3.4. This is the simplest possible self-consistent thermodynamic model for an imperfect 
gas. Nevertheless, our approach is quite accurate at temperatures below where dissociation begins. 
It is less accurate for a mixture of diatomics, such as air. In this circumstance, the Ames report 
suggests 3056 K as a compromise air value for 7,. In addition, the gas is assumed to be in 
thermodynamic equilibrium; vibrational or chemical nonequilibrium effects are beyond the scope 
of this book. 

Emphasis is on the method of formulation, with due care given to mathematical and compu- 
tational subtleties. Trends are discussed, and the overall approach is suitable for approximate, 
back-of-the-envelope estimates (see Problem 9.1). The numerical accuracy, however, is adequate 
for checking more elaborate CFD computations. For instance, a streamtube flow analysis revealed 
an error in a rocket nozzle thrust study (Lentini, 1992; Christy and Emanuel, 1994; Lentini, 1994). 
We hope this material will enable the reader to develop an intuitive feel for the behavior of 
equilibrium imperfect gas flows. 

Although the presentation somewhat resembles the Ames report, there are significant differ- 
ences. A simpler, nondimensional, computer-oriented approach is used and a broader range of flows 
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and phenomena are examined. A concise description of the thermodynamic model is provided in 
the next section. Four M.S. theses are the basis of the material discussed in the subsequent sections. 
We are pleased to acknowledge the assistance of these former students, who generously provided 
the many figures that appear in this chapter. Isentropic streamtube flow (Christy, 1993) is discussed 
in Section 9.3, while Section 9.4 discusses flows with normal or oblique planar shock waves 
(Bultman, 1994). Sections 9.5 and 9.6, respectively, cover Prandtl-Meyer flow (Ismail, 1994) and 
supersonic flow over a cone (Lampe, 1994). A duct with heat transfer and skin friction, i.e., 
Rayleigh/Fanno flow, is the subject of Problem 9.2. These flows constitute the building blocks of 
gas dynamics. 


9.2 THERMODYNAMICS 
HARMONIC OSCILLATOR MODEL 


We start with Equation (3.53) and write 
Cy = Rz(0,) (9.1) 


where 
T, 0, v 
0, == z( 0,) = (sara) (9.2a,b) 


For the gas as a whole, the constant volume specific heat is 


c(T) _ 5 
Ex = at óz(0,) (9.3) 


where the 5/2 represents the translational and rotational contribution, and 


E 0, diatomic molecule with no vibrational excitation (9.4) 
1,  diatomic molecule with vibrational excitation 


The parameter ó should not be confused with the one defined by Equation (3.49). It conveniently 
allows simultaneous consideration of any y= 1.4 calorically perfect gas in conjunction with the 
more general case. Indeed, whenever the ó = 0 case is under discussion, we presume y= 1.4 and 
use the corresponding compressible flow relations. 


THERMODYNAMIC MODEL 


With the aid of standard thermodynamic procedures (see Chapter 3), the following self-consistent 
model is obtained: 


p = pRT (9.5) 


=c,+R (9.6) 
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c,(T) 








WOE (9.7) 
a = yRT (9.8) 
d 
e(T) = e+ | c,(T’)dT’ (9.9) 
T, 
A(T) = e(T) RT (9.10) 
sop) ss + Rint + j^ (9.11) 


In the above, p is the pressure, p is the density, c, is the specific heat at constant pressure, a is the 
speed of sound, e is the specific internal energy, h is the specific enthalpy, and s is the specific 
entropy. The r subscript denotes an arbitrary reference state while a prime denotes a dummy 
integration variable. The two integrals are provided by Equations (3.60) and (3.62): 














I 
Í c (TdT = inr (S z 1) + 6RT,6,,(coth 6, — coth 6,,) (9.12) 
I 
J^ € ZR EE E E E E E a (9.13) 
0, sinh 0, 
where 
T, 
0,. 2T. (9.14) 
By combining the above, we obtain 
5 0, 1 
e=e,+ SRT (= - 1) + 5 9RT,(coth 0, — coth 0,,) (9.152) 
RT, 5. (6, 
h = e, + — 28, + 5RT, (g - «5 + zóRT,(cothO0, — coth 0,,) (9.15b) 
5n 
s = s,* Rln P: 21 Ux ey + 5R(0,coth 6, — 6, coth 0, ) (9.15c) 
p\ 0, sinh 0 


Equations (9.2) through (9.15) fully represent the thermodynamics of the gas. The only free 
parameters are ô, R, T,, and the reference state (T;, e,, s,, p,). 
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For the reference state, we use 


(T,) 5-0 = (T,) 5-1 = T, 
(Pr)s-0 = (Qa = Po 


(eso = (69a. = SRT, 
(5,)g-0 = (5)5; = O 


where a zero subscript denotes a stagnation value. The stagnation state is the same for both 6 = 0 
and 6 = 1 and, moreover, represents an upstream state. Equations (9.15) thus become 











pe es. d 7 
RT. = 46, + 59 coth 0, — coth 0,,) (9.16a) 
h 7 1 
RT. = 46, + 5 coth 0, — coth 0,,) (9.16b) 
5/2 : 6 
Soto P (S) ' (Se) + &(6,coth 6, — 6,,coth 6,,) (9.16c) 
R p 0, sinh 0, 
where 
T, 
0,, IT 


Aside from T, and p,, the other thermodynamic variables have the following upstream stagnation 
values: 














e v 
Po = PRTo Rr = 38; RT, 46; RO (9.17) 


for both 6 = 0 and ô= 1. Moreover, e, and h, are both proportional to T,. 


DISCUSSION 


Throughout the subsequent analysis, a key parameter is the upstream value of 0,,. Three values are 
assigned to it when graphical results are presented, namely, 0.5, 1.5, and 5.0. The value 0.5 
represents a large stagnation temperature and a substantially altered flow caused by equilibrium 
changes in the vibrational energy. At the other extreme, the value 5 represents a flow with a relatively 
small 7, value and a negligible change in flow properties caused by the vibrational energy; i.e., the 
vibrational energy is nearly zero throughout the flow. A 0,, value of 1.5 yields changes in between 
these two cases. At any rate, all results are nondimensional and are not restricted to specific T, and 
T, values. Graphical results, however, are limited to the above three 0,, values. 
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The downstream state is fixed by prescribing the Mach number, M, which is the universally 
agreed upon choice when 6 = 0. The streamtube equations with vibrational excitation, however, 
are most simply expressed in terms of 0,, i.e., the inverse static temperature. With 0, fixed, the two 
flows have slightly different Mach numbers. The choice of 0, as the independent variable, however, 
complicates the analysis of flows with shock waves. Hence, the Mach number is consistently used 
as the independent variable for the comparisons; i.e., the two flows are compared for the same 
value of M. There are exceptions, such as those quantities that depend on only a single variable, 
as is the case with y. As we shall see, this Mach number choice comes at a price; the equations 
typically require a more complicated iterative computer solution. 


9.3 ISENTROPIC STREAMTUBE FLOW 
INTRODUCTORY DISCUSSION 


Because of its simplicity, a steady, quasi-one-dimensional, isentropic flow has many engineering 
applications, such as providing performance estimates for nozzle flows. This section discusses a 
wide variety of comparisons in which the state of a calorically perfect gas (6 = 0) is contrasted 
with one possessing equilibrium vibrational energy, or excitation (6 = 1). The comparison will take 
the form of a ratio, referred to as a 6 comparison. For instance, the first comparison will be for y 
and is written as 





This ratio is a unique function of @,, as shown in the next subsection. In this subsection, the Mach 
number is introduced and the governing equations are written in nondimensional form. Subsequent 
subsections then examine a range of ó comparisons in a systematic fashion. 


GOVERNING EQUATIONS 


Isentropic streamtube flows utilizes Equation (9.5), conservation of the mass flow rate: 


pwA-2m (9.18) 
and 
1 2 
h+ 5 =h, (9.19) 
Ss (9.20) 


Note that the m, h,, and s, parameters are constants. The cross-sectional area, A, of the streamtube 
is viewed as a known function of distance in the flow direction. 
With Equations (9.17) for h, and s,, we obtain 


523 5 
In Pe( 2) ' (Sa) = 6(0,,coth 6,, — 0,coth 0,) 
p 0, sinh 0, 
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FIGURE 9.1 Comparison of specific heat ratios. 


which simplifies to 





5/2 : ô 
2 - ($) (e) exp[6(6, coth 6, — 6,,coth@,,)] (9.21) 


This relation replaces Equation (9.20). When 6 = 0, the usual result 
p Er (9.22) 


is obtained for a gas with y= 1.4. (The reduction to the ô= 0 formulation provides a check on the 
more general analysis.) 
The equations in the preceding section are combined to yield, for the ratio of specific heats, 


c, _ 7+2ôz(0,) 
A Rn, E SA 9.2 
Y7$5 7 5-288) iino. 
The first 6 comparison 
2 
] 4 zz(0, 
Tei Yel Ad (9.24) 


Yeo 14 |, 2(6,) 


is shown in Figure 9.1. At low temperatures, when 6, is large, the vibrational mode has little or no 
excitation and the y/1.4 ratio is near unity. At higher temperatures, the excitation increases with a 
consequent decrease in y/1.4. When 0, < 2.5, the reduction in %_, starts to become significant. For 
air, 0, = 2.5 corresponds to a temperature of about 600 K. 

As usual, the Mach number is defined as 


M = (9.25) 


w 
a 
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where the speed of sound is 








a= Y 28. (9.26) 
The flow speed is replaced with 
1/2 
a (52) M (9.27) 


With the aid of Equation (9.16b), Equation (9.19) becomes 


yM = (a = 1) + 260,(coth @,, — coth0,) (9.28) 


LE Le 1M (9.29) 


D 
x 
S 

N 


when ô= 0. 
Equation (9.28) enables 0, to be compared with fixed values for the Mach number and 0,,. 
This comparison is equivalent to one for 7; ,/T; .,. We thus write 


M = (S= 1) (9.30) 
Ge mat = S ! + 2(0,) s. [coth à, - ent) (9.31) 
=1 vo 


for the respective ô = 0 and 1 cases. Although the first equation is easily solved for (0,); ,, an 
iterative solution is required with the second one when M is prescribed. 

The nondimensionalization of the governing equations is completed by writing Equation (9.18) 
as 





(RT) "m — (Se) (Sane 


pA 6, ) V sinh 0, 


5 
^ ) {exp [ó(0,coth 0, — 0,,coth0,,)] M y '?M (9.32) 


and Equation (9.5) as 





7/2 4 ô 
z - ($) (=) exp[.6(6,coth 0, — 0,,coth0,,)] (9.33) 
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TEMPERATURE, DENSITY, AND PRESSURE COMPARISONS 


The 6,, or T, 6 comparison is shown in Figure 9.2. The curves level off when M is large, since the 
vibrational energy decreases to zero as T decreases. Each curve has a minimum value, although it 
is not discernible when 0,, = 5 and 1.5. The Mach number at the minimums is 1.3, 2.2, and 3.8 
for 0,, = 5, 1.5, and 0.5, respectively. The minimum is caused by (0,)s-ọ increasing with M more 
rapidly than (@,);_, at subsonic and low supersonic Mach numbers. Physically, 7;., is larger than 
would be predicted by a calorically perfect gas model because of the transfer of vibrational energy 
to the translational and rotational modes. The effect is significant at low 0,,, or large T,, values and 


vo? 
at supersonic speeds. The energy transfer is negligible when 0,, 2 5, and the imperfect gas is 
effectively perfect. As noted earlier, this conclusion is a general one; it will uniformly hold 
throughout the rest of the analysis in this chapter. 

The streamtube flows 6 = O and 1 start from the same stagnation state. Consequently, a 
ó comparison may be unity when M = 0. (As discussed later, not all comparisons are unity when 
M - 0.) For example, this is the case for the density in Figure 9.3. As with the temperature ratio, 
there is a substantial decrease in the density ratio for small 0,, and supersonic Mach numbers. The 
same trend will hold in the later shock wave and Prandtl-Meyer comparisons. Overall, the deviation 
from unity seen in the figure is among the largest observed. It will influence later comparisons, 
such as the one for the cross-sectional area of a nozzle. 

In Figure 9.4, the pressure ratio first rises above unity before decreasing. In view of the 
similarity of Equations (9.21) and (9.33), this behavior is nonintuitive and unexpected. As with 
the density comparison, later 6 comparisons for the pressure will show the same behavior. 

















FIGURE 9.3 Isentropic comparison for the density. 
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FIGURE 9.5 Isentropic comparison for 6; or the temperature when the flow is sonic. 


An explanation is provided by the perfect gas equation of state. At low Mach numbers, the variation 
in (0,)s-1/(0,)s-0, or the equivalent temperature ratio, dominates, while the density ratio dominates 
at larger Mach numbers. 

Trends seen in Figures 9.2—9.4 also can be understood by examining x,/x,, where x represents 
T/T,, PIP., or p/p,, and y, is chosen as 1.3 while y is 1.4. Two calorically perfect gases are compared 
with different specific heat ratios. A plot of xx, vs. M, where x is T/T,, would show a slow 
monotonic increase starting from unity. On the other hand, the x,/x, ratio for the density decreases 
monotonically with M. The rate of decrease is quite rapid when the flow is supersonic. The ratio 
for the pressure, therefore, first increases with M before decreasing. 


Cross- SECTIONAL AREA COMPARISON 


Sonic conditions, denoted with an asterisk, are isentropically related to the stagnation state. This 
is done by setting M = 1 in Equation (9.28) and using Equation (9.23), to obtain 


21+862(0,) _ 6, 


7 ; 
^^ = |= + 86, (coth6,, — coth 6)| (9.34) 
5 + 80z(0,) "MD 


for the 6 comparison shown in Figure 9.5. 
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Observe that the 75 ,/T;., ratio does not significantly deviate from unity, in accord with the 
M = 1 values in Figure 9.2. The 0, solution is obtained iteratively, as is generally the case with 
the 6 = 1 equations. Since T, > T*, we have 0, > 0,,. When T, goes to zero, the parameters 0,, and 
6, approach infinity, with the asymptotic results 


sinh 8,, ~ se, coth8,, ~ 1 (9.35) 


which leads to 


|e 
l 


D 
z 
S 
MIO 


Hence, 6,, < 6, < (60,,/5), and these bounds on 6, can be used to simplify the numerical procedure. 
We readily obtain 





0 6 
—-l 9.36 
g s (9.36) 
when 6= 0. 
The Mach number is next eliminated from Equations (9.28) and (9.32), with the result 
(RT,)^m (0, P (sinhO,, V? 
V. ( a) ( s à) [exp[ó( 6, coth 6, — 6,,coth@,,)]} 
1/2 
x (é z 1) +280,(coth0,, — coth 6,) (9.37) 


With (RT,)'? m/p, fixed, the streamtube area ratio is given by 





A 0, ( sinh 0,4? " " 
A a (= a) {exp [6( 8, coth 6, — 0,coth 0,)]} 
E 1/2 
ite - 1) + 260,(coth 0,, — coth 6%) 
| Je —— (9.38) 


(s: - 1) + 260,( coth 0,, — coth 0,) 


vo 


Observe that 0; is a function only of 0, while 0, is a function of 0,, and M. Hence, A/A" is a 
function of ô, M, and @;. The area ratio, of course, is a function only of M when 6 = 0. 
With 6 = 0, Equation (9.29) is 


$5 c eM (9.39) 
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FIGURE 9.6 Isentropic area ratio comparison. 


and the corresponding streamtube area ratio becomes 


E 
a) tee o» 


(6,) 1/2 
5 v ô=0 — 
| | 8., | 


The above equations provide the comparison 














($) 
: 3sinh bl 
A Jil LA SUR esp Cei editi eC RT 


(4) (i x i) 50,/ sinh 6 
A”) 5-0 5 
* 1/2 
(> = 1) * 20, (coth 0,, — coth 0;) 
X | ——————— (9.41) 


(a: - 1) + 20,(coth 0,, — coth 0,) 


vo 


where (for notational brevity) 0, = (@,)5_;, which is an implicit function of 0,, and M. 

The 6 comparison is shown in Figure 9.6. Remember that the flows ô= 0 and ô= 1 have the 
same stagnation state. Consequently, if m4, = ma. in this comparison, then the A5 , and A5. 
throat areas are different. Alternatively, if we assume the throat areas are equal, then the mass flow 
rates differ. The comparison in the figure holds for both cases. At high supersonic speeds, the large 
deviation from unity, when 0,, is small, is primarily due to the density; i.e., pA is roughly constant. 
When M goes to zero, both (A/A") ratios become infinite. This is evident from Equation (9.40) for 
ô= 0. When ô= 1, 0, becomes 6,, and the denominator within the square root in Equation (9.38) 
goes to zero. Thus, the comparison in the figure is indeterminant, but finite, when M goes to zero. 

In accord with Figure 9.6, when air expands in a wind tunnel nozzle from a high stagnation 
temperature to a large exit Mach number, the nozzle area ratio must be substantially larger than 
would be estimated by using y= 1.4. This is certainly the case if molecular collisions can maintain 
the vibrational modes of O, and N, in equilibrium. In actuality, however, this does not occur. Shortly 
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downstream of the throat, the reduced density and temperature result in a sharply reduced molecular 
collision frequency and collision energy. The rate of transfer of vibrational energy to the translational 
and rotational modes is then unable to keep pace with the increasing flow speed (Vincenti and 
Kruger, 1965), and the vibrational energy “freezes” at a nonequilibrium value. A vibrational 
relaxation model is then required for an accurate assessment of the expansion process. 

By way of summary, the computational situation is reviewed. For purposes of discussion, known 
values are presumed for 


0,  (RT)"mlp, M 


Equation (9.34) then provides (0, )5-0 and ( 6, )s-1, While Equations (9.30) and (9.31) provide (0,)5_5 
and (0,)s- With M known, Equations (9.38) and (9.40) respectively provide (A/A*);., and (A/A")5 s, 
while Equation (9.37) can be used to determine the areas A5, and As- Other 6 = 0 or ô= 1 
parameters of interest can then be found. For example, the density and pressure are given by 
Equations (9.21) and (9.33), respectively. 


Mass FLow RATE COMPARISON 


For a choked flow, it is instructive to compare m 5_, with m 5.9 for the same throat area. Equations 
(9.32) and (9.36) yield 


RT 1/2. e 1/2 3 
(RT,) Lm (3) G) = 0.6847 (9.42) 
p,A 5 6 











when ô= 0 and M = 1. Equations (9.32) and (9.42) are utilized, with 6 = 1 and M = 1, to obtain 
e 2-1/2 
7+ | - a 
; 1/2 3 sinh x . sinh 0, 
Hide = G) (=) mee Ba wep (Oreo 0, — 0,,coth0,,)] x | ———————.. (9.43) 
mM 5-0 7 56, 


sinh 0, pou 
542 9 - 
sinh 0, 





where (for notational brevity) 0; = (0;)5.,, which is given in terms of 0,, by Equation (9.34). This 
result is shown as Figure 9.7. Observe that the 6= 1 mass flow rate is slightly less than the calorically 
perfect mass flow rate. Although the deviation from unity is not large, it nevertheless is of interest 
for thrust nozzles, which are discussed shortly. 


MAXIMUM FLOW SPEED COMPARISON 


Another parameter of interest is the maximum flow speed, Wmax: As before, this comparison is 
performed with fixed stagnation conditions. From Equation (9.19), observe that w is a maximum 
when the temperature is zero. Hence, set 





6, > ©, h = Z6RT,(1 — cothó,,), h, 


in this equation, with the result 


1 2 7RT, 1 
zW max = ug een) 
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FIGURE 9.8 Isentropic maximum flow speed comparison. 


or 





1/2 
IRT 2 
Ware = | 2 L + £6, (cothÓ,, — vl (9.44) 


Consequently, the speed ratio comparison, shown in Figure 9.8, is given by 


Wa 2 1/2 
Wer. = L + £0, ( coth 0, — D (9.45) 
W 8-07 max 7 

Since coth x 2 1, the ratio exceeds unity. This is a general result caused by vibrational energy 
becoming translational and rotational energy as the gas cools while accelerating along a streamline. 
The effect is significant when 0,, is below 2. 


Nozzle THRUST COMPARISON 


The trends exhibited in Figures 9.7 and 9.8 tend to counter each other when the thrust of a rocket 
nozzle is evaluated. In other words, real-gas behavior reduces m but increases the flow speed, w,, 
at the exit plane of the nozzle (see Problem 9.1). To examine this trade-off, the thrust, S, is evaluated 
for a nozzle operating with an ambient, or back, pressure p,. 

The analysis has several limitations. An actual thrust nozzle generally has a gas with a specific 
heat ratio different from 1.4 and 55 ,. Another limitation is the equilibrium assumption for the 
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vibrational excitation. As discussed earlier, this assumption breaks down for flow in a nozzle at a 
low supersonic Mach number. The equilibrium assumption, nevertheless, is useful, since it provides 
a maximum value for the thrust with only a modest computational effort. At the other extreme, a 
minimum thrust value is obtained by using a constant value for y, starting with its value in the 
plenum. In terms of real-gas behavior, the actual thrust is bounded by these two values. 


Impulse Function 
Before discussing the thrust, the impulse function, defined as 
F = pA+mw (9.46) 


is evaluated. This parameter is used when the thrust or drag of a quasi-one-dimensional flow is 
evaluated. With our gas model, this transforms to 





E. Dp Za + YM”) (9.47) 


* 


DA Po 


and with the aid of Equation (9.28), we have 


l+yM = 73 — 6 + 260,(coth 0, — coth 6,) (9.48) 


Along with Equations (9.33) and (9.38), this is substituted into Equation (9.47), with the result 


1/2 3/1 ó P 
F (29) (22) (= ^) fexp[ó(6, coth 6; — 6,, cothé,,)]} 


p,A N89.) Loe) sinë 





1/2 


(5 i 1) + 236; (cothé,, - coth 6,) 8 
NEC CRM ie — 6 + 266,(coth 6,, — coth 8)| 
(s: - 1) + 266,(coth@,, — coth0,) s 


vo 


(9.49) 


With the use of Equation (9.39), this reduces to 
* ^ 46 1/2 
PoA ^ sco M(t + A) 


which is the y= 1.4 impulse function equation. The parameters p,A* and 0,, are kept fixed, so that 
M521 # Hs. to obtain the 6 comparison 


1+ iu 
(9.50) 








el = EL (9.51) 








shown in Figure 9.9. 


Calorically Imperfect Flows 271 








FIGURE 9.9 Isentropic comparison for the impulse function. 


As evident in Equation (9.46), F consists of two terms. From Figures 9.4 and 9.6, observe that 
p and A have opposite trends with M. Similarly, w and m have opposite trends. These opposing 
trends account for the variation seen in Figure 9.9 and the relatively modest deviation from unity. 


Thrust 


For a rocket nozzle, the thrust is given by (Shapiro, 1953) 
S = F,- på. (9.52a) 
or nondimensionally as 


3 = LO P, A; (9.52b) 


pA pA PeP, A 


where Equation (9.49) provides F,/p,A* by setting 0, 2 0„. The ambient pressure, p,, need not 
equal the nozzle exit pressure, p,, when M, 2 1. In view of Equations (9.47) and (9.48), we can write 


75: — 6 + 286, (cothé,, — cothd,.) - Pe) (9.53) 
vo Pe 


where 





A, (8,V^(0 ho 
Pe Ae _ (52) (25) (=) {expel coth 6; — 6, coth6,,)]) 


ve v 
: 1/2 


(a z 1) + 260; (coth0,, — coth 6°) (9.54) 


vo 


($s = 1) + 266,,(coth@,, — coth 0,,) 


This pressure area relation is useful for analyzing an internal duct flow containing a normal shock 
wave. [Note that p,A* is not constant across a normal shock when 6 = 1 because of the change 
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in y, whereas p,A* is constant when 6 = 0. The difference, however, in the value of (p,A)s_, across 
a normal shock is expected to be fairly small.] When 6 = 0, the above equations reduce to 


S v 1+ iu z 
(=) = (2) INEST - (9.55) 
Pot “6-0 ui + zM) 


The desired comparison is given by 


t) 
pA ó-1 


worl _ E m (9.56) 
Dx 


which is shown in Figure 9.10 for different p,/p, ratios. (For simplicity, the M, 2 1 restriction is 
ignored.) As in the impulse function comparison, p, A* and 0,, are fixed, and the comparison is for 
different m values. Note that the abscissa is actually the nozzle exit Mach number M,. 

The ratio (p,/p.) = 0 provides the vacuum thrust, and Figure 9.10(a) is identical to Figure 9.9. 
The curves have a minimum when M = 1. At low M values, the effect of m is dominant; its influence 
is overcome by the pressure and flow speed at larger M values. Above an exit Mach number of 
about 1.7, the imperfect gas thrust exceeds that for a perfect gas. This increase stems from the 
transfer of vibrational energy to rotational and translational energy, which ultimately increases the 
speed of the exit flow. The allowable payload weight of a rocket is sensitive to small changes in 
thrust. Although the deviation from unity in Figure 9.10 is usually small, on the order of a few 
percent, the effect on payload weight can be significant. 

The unity value for p,/p, in panel (b) corresponds to a maximum thrust for a given nozzle 
configuration with fixed plenum conditions. Above an exit Mach number of about 2 (equilibrium), 
real-gas effects improve performance. 

A (p,/p.) = 2 ratio represents an overexpanded nozzle. This ratio is sufficiently small that 
boundary-layer separation, for either a laminar or turbulent layer, inside the nozzle should not 
occur. As evident from Equation (9.52a), a sufficiently subsonic nozzle, with a large ambient 
pressure, has a negative thrust. The 0,, = 1.5 and 0.5 curves in panel (c) become negative at different 
nozzle exit subsonic Mach numbers. For the perfect gas case, this occurs when M, = (5/7)'?. Of 
course, thrust nozzles do not have subsonic exit conditions. Consequently, a lower bound of unity 
is used for the abscissa in this figure. 


eua 
rg 


DYNAMIC PRESSURE COMPARISON 


The dynamic pressure 
Ae > pw! (9.57) 


is often encountered in fluid dynamics and aerodynamics. With the aid of earlier equations, q can 
be written nondimensionally as 





7/2 1 ô 
UT i) (==) [exp [(0,coth0, — 0,,coth0,,)]} 


Po 2 0, sinh 8, 


X (é - 1) 4 260, ( coth 6,,, — coth 2) (9.58) 


vo 
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FIGURE 9.10 Isentropic comparison for the thrust vs. nozzle exit Mach number; (a) p,/p, = 0, (b) p,/p, = 1, 
(c) Palp: = 2. 


The 6 = 0 result is given by 





-7/2 
= aM + A) (9.59) 


and the comparison, q5.,/q5.9, is shown as Figure 9.11. 

The dynamic pressure of an imperfect gas is less than its perfect gas counterpart. Aside from 
this, the curves are reminiscent of the pressure curves in Figure 9.4. As in several other figures, 
the q ratio is not unity when M is zero. To explain this, the ratio is written as 


doi E Pss (ter) E (PYT) 5-1 
dé-0 — Pg-0 (p YT) 5-0 


a 5-0 
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FIGURE 9.11 Isentropic comparison for the dynamic pressure. 
when M;., = Ms.4. This becomes, when M is zero, 


dé _ Yo=1 
65-0 1.4 


since 


Pao ° Tao D 


With 0, = 0,, as the abscissas, the q ratio is in accord with Figure 9.1 when M is zero. 


9.4 PLANAR SHOCK FLOW 


Steady flow across a planar shock wave is discussed. The upstream flow, denoted with a unity 
subscript, and the downstream flow, denoted with a subscript 2, are uniform and in thermodynamic 
equilibrium. The next subsection treats a normal shock while the last subsection considers an 
oblique shock. 

As before, the upstream comparison flows possess identical stagnation values. The comparison 
is made unique for a nominal shock by choosing 


(Mi)so = (M) = Mi (9.60) 


for the upstream Mach number. Thus, (6,,)s_, does not equal (0,,); 4. These 0,, values are provided 
by Equations (9.30) and (9.31) and their 6 comparison is shown in Figure 9.2. Similarly, (p;)5., 
does not equal (p,)5s_). For the comparison, it is therefore advisable to use (p,/p,)s_)/(P>/P,)5-) rather 
than (p;)5.,/(p;)5.o. These remarks also apply to other 6 comparisons. 


NoRMaAL SHOCK COMPARISON 


The conventional shock jump conditions are 


(pw), = (pw) (9.612) 


(p+ pw): = (p+ pw’) (9.61b) 


12) _ 1 2 
(^ + 5 ) = (s t 2" ) (9.61c) 
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Note that h, equals ^ ,, for 6 = 0 and 1. Consequently, we have 
(Aoi) 5-0 = (Mor) sa0 = (oi) = (Mor) 5-0 = Mo 


In view of Equation (9.17), a similar set of equations holds for @,,. Our goal is to determine the 
state of the gas in region 2, in terms of that in region 1, in as simple a form as possible. Toward 
this end, continuity is revised to 


Bao Mi (9.62a) 
pi w 
Similarly, momentum becomes 
2 W2 
= + Tiss Hn. 
P2 = Pi pi =) 
2 W2 
P2RT, = Pi RT, pn RT M1 = -J 
1 
Wi T; 2 W2 
— — = 1l M| 1- — 
w: T, eae ( a 
0, 2, W2 2( W2 i 
— = (1 MD)— -y M| — 9.62 
0 +7 OF; A (=) (9.62b) 


Equation (9.27) is used to eliminate w,/w,. With the use of Equations (9.5) and (9.62), we have 


2 2 
Bes i e eeu (9.63a) 
Pı Ww DYMjb-yM; 
2 2\2 
Cus ta Mi) DMs (9.63b) 
0. Y» M\1+y,Mi 
I- y, Mi 
Pec (9.63c) 
Pi 1*y,M; 


for the jump conditions in terms of ¥,, %, M,, and M,. These relations hold for ó = 0 and 1. 

With M, and 6,, known, Equation (9.29) is used to determine 0,, when 6 = 0. Similarly, 
Equations (9.23) and (9.28) determine y, and 0,, when 6= 1. For downstream conditions, we utilize 
Equations (9.16b), (9.17), and (9.27) in conjunction with 


s d (9.64) 
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to obtain 


pM; = (2e = 1) + 260,.(coth@,, — coth 0,2) (9.65) 


vo 


When 6 = 0, this relation in conjunction with Equation (9.63b) yields 6,, and M,. When 6 = 1, we 
also need Equation (9.23) to determine 0,, and M,. After 0,, and M, are known, other parameters 
are easily evaluated for both 6 = 0 and 6 = 1. Note that M, must be subsonic. 

With the aid of Equation (9.16c), the entropy jump across the shock is 





7/2 6 

- M3) (1+y7,M7) (sinh@,,)* 

inl |i [ees (= 2:) + ó(0,,cothü,, — 0, cothO,,) ^ (9.66) 
R y, Mi 1- y; M; sinh 0,2 


It is also useful to derive (p;j/p,,)5., and its 6 comparison. Equation (9.33) is used to eliminate 
p/p, from Equation (9.63c), with the result 





exp(6,, coth 0,, — 0,,coth 0,2) (9.67) 


(22) _1+yMi o sinh 6,, 
ó-1 0, 


Posi p4y,MlNÓGÀ sinh, 


Equation (9.66) is rewritten as 








70 6 
M3) (1-y,Mi) sinh a 
exp(6,,coth6,, — 0,,coth0,,) = 2 ] her] suligi exp| Pe] 


nM) \1+y%Mz) sinh ®. R 


which yields 





7n. 2 7/2 27 
(22) = (32) 2M I* Mi exp[- P= 
Po/si  \Or) (ymi) Vo yMS R 
Equation (9.63b) is used to eliminate 0,, with the simple result 


(a) 
Poi 6-1 


The same equation holds when 6 = 0: 


(r=) 
Poi 6-0 


exp- =w] 


exp [5 x SDa] 
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Hence, the stagnation pressure ratio comparison is 


Ge : [E (9.68) 


CN 
Poi 6-0 R 


The formulation concludes with the Rayleigh pitot tube pressure ratio comparison for a super- 
sonic flow. When 6 = 0, this ratio is 





(22) eso) RE 9.69) 
Pi) 520 5) (7M? —1)°” 


For 6 = 1, the pitot tube pressure ratio is written as 


63, OO. ú 


where the p,/p, ratio is given by Equation (9.63c). The p,,/p, ratio is provided by Equation (9.33), 
written as 





Po | (9,4 V? sinh 6, 
ih - (=) anh, exp(0,;coth 0,2 — 0,,coth 0,,) (9.71) 


where 0, requires 6 = 1. The above equations provide the supersonic pitot tube comparison. 
Figures 9.12 through 9.18 provide the following comparisons: 


eG ae Gacy. 20m] 
(M2) 5-1 P1/ 5-1 Pr) 521 vl 8-1 (55 — $1) 54 Poi/ 84 Di784 





(Mp) 520 (B) i (2) i (22) "o0 2-506 (22) (2) 
P1/ 8-0 Pi/8-o 9,1) 5-0 Do1/ 8-0 Pi/s=0 


For a perfect gas, the limiting value 








occurs when M, — œ. As y decreases, the limiting M, value decreases. This behavior is observed 
in Figure 9.12, where the limiting values for M5, with ô= 0 and 1, are nearly obtained by the time 
M, is 5. There is a discernible minimum in the curves because a and w have opposite trends with M,. 

As in isentropic flow, there is a substantial change in the density ratio, as seen in Figure 9.13. 
This figure also holds for the flow speed ratio, (wi/w;)5./(w,/w5)5.9. As with M,, the large asymptotic 
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FIGURE 9.13 Normal shock comparison for the density. 


value for M, is essentially achieved by the time M, is 5. For a perfect gas, the density ratio has a 
limiting value 


P2 _ yt+1 

Pi y-i 
when M, — œ. This ratio increases when y decreases, thus yielding the imperfect to perfect gas 
trend seen in the figure. 

Again, as in isentropic flow, the pressure ratio, shown in Figure 9.14, has a rather complicated 
behavior. This is caused by ⁄, %, and M, varying with M, at different rates when 6 = 1. The 
deviation from unity, however, is not large. The 6 comparison for 0, is shown in Figure 9.15. The 
ordinate also represents (T,/T;)5_\/(T,/T>)5_9. As with other comparisons, the maximum is caused 
by different rates of change for y and T with increasing Mj. 

Figure 9.16 shows the entropy difference comparison. The peculiar behavior near M, = 1 is 
caused by s, — s, going to zero when M, goes to unity for both 6 = 0 and 1. The rate at which 
$5 — 5; goes to zero, however, is different for the imperfect and perfect gases. This difference accounts 
for the nonunity values at M, = 1 and the crossover in the 0,, = 0.5 and 1.5 curves. 
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FIGURE 9.16 Normal shock comparison for the entropy jump. 


Although the stagnation pressure and entropy jumps are closely related, the stagnation pressure 
comparison (see Figure 9.17) is quite different. Of some practical importance is the significant 
reduction in the loss of stagnation pressure for an imperfect gas, relative to a perfect gas, at large 
M, and T, values. In a recirculating wind tunnel, e.g., this loss determines the pressure ratio for 
the wind tunnel’s compressors. 
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FIGURE 9.18 Normal shock comparison for the Rayleigh pitot tube pressure ratio. 


A pitot pressure comparison is shown in Figure 9.18. The deviation from unity is modest and 
the trends are similar to those for the pressure in Figure 9.14. 


OBLIQUE SHOCK COMPARISON 


The angles 0 and f, respectively, designate the wall, or velocity, turn angle and the shock angle 
(see Figure 9.19). As with a normal shock, upstream stagnation conditions and M, are kept fixed. 
For a unique comparison, either 0 or f must also be fixed. It is physically more meaningful to fix 
the wall turn angle; i.e., 


0:9 = 051-7 0 


As a consequence, fJ; ., does not equal fJ ,. (It is important not to confuse the turn angle 0 with 0,.) 
As indicated in Figure 9.19, a t subscript denotes the velocity component that is tangential to 

the shock, while an n subscript denotes the normal component. We thus have 

= w,sinD = w;,sinf, w, = w;sin(B— 0) = w;,sin(B— 0) (9.72a,b) 


Win 
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FIGURE 9.19 Schematic for an oblique shock wave. 
and recall that w,, = w,,. The normal component Mach numbers 


M;, = zum M5, = 2a (9.73) 


a, a2 








are introduced, and note that 
M,, = M,sinB, M3, = M;sin(B- 0) (9.74a,b) 


The above are the usual relations for an oblique shock and hold for both 6 = 0 and 1. 
When 6 = 0, the standard oblique shock relations can be used. Among these is the 8,0 equation 


cot B( M? sin?B — 1) 


tan = (9.75) 
1+ (= - sin'B)ari 
The 6 = 1 counterpart stems from Equations (9.632), (9.72), and (9.74), with the result 
MisinB  1-y,Misin(f- 0) t 
YıMı Y2M 3 = an (9.76) 


y,Misin(B-0) 1+y,Mjsin’B tan(B — 0) 


An explicit solution for 0 can be found in terms of B, M,, M,, 0,,, and 0,,. This complicated result, 
however, has no utility because of the explicit dependence on M, and @,,. For instance, there is no 
simple counterpart to the 6 = 0 equation 


1+ M sin 


Misin'(B.- 8) = —— — À— 
yMisin'B- 1— 


(9.77) 


In view of the foregoing situation, an iterative procedure is outlined for the ô= 1 case. First, 
note that 0,, is determined in the preceding subsection. In the following, it is notationally convenient 
to retain M,, in place of M, sin(B — 0). Equations (9.63b) and (9.65) are written as 

Die 2 2 
0; _ ¥,Mjsin B 1+ 5M, (9.78) 
9, YMan \1+yMisin’ß : 


y M, = (2e > 1) +26,,(coth 0,, — coth 0,2) (9.79) 


vo 
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With ¥M;, eliminated, the unknowns are f and 0,. Although 9, not f, is prescribed, it is 
nevertheless convenient to assume a value for f) and thus determine 0,,. Subsequently, M A and, 
therefore, y, and M,, are found. Equation (9.76) is written with M,, in place of M, sin(B — 0) and 
solved for 0: 


%M3,(1 + y; Misin B) 


M (9.80) 
y. Misin Bcos B(1 + y4M5,) 


0 = p- Cal 


The foregoing procedure, starting with Equation (9.78), is iteratively solved by varying f until the 
specified 0 value is obtained. 

Once 06,, B, and y; M aa are known for specified values of M,, 0, and @,,, all other quantities 
are easily determined. For instance, the pressure ratio across the shock is 


A, 

p; 1+ 71M sin B (9.81) 
Di 1+ yoM5, 

Care must be exercised to distinguish between the weak and strong shock solutions. This is readily 

done by fixing M, and @,,, and varying D from the Mach angle 


vo? 


acetal: 
u = sin M. (9.82) 


1 


to 1/2. This approach generates an inverted U curve for 0 whose maximum value represents the 
demarcation between the weak and strong solutions. A value for 0,, needs to be specified to obtain 
a p,0 plot when ô= 1. Hence, each 0,, value requires its own B,0 figure; see Figure 9.20(a,b) for 
plots when 0,, equals 1.5 and 0.5, respectively. A plot is not shown for 0,, = 5, since the perfect 
and imperfect curves overlay each other. (See Figure 9.28a for a composite figure.) 

Figure 9.20 also shows the 8,0 curves as dashed lines when y= 1.4. These curves are most 
easily obtained using the inversion formulas of Appendix C. 

The comparisons shown in Figures 9.12 through 9.17 also hold for an oblique shock by simply 
replacing M, and M, with M,, and M,,,, respectively. Note that this replacement does not hold for 
the pitot pressure result, since this figure is valid only for a normal shock. 

The imperfect gas curves in Figures 9.20 have a larger detachment value for 0 than the 
corresponding perfect gas curves. For example, with M, = 3 and 0,, = 0.5, the difference in the 
detachment angles is about 3?. For a fixed 0, the weak (strong) solution imperfect gas shock is 
weaker (stronger) than the corresponding perfect gas shock. 


9.5 PRANDTL-MEYER FLOW 


Our first task is to verify Equation (9.82). Equation (9.76) is written as 


VMs 1+ YM _ taf 


Y) M3, 1+ “Mi, tan(f - 9) 


which holds for both the 6 = 0 and 1 cases. In the limit of 0 > 0, we obtain M,,, = M,,, which is 
possible only when 


M,, = M,, = 1 
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(b) 


FIGURE 9.20 6 vs. D curves for (a) 0,, = 1.5 and (b) 0,, = 0.5. The solid curves are for 6 = 1, the dashed 
curves for ô= 0. 


Consequently, Equation (9.74a) yields 


B= sin =j (9.83) 


as expected. Thus, the equation for the Mach angle is unaltered by equilibrium real-gas effects. 

Prandtl-Meyer flow is isentropic; hence, Section 9.3 is directly applicable. An expansive wall 
turn with a positive angle 0 is considered. The turn may be sharp, thereby yielding a centered 
expansion, or it may be gradual. A gradual compressive turn, with a negative @ value, is also 
appropriate for the region of homentropic flow that is adjacent to the wall, providing the downstream 
Mach number is still supersonic. As was done for an oblique shock, the wall turn angle 0 is the 
same for both the 6 = 0 and 1 cases. 

The Mach numbers upstream and downstream of the expansion are denoted as M, and M,, 
respectively. With stagnation conditions fixed, we retain Equation (9.60), and note that 


(M2) 5-0 # (M2) 5-1 
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Mach line 





— — 
W+ dW 
FIGURE 9.21 Schematic for a two-dimensional supersonic expansion. 


Consequently, Figures 9.2 to 9.4, e.g., cannot be used at station 2, since these figures require M;  — M;.,. 
When ô= 0, we have the well-known relation 


v(M5) = v(Mi))* 0 (9.84) 


where the Prandtl-Meyer function is 


1/2 1/2 
Ry quw ueterum 


From the sketch in Figure 9.21, we obtain 





ij ar L D 
— = cosu = ————— 
w M 
and 
Y = cos(u + d0) 
w + dw H 
which results in the equation 
dw d0 


s ONT D (9.86) 


This relation requires a two-dimensional flow but otherwise holds for ô= 0 and 1. 


In view of the above, the subsequent discussion is limited to the 6 = 1 case. From equations 
(9.27) and (9.28), we have 


2 





w 7( 1 1 
RT, 7 s(a- - z) + coth 0,, — coth 0, (9.87) 
By differentiation, this becomes 
w dw d, 





1 
P ql? + 2:(9)] 


2 


v 
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Since 








we write 


dw _ (7+22(6,)] d0, 
Ww a 2yM? 0, 


where yM ^is given by Equation (9.28). Equation (9.86) thus becomes 


1/2 











46-; a-n” (9.88) 
where 
2; 0, 
M = y (s: - 1) + 20,(coth 0,, — coth 0,) (9.89) 
and yis given by Equation (9.23). The above relation is integrated: 
v 0, 2 1/2 
(ae 
0 2 & M 
to obtain 
(M^ - ^ 
v(M) = N(0,(M), 8,,) = sf, aT ae (9.90) 


Remember that 0, depends only on ,, and that M and 6, are related by Equation (9.89). Figure 9.22 
provides the Prandtl-Meyer function. As expected, the curves for a perfect gas and 0,, = 5 overlay 
each other. The difference between 0,, = 1.5 and a perfect gas is small, whereas the 0,, = 0.5 
difference is substantial. 

Let us review the computational procedure for the 6 = 1 case when stagnation conditions, M,, 
and the wall turn angle 0 are known. Equation (9.34) is utilized for 6,, after which Equation (9.89) 
is used to determine 0,,. With 0, and 0, established, Equations (9.89) and (9.90) provide the 
upstream value, N(0,,,0,,). Next, the integral equation 


N(0,5, 0,,) = N(0,, 0,,) + 0 (9.91) 


is iteratively solved for 0,,, which appears as the upper limit on the integral in Equation (9.90). 
This iteration again requires Equations (9.23) and (9.89) for y and M. The above equation is the 
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FIGURE 9.22 Prandtl-Meyer function v for various 6,, values. 
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FIGURE 9.23 Prandtl-Meyer comparison for the downstream Mach number when M, = 1. 


ô= 1 counterpart of Equation (9.84). As an assist, it is advisable to tabulate N(6,,,0,,) vs. 0, for a 
variety of @,, values. At any rate, 0, then provides M, via Equation (9.89). Other flow variables 
for station 2 are readily obtained once 0, and M, are known. 

Figures 9.23 through 9.26, respectively, show ô comparisons for M, 0,, p, and p at station 2 
when M, = 1. As with a shock wave, upstream state conditions are used in the comparisons whenever 
their 6 = 0 and 1 values differ. 

In view of the trends in Figure 9.22, we expect the imperfect gas downstream Mach number 
to be less than its perfect gas counterpart, as is shown in Figure 9.23. For a large wall turn angle, 
the decrease in M can be substantial. This Mach number decrease is in accord with the temperature, 
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FIGURE 9.24 Prandtl-Meyer comparison for the downstream 6, value when M, = 1. 


1.10 r 





1.00 


0.90 


(Pal 03). 0.80 L 











(P2/P1)s-0 
0.70 
0.60 
0.59 L—L i. EEE ees ale eset stg 
0 10 20 30 40 50 60 70 80 90 
0 


FIGURE 9.25 Prandtl-Meyer comparison for the downstream density when M, = 1. 


or 0,, and density deviations seen in Figures 9.24 and 9.25. The minimum values seen in Figure 9.24 
are again caused by different rates of change, with 0 or M, of y and 0, when ó = 1. As in the 
previous flows, the density deviation is quite substantial. Again, as in the previous flows, the pressure 
deviation in Figure 9.26 is nonmonotonic. 


9.6 TAYLOR-MACCOLL FLOW 


A uniform, supersonic freestream flow over a cone at zero incidence is considered. When the bow 
shock is attached to the vertex of the cone, the disturbed flow is called a Taylor-Maccoll flow. In 
this situation, the shock is also conical (see Figure 9.27), as is the flow field between the shock 
and body. 
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FIGURE 9.26 Prandtl-Meyer comparison for the downstream pressure when M, - 1. 


We follow the same guidelines previously used. Freestream stagnation conditions, M,, and the 
cone's semi-vertex angle, 0,, are prescribed. Our objective is to determine and compare the flow 
field, including the unknown shock wave angle, B, when 6 = 0 and 1. Once this is done, 
ó comparisons can be provided for the parameters of interest. These are p, the Mach number M, 
just downstream of the shock, the Mach number M, on the surface of the body, and the surface 
pressure coefficient 


22 - 1) 
Cop = PRSE = ay ss es (9.92) 


2 
qı YıMı 


which represents the wave drag of the cone. 

Once f) and M, are known, other 6 = 0 or 1 parameters, just downstream of the shock, are 
found by virtue of the analysis in Section 9.4. Although this section is for a planar shock, the theory 
is nevertheless applicable, since a ray along a conical shock is straight when it passes through the 
vertex of the cone. Consequently, h, and 0,, are the same constants throughout both the ô= 0 and 1 
flow fields. The streamline angle ¢,, just downstream of the shock, therefore equals 0 in 
Equation (9.75) when 6 = 0. Flow conditions between the shock and cone, at the cone’s vertex, 
however, are singular. For instance, the streamline angle is 0, at the vertex, whereas elsewhere 
along the shock it is @, with à, < 0,. 


GENERAL FORMULATION 


Although this is a well-known flow when 6 = 0, a relatively complete treatment is provided, since 
our approach differs from the conventional one. One aspect, which is not different, is that the 
equations are integrated from the shock inward. Thus, f is iterated on until the desired semi-vertex 
angle 0, is found. For a given fj value, however, conditions at station 2, just downstream of the 
shock, are known from Section 9.4 for both the ô= 0 and 1 cases. 

Figure 9.27 shows a sketch of the x,r coordinate system. The solution for both the ô= 0 and 1 
cases depends only on the angle 7, which is measured from the shock. The governing inviscid 
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FIGURE 9.27 Schematic for Taylor-Maccoll flow. 


equations can be written as 








AUDI ONY (9.932) 
ox or 

Du lop _ 
Dr 25 ao 0 (9.93b) 

_ dv Qu . 
= a oF = 0 (9.93c) 
S = S) (9.93d) 

where o is the scalar vorticity and the substantial derivative is 

D. gO gag (9.94) 


Dt ox or 


Equation (9.93a) represents continuity; Equation (9.93b) is an x-momentum equation, while the 
remaining two relations, respectively, express irrotationality and the homentropic nature of the flow. 
The foregoing relations hold for both 6 = 0 and 1. 

New independent variables are introduced (Emanuel, 1970) as 


=x, n= B-tan'* (9.95) 
such that 


o | 9. sin(B— n)cos(B - n) 9 o _ _cos*(B- mn) ð 


ox o6 é an or a on 


A similarity solution, dependent only on 7, is assumed. Toward this end, we introduce (Emanuel, 1970) 


P = PPN), P = PRN) 
u = w:Q(n)cosọ(n), v =w:Q(n)cosọ(n) (9.96) 
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where R is not to be confused with the gas constant. Initial conditions at the shock are 


P(0) = Q(0) = R(0) = 1, 90) = & (9.97) 


while at the body, where n, = B — 0, we have 
o(p- 6,) = 6, (9.98) 


Satisfaction of this latter condition requires a f) iteration. In view of the above, the substantial 
derivative becomes 


B = “2 cos(B-n)sin(B— n - 0)() (9.99) 
where 
1/2 
uM E (72) M, (9.100) 


and d( )/dr] is written as ( Y. 
With the foregoing, continuity, vorticity, and the x-momentum equation become 


sin(B — n)tan(B - n)[RQcos 9]' - cos(B- n)[tan($-n)RQsing]’ = 0 
sin(B — n)(Qsin)' + cos(B- n)(Qcoso)' = 0 


2 
P2W2 


pee eo) *sin(B-mP' = 0 


These equations, which hold for 6 = 0 and 1, can be rearranged to 


2 = -tan(ff- n - ó)d' (9.1012) 
Ro sinh a ERR 9.101b 
R sin(B—n)sin(B—-n—-@) sin(B— n- ¢)cos(B- n — 9) ‘ ) 
P = yM? A (9.1010) 
where 
2 
M = PLE E (9.102) 


PERFECT GAS FORMULATION 


Equation (9.93) is replaced with 


P= R" (9.103) 
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With the aid of Equations (9.102) and (9.103), Equation (9.101c) can be integrated to yield the 
homentropic relation 


= Wy-1) 
p= [1+ ma- o) (9.104a) 
Hence, we obtain for R 
17-1) 
R= L + ra z o’) | (9.104b) 
and the differential equations 
dus ERI AL ene (9.105) 
: MQ sin(B-m- 
sin i 1. Fé sin B- n-) 
1+ =i - 95 
$ = -tan(B-1- 9) (9.106) 


Shock and body conditions for these differential equations are provided by Equations (9.97) and 
(9.98). Other variables are readily found; e.g., the temperature is given by Equation (9.5). 


IMPERFECT GAS FORMULATION 


Equation (9.93) is replaced with Equation (9.21), which is written as 





0,2)” sinh 0,2 
We (a sinn g, *XP(,coth 8, — 8,,c0th 0,2) (9.107a) 


Since the gas is thermally perfect, we also have 





|» 92 _ (0,2 "^ sinh 6,, 
ixi (Zz) sung ee Oncol ea) (9.107b) 
By differentiation, this results in 
Roll 0% 
R o E (9.1082) 
D zd e; 
p^oUt«94$ (9.108b) 


The above equations are used to eliminate P, Q, and R from Equations (9.101b,c), with the result 


& _  2M'sn(f-n-ó)snó — (9.1092) 
O,  [5«z(8)]sin(B— IM^ sin (B- 7 - 9) - 1] 
; 7 * 2z(0)) 8. (9.109b) 


~ 2yM an(B - n- 9) % 
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FIGURE 9.28 0, vs. D; (a) wedge, (b) cone. 


where D is a known constant, 7] is the independent variable, and z, y, and M, are given by 
Equations (9.2b), (9.23), and (9.28), respectively. Equations (9.101a) and (9.109) are numerically 
integrated subject to Equations (9.97) and (9.98) and 0,(0) = 6,,. 

Figure 9.28 shows the shock wave angle for a wedge in panel (a) and a cone in panel (b), 
where the wedge panel can be viewed as a composite of Figure 9.20, with 0, = 0. For a given 
upstream Mach number, the different 0,, curves have the same relative relationship to each other 
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FIGURE 9.29 Pressure coefficient on the body vs. body half-angle. 


in the two panels. The detachment angle is larger for the cone, very significantly so at low M, 
values. In contrast to the wedge, the curves are vertical when 0, goes to zero for both the weak 
and strong solutions. This effect and the increased detachment angle are a consequence of the 
three-dimensional relief phenomenon that occurs for a flow about an axisymmetric body. 

On the abscissa, 6 equals the Mach angle, in both panels, for the weak solution. Of course, 
when f is 90?, the shock is a normal one. In the wedge case, both weak and strong solutions 
physically occur, e.g., in supersonic flow about a two-dimensional blunt body. On the other hand, 
only the weak solution occurs for a cone. Nevertheless, the strong solution is shown for the cone 
in Figures 9.28 and 9.29 for academic reasons (1.e., to see what the solution looks like). For example, 
the cone's strong shock solution would be of interest in stability studies. 

The surface pressure coefficient of the cone is shown in Figure 9.29. The weak solution values 
are to the left of the maximum. For a given @,, an imperfect gas has little effect on C,,, except 
near detachment, where the effect rapidly increases. In accord with Figure 9.28(b), an imperfect 
gas has a slightly reduced value for C,,, and therefore a slightly reduced wave drag. This phenomenon 
of wave drag reduction appears to be more important in flows where chemical or ionizational effects 
are pronounced. 

Figure 9.30 has four panels that show 6 comparisons for B, M,, M,, and C,, vs. M, for the 
weak solution of a cone with a 10? semi-vertex angle. This is a fairly representative angle for cones 
used in supersonic and hypersonic experiments. Calculations determine that the detachment Mach 
number for the cone is roughly 1.06 for all 0,, values, in accord with Figure 9.28b. The detachment 
Mach number, however, does increase slightly with decreasing 0,,. This effect is responsible for 
the rapid change in direction of the curves in Figure 9.30 as M, approaches 1.06 from above. This 
change does not occur when @,, = 5, since this case and the 6 = 0 result are essentially identical. 

Aside from the variation near M, = 1.06, the curves show various minimum or maximum values. 
More important, however, is the small deviation from unity in all panels. Consequently, this real- 
gas effect represents a small perturbation when 0, = 10°. The magnitude of the perturbation would 
increase with 0,. 
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FIGURE 9.30 Comparisons for the weak solution of a 0, =10° cone; (a) D, (b) M}, (c) M,, (d) C di 
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FIGURE 9.30 (continued). 


REFERENCES 


Ames Research Staff, Equations, Tables, and Charts for Compressible Flow, NACA Report 1135 (1953). 

Bultman, M.L., “Thermally Perfect, Calorically Imperfect Planar Shock Flow," M.S. thesis, University of 
Oklahoma, 1994. 

Christy, G.J., “Calorically Imperfect Isentropic Flow,” M.S. thesis, University of Oklahoma, 1993. 

Christy, G. and Emanuel, G., “Comment on ‘Extension of the à Formulation to Imperfect Gas Flows,’” AJAA 
J. 32, 1554 (1994). 

Donaldson, C. duP., *Note on the Importance of Imperfect Gas Effects and Variation of Heat Capacities on 
the Isentropic Flow of Gases,’ NACA RM L8J14 (1948). 

Eggers, A.J., Jr., “One-Dimensional Flows of an Imperfect Diatomic Gas,’ NACA Report 959 (1950). 

Emanuel, G., “Blowing from a Porous Cone with an Embedded Shock Wave,” AJAA J. 8, 283 (1970). 

Ismail, M., *Prandtl-Meyer Flow of a Calorically Imperfect Gas," M.S. thesis, University of Oklahoma, 1994. 

Lampe, D.R., “Thermally Perfect, Calorically Imperfect Taylor-Maccoll Flow,” M.S. thesis, University of 
Oklahoma, 1994. 

Lentini, D., “Extension of the 4 Formulation to Imperfect Gas Flows,” AZAA J. 30, 2785 (1992). 

Lentini, D., “Reply by the Author to G. Christy and G. Emanuel,” AJAA J. 32, 1554 (1994). 

Shapiro, A.H., The Dynamics and Thermodynamics of Compressible Fluid Flow, Vol. I, The Ronald Press Co., 
New York, 1953. 

Tsien, H.-S., “One-Dimensional Flows of a Gas Characterized by van der Waal's Equation of State,’ J. Math. 
and Phys. 25, 301 (1947a). 

Tsien, H.-S., “Corrections on the Paper ‘One-Dimensional Flows of a Gas Characterized by van der Waal’s 
Equation of State,” J. Math. Phys. 26, 76 (1947b). 

Vincenti, W.G. and Kruger, C.H., Jr., Introduction to Physical Gas Dynamics, John Wiley, New York, 1965. 


PROBLEMS 


9.1 Pure oxygen (T, = 2240 K) is flowing in a thrust nozzle where p, = 10’ Pa and T, = 2240 K. 

The nozzle has an area ratio of 20.075 and a throat area of 10? cm?. Evaluate M,, Pe, T,, 
Pe, m, and the thrust assuming (a) y= 1.4 and (b) a calorically imperfect gas. For the 
thrust, assume a vacuum for the ambient pressure, and tabulate your answers. [Hint: 


Note that M, ;., * M, 5-0-1 
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9.2 Consider steady subsonic or supersonic flow in a duct with a constant cross-sectional area 
A. Both heat addition and skin friction are present; i.e., this is a Rayleigh/Fanno flow to 
be analyzed with the influence coefficient method. (This type of flow is of interest for 
subsonic and supersonic mixing lasers, jet engine combustors, and molecular beam devices. 
For a perfect gas, this topic is the subject of Section 13.5.) Introduce the parameters 


_ 4A E _ 8z(0,coth 0, — 1) 
A Nae pw” Lc d (5 + 2z)7 + 2z) 


where c is the perimeter, D is the hydraulic diameter, and 7 is the wall shear stress. Start 

with the governing conservation equations, and note that stagnation conditions, such as 

h,, 0,,. Po, and s,, are functions of the axial distance x. 

(a) Develop three linear equations for dp/p, dM/M, and d0,/0,. In these equations the 
heat transfer, per unit mass, g(x) should be replaced with @,,(x). 

(b) Use Cramer's rule to solve these equations, thereby obtaining explicit equations for 
dpldx, dM/dx, and d0,/dx. 

(c) Determine the condition for a choked flow. Is the Mach number M', when the flow 
is choked, smaller or larger than unity when 6 = 1? 

(d) Provide formulas for the net heat transfer q and the net thrust, which is negative. 

9.3 Consider a normal shock whose overall pressure ratio is p,/p,. Aside from p,/p,, assume 

M, and 0,, are known. 

(a) Decompose the entropy change, As = s; — s,, into a part, s, — s, associated with a 
constant y shock, and a part, s, — s,, associated with a downstream vibrational 
relaxation process. Plot 


a? 


f _ Sa 81 
gm 


$2— 8S1 


vs. M, when 0, = 0.5. Note that f, —^ 1 when 0,, — œ and when M, = 1. 
(b) Repeat the analysis for the stagnation pressure. Plot 


Poal Doi 
fp, = teret 
i Poll Doi 


vs. M, when 6,, = 0.5. 
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10.1 PRELIMINARY REMARKS 


Wings and missile fins with sweep are a common occurrence in transonic and supersonic aero- 
dynamics. The leading edge shock wave impinges on the surface of the vehicle and causes shock- 
wave/boundary-layer interaction (Settles and Dolling, 1992). In this chapter, however, we focus 
on the fluid dynamics of sweep, but without the interaction. Admittedly, this is a vastly simpler 
topic. Nevertheless, it has received scant attention, and, as we shall see, contains several non- 
intuitive features. 

For purposes of simplicity, a steady, inviscid flow of a perfect gas is considered in which the 
upstream flow is supersonic and uniform. Only two wall configurations are discussed. In the first, 
a wedge generates an attached, weak solution shock. In the second, a centered Prandtl-Meyer 
expansion is caused by an expansive wall turn. In both cases, the straight leading edge has an 
arbitrary sweep angle relative to the freestream velocity. Our topic is, thus, a natural extension of 
Chapters 6 and 8. 

The concept of using sweep with a wing, to either delay transonic drag or reduce supersonic 
wave drag, goes back to the 1930s. The first analytical formulation, however, is due to Poritsky 
(1946). The basic idea is simple. Consider a steady, inviscid, two-dimensional flow, which may be 
subsonic or supersonic. A constant velocity vector may be added that is normal to the plane of the 
original two-dimensional flow. The resulting three-dimensional flow field is easily shown to satisfy 
the steady Euler equations. 

Poritsky's analysis does not require that the upstream flow be uniform, supersonic, or irrota- 
tional. Moreover, the vorticity is invariant; e.g., if one flow is irrotational, then so is the other. The 
addition of a constant transverse velocity component leaves all static thermodynamic variables, 
such as the pressure and speed of sound a, unchanged. Stagnation conditions (when a shock occurs), 
velocities, Mach numbers, and the shape of streamlines do change. The subsequent analysis will 
focus on these quantities. 

The strength of a shock wave depends only on the component M.,, of the freestream Mach 
number that is normal to the wave. Sweep reduces this normal component, thereby reducing the 
wave drag or, alternatively, the loss in stagnation pressure. Sweep might also be used profitably in 
the design of an otherwise two-dimensional supersonic inlet. 

Although the concept of sweep is simple enough, a detailed analysis is not trivial. We shall 
have to deal with issues such as the minimum value of the upstream Mach number for an attached 
oblique shock and various detachment conditions. Moreover, several results are unexpected. It is 
also worth noting that some of the previous restrictions imposed on the freestream flow can be 
relaxed, since the shock and Prandtl—Meyer flow fields satisfy the substitution principle. Thus, the 
upstream flow may be a parallel, vortical flow that is nonhomenergetic. 


10.2 OBLIQUE SHOCK FLOW 
INTRODUCTORY DISCUSSION 


A wedge is envisioned whose lower surface is aligned with the freestream. A Cartesian coordinate 

system is introduced, where x and z are in the lower surface, x is aligned with the freestream 
: > Š 1 > 

velocity w,,, and y and z are in a plane perpendicular to v... In the x,y plane, the upper wedge 
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FIGURE 10.1 Schematic depicting a wedge, oblique shock, and the sweep angle. 


surface and planar shock have included angles 0 and f, respectively, with respect to W; see Figure 
10.1. Now let the sharp leading edge of the wedge have a sweep angle A. A plane that is 
perpendicular to the leading edge is called the sweep plane; it is denoted with a subscript L. The 
sweep angle is in the x,z plane between the leading edge and the z-axis. Downstream of the attached 
shock, the uniform flow is denoted with a unity subscript. 


ANGLES 


In the sweep plane, the shock and wedge angles are f, and 0,; see Figure 10.2. These angles, 
not D and 0 are associated with an oblique shock in a two-dimensional flow. From this figure, 
we obtain 


tan@ = cosA tan O,, tan B=cosA tan ß, (10.1a,b) 


With 0 € A < 90°, observe that 0, 2 0 and D, = D. When there is no sweep, A = 0, then 0, = 6, 
P, = B, and conventional results for an oblique shock hold. We presume y, M„, and A are prescribed. 
It is still necessary to fix a wedge angle, either 0 or 0,. The analysis with 0 fixed is found in 
Emanuel (19922). It is more interesting, however, to fix 0, (Emanuel, 1992b). In this case, A is a 
free parameter and changes in A correspond to a solid body rotation about the y-axis of the wedge. 
Only this flow will be discussed. 

Standard oblique shock relations hold for the two-dimensional flow in the sweep plane. From 
Figure 10.1, the upstream Mach number in this plane is 


M, = M„ cos ^ (10.2) 


where it is notationally convenient not to write M, as M... Moreover, 0, and f, are related by 


2 2-2 
iuc SONU a (10.3) 
1+ (= — sin? B. 
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FIGURE 10.2 Schematic relating various angles; the planes respectively containing 0, B, 0,, and p, are 
perpendicular to the plane containing the sweep angle A. 


Since 0, is to be prescribed, the inversion of this relation is more useful. It is provided by Appendix C, 
where p, 0, and M are replaced with D,, 0,, and M,, respectively. Only the weak solution is of 
interest in this discussion; hence, we set ô= 1. In this circumstance, y (in Appendix C) is generally 
near unity, except when the weak solution shock approaches detachment, and then y rapidly 
decreases toward its detachment value of —1. With y, M., ^, and 0, prescribed, the foregoing 
relations explicitly determine M,, 0, D,, and p. 

The shock wave angle for detachment in the sweep plane is (Emanuel, 1986) 





1/2 
Lau] Yt1]2 4 de oye 16 7” 
Bia = sin Perit Y +[ Mi+8 rel ot | (10.4) 


while the corresponding wedge angle, 0,,, is provided by Equation (10.3). Results for 0,, are 
shown in Figure 10.3 for various M., and y values. Here, f), ; and 0,4 only depend on yand M. cosA. 
When A = 0, 0,, equals the conventional detachment angle, with 0, increasing as y decreases. 
When 0,, is zero, the component of the upstream Mach number normal to the shock is unity and 
the disturbance is a Mach wave. At low freestream Mach numbers, 0,4 smoothly decreases with 
^, whereas at hypersonic Mach numbers the decrease is rapid only at large values for A. For 
instance, if M., = 9, y= 1.4, and A = 60°, detachment requires that 0, exceed about 40°. At M„ = 
3, however, detachment occurs at about 12.5?. At this freestream Mach number, an attached solution 
does not exist if 0, is above 12.5°. 


MacH NUMBERS AND VELOCITY COMPONENTS 


The normal component of the upstream Mach number in the sweep plane is 


M,, = M,sin B, = M. cos A sin D, (10.5) 
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FIGURE 10.3 Detachment wedge angle in the sweep plane 0,, vs. A for various M,, and y values. 


Sweep 301 


shock 


sweep plane 








X,Z plane 


FIGURE 10.4 Schematic illustrating various velocity components. 
where M, > 1 in order for a shock wave of finite strength to exist. Its downstream counterpart is 


" 1 1/2 
1+ i Mi, 

Min = UT (10.6) 
YMi,- 5 


The Mach number component, downstream of the shock, in the sweep plane is given by 


M, 


M\, = sin(f, - 6) (10.7) 


Shock wave jump ratios, such as p,/p,., T/T. poi/po... ..., only depend on y and M ,. For instance, 
we write 


2i 2 (nui. t1) 
n2 (rm, ; (10.8) 


+1 Mi, 
Pi E ae (10.9) 
Poo 1+ M, 


for the pressure and density jumps. 

Notice that the full downstream Mach number M, has yet to be established. For this, we shall 
need to evaluate Y. To do this, v)., is first decomposed into a component 5, that is parallel to the 
leading edge of the wedge and a component » , that is perpendicular; see Figure 10.4. The w, 
component is the constant velocity that is added to the two-dimensional flow in the sweep plane. The 
sweep plane velocity v , is further decomposed into » and v 15; Which, respectively, are the tangential 
and normal components of the upstream velocity in the sweep plane. The tangential components, 


9, and Y ,,, are perpendicular to each other, but each is the same on both sides of the shock. 
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a > . 
To obtain wW,, we write 





Wi = Wet Wit Pin (10.10) 


The velocities on the right-hand side can be written as 








gc n Mi, 
Y. = Wo = TAN Wu = WL Wins Wii LER 2 Din (10.11a,b,c) 
yi M 
ln 
with the result 
5 MÊ,-1 
Wi = e- ——— “4S — hin (10.12) 
y+ Mi, 


The change in magnitude and orientation from W. to ra thus depends on the rightmost term. 
However, we have 


Mi,-1 
Mi, 





0< <1 


In fact, M ih — ] is positive but near zero for large sweep angles. In this circumstance, the upstream 
Mach number M , that governs the strength of the shock is transonic. We thus have the result that 
the change between ©. and Y, is rather small for large sweep angles. This result, and the 
corresponding one for a Prandtl-Meyer flow, stems from the weakening of the disturbance for a 
solid body rotation with increasing sweep. PE . E 
Further progress requires the introduction of the orthonormal basis |,, |,, and |,, where |, is 
parallel to Y. In terms of this basis, the unit normal vector to the shock, in the downstream 


direction, is (see Problem 10.1) 


Pa |, — cot Bl, + tan A |, 


(csc? B+ tan^ A) ^ icu 
or, with the aid of Equation (10.1b), 
f = cos A sin Bil — cos Bil, + sin Asin Bul. (10.13b) 
The velocities on the right side of Equation (10.12) become 
Re = wl (10.14) 


Win = aM ,,fh = w.cos Asin BA (10.15) 
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with the result 








Most \x Mint 3; M1 E 
i = we ble €: eZ — —— — =" tanA |,| (10.16) 
y*1 Y+1 M2 cos A tan By Y*tl MŽ 


The magnitude of w, simplifies to 


1/2 








w 
: + 


Mi,-1 Mi,,-1)° 
Wie |p eee ME Mey (10.17) 
Wo Yel mMm? (+1? MÈM?, 


With this relation, one can show that w;/w,, is below unity for any sweep angle. The speed of sound, 
downstream of the shock, can be written as 


à, 7 T, 1/2 2 
"in (7) 7 yal M, OA) 


Consequently, the downstream Mach number is 


= 


(10.19) 


E 
Is |? | 


a 


8 


where Equations (10.17) and (10.18) provide the flow speed and speed of sound ratios. 
With the above formulas, the orientation of A with respect to the x,y,z coordinate system, is 
obtained as direction cosines 


Wi 4 Wi 4 Wi 4 
COS Q, = mi dS 6050, = 5 -|o COS@, = r -|, (10.20) 
1 1 1 


where o, is the angle between Y». and v, Table 10.1 provides results with the nonsweep cases 
serving as references. Even though A is 60°, the change in orientation of $, is small relative to a 
corresponding nonsweep case, as mentioned earlier. Observe that œ, may increase or decrease from 
its nonsweep value, while the œ, change represents a small lateral turn toward the sweep plane. 





TABLE 10.1 
. > i 
Angles, in Degrees, between w, and the x, y, and z Axes for an Oblique Shock when y = 1.4 
M. 0, A a, a, a, 
3 5 0 5.00 85.0 90.0 
3 5 60 9.26 87.7 87.8 
9 15 0 15.0 75.0 90.0 
9 15 60 10.5 83.1 87.2 
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FIGURE 10.5 Pressure ratio vs. A for y= 1.4 for various M,, and 0, values. 


FLow RESULTS 


Results are presented with a view toward illustrating trends that are not especially obvious. 
Figures 10.5 to 10.7 show p,/p.., po/po... and M, vs. A for y= 1.4, M. = 3, 6, 9, and 0, = 5°, 10°, 
15°, 20°. The equation for the stagnation pressure ratio is given by 


Wy-1) 
ee fige 
Por _ Por Pi Pe = 2 | (10.21) 
Pos Pr Po Poo YI 1 l 


When A is zero, the figures agree with nonsweep results. 

The curves terminate at a large A value when detachment first occurs. In this situation, 6,4 is 
given by Equation (10.4) and the upstream and downstream Mach numbers M,, and M,,, respec- 
tively, are transonic. The curves in the three figures exhibit a rapid change in slope near detachment. 
In this region, the above Mach numbers are transonic and y (in the inversion formula) experiences 
a rapid decrease. 

Except near detachment, the static pressure variation (see Figure 10.5) is slight at small M, 
values but quite large when M, is hypersonic. All the curves exhibit a minimum in pj/p,, near 
detachment. This minimum corresponds to the maximum value seen in the p,/pp,, curves of 
Figure 10.6. The extremum stems from a minimum value for M,, with respect to A; i.e., 


OM ,, _ 9M ,,0M , = . oMi, J 
ET NÉE M OX ^ —M,,sinA OM. = 0 (10.22) 
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FIGURE 10.6 Stagnation pressure ratio vs. A for y= 1.4 for various M,, and 0, values. 


where 0, is held fixed. With the aid of Equation (10.5), the extremum condition becomes 


oM Ln 
JM, 


3p. 


oM, -0 (10.23) 





= sin, +M, cos D, 


Equation (10.3), with 0, again held fixed, results in 





2 2M, cos? B. [sin'B - tan p. (72 l -sin*f Jane. | 
B. = o MMM— MÀ — (10.24) 


oM 
z | t (+ - 3sin' f, + 2sin' B, M? Jano. —2sinB, + cos? B, MT 





Hence Equation (10.23) simplifies to 


P AN 
Mi [+ ysin? ps) (10.25) 


where a tilde denotes conditions when M,, is a minimum, and the static and stagnation pressure 
ratios have an extremum. With the above, Equation (10.3) provides f, as 





Q ^ 1 -1 1 
B, = Z- 5 tan (= x) (10.26) 


where a more convenient form is (see Problem 10.2) 


B= 4 En (10.272) 


NI 
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FIGURE 10.7 Downstream Mach number vs. A for y= 1.4 for various M,, and 0, values. 
This last relation, in turn, yields 


-1/2 


M. = ža - ysin®,) | (10.27b) 
Pi l-*ysinO, 
10 s (10.27c) 
Pou _ (1+ sin Gy -P(1— ysing, 2-5 dud 
Pos as à) (ra) ; 
re E 1 2 1/2 
A ed PATER z) | (10.27e) 


As is evident in Figures 10.5 and 10.6, the extremum values for p,/p,, and p,/pp.. are independent 
of M... Moreover, for given values of M. and 0,, the p,/p., and po//ps., extremum values occur at 
the same sweep angle. Similarly, M,, has a minimum value and M, has a maximum value 
(see Figure 10.7) at this sweep angle. By adjusting A, a given wedge can thus attain a fixed value 
for p,/p., and for po//po.., independent of M... (The design of supersonic inlets might benefit from 
this insensitivity to M... A condition at a A value somewhat smaller than A is necessary, however, 
since the extremum state is close to detachment.) This independence, e.g., extends to other jump 
relations, such as T'/T., and p,/p... 

Conditions at the extremum are provided by Equations (10.27). The loss in stagnation pressure 
(see Figure 10.6) is modest at this condition; i.e., the shock is relatively weak. For instance, for 
y 21.4, M, = 9, and 0, = 20°, we have 


A =774°, Pater PM = 0.893, 754 


a Poo 
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FIGURE 10.8 Schematic and coordinate systems for a Prandtl-Meyer expansion. 


The weakness of the shock is also evident in the large M ; value. On the other hand, without sweep, 
we obtain 


Aog. &=182, 22 = 0.143, M,=406 


oo [( 


for a much stronger shock. There is thus a trade-off between introducing sweep or reducing a ramp 
or wedge angle in order to weaken the shock. (Of course, both sweep and low angle ramps could 
be utilized; this might reduce the overall size of the inlet.) This weakening is evident in Figure 10.7, 
where M, increases toward M,, as A increases. This trend again does not hold near detachment, 
nor is it effective at small M,, values, where the nonswept shock is already relatively weak. 


10.3 PRANDTL-MEYER FLOW 
INTRODUCTORY DISCUSSION 


Two Cartesian coordinate systems are utilized (see Figure 10.8) in which x is aligned with the 
freestream velocity W.. The origin of both systems is on the hinge line, where the wall has a sharp 
expansive turn. The coordinate y is normal to the upstream wall and the z coordinate completes 
the right-handed system. The freestream velocity has a sweep angle A with respect to the hinge 
line. A coordinate system, associated with the sweep plane, is introduced in which z, is along the 
hinge line, z, = y, and x, is rotated about the y-axis by the angle A from the W. direction. As with 
the shock wave case, a change in A corresponds to a solid body rotation. For purposes of brevity, 
a centered Prandtl-Meyer expansion is considered. The extension to a noncentered expansion is 
straightforward, and much of the subsequent analysis would still apply. As in the preceding section, 
thermodynamic static variables are unchanged. Since the flow is homentropic, any stagnation 
quantity is a constant and is unchanged from its upstream value by sweep. As mentioned in the 
first section, nonhomenergetic solutions are available by means of the substitution principle. Our 
discussion is largely based on the thesis by Vahrenkamp (1992). 

As usual, flow conditions downstream of the expansion are denoted with a unity subscript, 
while sweep plane conditions are denoted with a subscript L. A conventional Prandtl-Meyer flow 
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FIGURE 10.9 Schematic of Prandtl-Meyer flow in the sweep plane. 


(see Figure 10.9) occurs in the sweep plane. The governing Mach number is 


Mi» = M.,cosA = ve cos A (10.28) 


oo 


and must exceed unity if an expansion is to exist. Consequently, the sweep angle has a maximum value 


Ass = COS” (10.29) 


1 
M. 
when the transonic M, = 1 condition holds. If A nevertheless exceeds A,,,, and M,, > 1, there is 
a supersonic flow in which the solution in the sweep plane, however, is subsonic and elliptic. 

As indicated in Figure 10.9, the overall wall turn angle, in the sweep plane, is 0,,. In parallel 
with the shock analysis, y, M... 0,,, and A are prescribed, where A is treated as a free parameter. 
Ahead of the expansion, a streamline is straight and parallel to the upstream wall, while after the 
expansion it is straight and parallel to the downstream wall. When A » 0, however, the streamlines 
are not tangent, at any location, to the sweep plane. Figure 10.9 shows the projection of a streamline, 
initially at y = y,, onto the sweep plane. The various Mach angles shown are measured relative to 
a projected streamline; e.g., 


1 
M. 





(10.30) 


sin Ujo = 


Figure 10.10 is a view in a plane where y is constant. The locations are indicated where the 
leading edge (LE) and trailing edge (TE) of the expansion cross this plane. A streamline projection 
is also shown. Downstream of the expansion, the streamlines are not parallel to the x, coordinate 
when A > 0. The freestream velocity is decomposed as 


Wo = Wio + Wi (10.31) 
where 


Wie = ecos A, Wy = -W sin A (10.32a,b) 
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FIGURE 10.11 The shaded side of the pyramid is on the downstream wall. This construction defines the 
angles 0,, Q, and A. 


and the need for the minus sign in Equation (10.32b) is evident from Figure 10.10. The component 
» 4, is a constant throughout the flow field. 

A number of angles are introduced in Figure 10.11, where the shaded triangle is located on 
the downstream wall. It is a right triangle that is perpendicular to the sweep plane. Its size is 
determined by the magnitude of the downstream velocity » », Which is not normal to the base 
of the triangle. By definition, A is in the x,z plane; Q is its counterpart in the plane of the 
downstream wall. As evident from the pyramid, the orientation of i is fixed by 0, and A, where 6, 
is in the x,y plane. This figure is useful in establishing various trigonometric relations. For instance, 
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we obtain 
tan @, = cosAtan@,, (10.33) 
sinQ@ = sin A cos 0, (10.34) 
A=Q- sa (= sinA) (10.35) 
1 


Although not required by fluid dynamics, these trigonometric relations limit 0,, to a maximum 
value of 90°. With 0,, and A limited to a 0° to 90° range, we observe that 0; and Q are also 
restricted to this range. As we shall see, A is not similarly restricted. We observe that when there 
is no sweep, 0, = 0, and 42 (2 =0. 


GENERAL FEATURES OF THE SOLUTION 
At any location, the velocity can be written as 


> > 

> 2,2 Yo, . Wi 

Ww = Witwir = aM, —-w, sin A— (10.36) 
Wi Wit 


> > , r > ane 
where a, =a, W,/w, and w,,/w,, are unit vectors, and the minus sign stems from v^, and positive 
z, being in opposite directions. In turn, this yields 


2. 2 
Wee 2 Mie) du (10.37) 
a 


Since the flow is homentropic, we have 

ay X 

emp omms 10.38 
( ) X ( ) 


where 


10.39 
(10.39) 
Consequently, the Mach number, anywhere in the flow field, can be written as 
x M? +M? si^ 
Apta COS UMux (10.40) 


X. 


where M,.,, which appears in X,,,, is given by Equation (10.28). With this relation, the elegant 
result is obtained as 


(10.41) 
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Thus, the static and stagnation pressures are, respectively, 


X NIGG-D i 
o. (y) , Po. xen (10.42a,b) 
Deo X Po 


with similar homentropic relations for other variables. In view of Equation (10.41), the pressure 


ratio can also be written as 
PpP Gey 
Po X, 


Consequently, any thermodynamic quantity can be evaluated from just the flow in the sweep plane. 


SOLUTION INSIDE THE EXPANSION 


As one would expect, the analysis is performed in the sweep plane (see Figure 10.9) where C, 
denotes an arbitrary left-running characteristic within the expansion. To some extent, the analysis 
here parallels that in Section 8.4. The constant Mach number M, on this characteristic is associated 
with the Mach angle 


U, = u( M) = cot!(M2 - 1)" = 5 tan (M2 —1)'” (10.43) 
For this characteristic, which has an angle 7) relative to the x, axis, 
v(M;) = v(Mi.) c0, = v(Mi.) + u-n (10.44) 
where v is the Prandtl-Meyer function. With the aid of the above relations, M, is explicitly given by 
M? = 1+b tan? (10.45) 
where 


zai T _ (yt ly? 
z= 5 [viM.)+F-n], b= (Z5) (10.46) 

The variable angle 0, in Equation (10.44) can be shown to be given by 
0, = cot (btan2)- (10.47) 


In Figure 10.9, 7 is constrained to lie between the leading and trailing edges of the expansion 
T g 1/2 
Te 5-tmn (Mi.-1) , mm - HM) ~ 6; (10.48) 


where Equation (10.28) provides M,.., while M, , is given in the next subsection. The corresponding 
2 values are 


2 1/2 2 1/2 
uu. | èr = tan] | (10.49) 


2, = tan” 2 
LE b b 
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With the foregoing relations, we obtain 


y+1 X. 2 24 
X,- “= = X 10.502, 
i eom X yr cos 2 (10.50a,b) 








where Equation (10.50b) is useful with homentropic equations, and the flow speed can be written as 


Wy at = (= 


1/2 
zu) (1 +b? tan?2) "cos? (10.51) 


do 
The solution inside the expansion is thus given in terms of 2, which, in turn, is linear with n. 


DOWNSTREAM CONDITION 


The downstream Mach number M ,,, in the sweep plane, is given by 
v(Mj1) = v(M,.) + 0, (10.52) 


Once M,, is known, Equation (10.40) provides M,. Other parameters, such as a, and p,, are, 
respectively, given by Equations (10.38) and (10.42a). The downstream flow speed is 





w Ma Mee 
Mt = Tits EE (<=) (10.53) 
oo oo oo 1 


The condition when the TE of the expansion is coincident with the downstream wall is also referred 
to as detachment, and is denoted with a d subscript. In this circumstance, M,,; > ©, Pia = 0, and 
the wall turn angle is 


Bas F(b -1)-v(M,.) (10.54) 


where z(b — 1)/2 equals 130.5? when y= 7/5. Should 0,, > 0,,,. there is a void between the wall 
and the TE of the expansion. For purposes of simplicity, the subsequent discussion assumes 
0,,,2 0,,, which results in a lower bound for A: 


v(M., cos Amin) € F(b sys (10.55) 


When the inequality sign holds, Amin = 0, while the equality sign yields Apin > 0, which occurs 
when M., and 0,, are large. Hence, with sufficient sweep, a void can be avoided. Consequently, 
A is bounded by Apin and Anax The lower bound avoids detachment, while the upper bound stems 
from the M, 2 1 condition. 

Figure 10.12 shows 0,,, increasing with A for a given M„ value. Since y= 1.4, the maximum 
value for 0,,, is 130.5°, and the curves terminate when A = Apax As expected, the detachment 
angle decreases with increasing M... 

Figures 10.13 and 10.14, respectively, show M, and p;/p., when y= 1.4, M,, = 3, 6, 9, and 
0,, = 20°, 40°, 60°. The curves terminate when A = A,,,,, while curves based on large 0,; and M., 
values also terminate when A = Amin: This occurs at detachment when M, becomes infinite. 
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FIGURE 10.12 Detachment angle vs. A when y= 1.4. 
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FIGURE 10.13 Downstream Mach number vs. A for various 0,, and M, when y= 1.4. 


Although barely discernible, each M, curve has a minimum value, denoted with a tilde, when 
A is near A,,,. This minimum corresponds to (see Problem 10.3) 


4 ~ 4 
Mu Mio 


=-— (10.56) 
M,,-1 M,.-1 
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FIGURE 10.14 The pressure ratio p,/p,, vs. A for various 0,, and M, when y= 1.4. 


duni et ; ; ; 2 v TES y 
which is a quadratic equation for either Mi- or M11. By symmetry, one solution is M ,, = M Le 
which occurs when 0,, = 0. The other solution is 


" M. - M 
Mii = — or Mi« = ae (10.57) 
(Mis -1) (Mii - 1) 


Either of these equations, in conjunction with Equation (10.52), yields M 4; and M 1% and therefore A. 
Since A is close to A, the value for M. is always close to unity. Aside from a small region 
near A, M, decreases with sweep. As with a shock wave, sweep reduces the overall strength of 
the disturbance. 

The pressure ratio is shown in Figure 10.14, where the curves are subject to the same Amin and 
Aq Constraints as in Figure 10.13. Moreover, the maximum p,/p,, value corresponds to the 
minimum M, value. For a given 0, value, the maximum pj/p,, value is independent of M... The 
similarity with the earlier shock wave analysis is evident. 


STREAMLINE EQUATIONS 


Inside the expansion, the velocity can be written as 


»- Wix lit Wiy lt vi lis = w cos, I3 sin 0, pate sin A Ties (10.58) 


where the Îi represent an orthonormal basis associated with the sweep plane. The streamline 
equations then are 


a = w,cos@,, A - —w,sinO,, dz, = —W, SINA (10.59) 
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FIGURE 10.15 Depiction of two sidewall streamlines inside and downstream of the expansion. 





FIGURE 10.16 Depiction of a sidewall when the sweep angle is 45°. 


Each streamline originates at the LE of the expansion at time t = 0. For convenience, the streamlines 
are required to pass directly above the origin. This construction thereby provides a sidewall, 
upstream of the expansion, that is planar and contains the origin of the coordinate systems 
(see Figure 10.8). The planar sidewall is in the x,y plane and terminates at the LE. The streamlines 
that are tangent to it become tangent to a curved wall between the LE and TE. This approach would 
expedite the design of a duct for generating the swept flow field. 

Figure 10.15 depicts two streamlines with different y,, values. Upstream of the LE, the stream- 
lines are straight and in the z = 0 plane. Inside the expansion, they curve with their x and z values 
increasing, while y decreases. Downstream of the expansion, the streamlines are again straight and 
parallel to the downstream wall. Figure 10.16 depicts the curved sidewall, adjacent to the expansion, 
that stems from the planar upstream sidewall when y= 1.4, M,, = 3, 0,, = 20°, and A = 45°. As 
the figure indicates, the TE is nearly coincident with the x,y and x,z planes. Moreover, as seen from 
Figure 10.15, the sidewall, downstream of the expansion, is also planar. 

Initial conditions for Equations (10.59) are 


1/2 1/2 
XIE = y-( Mi. - 1), VILE = Ye ZILE = SMa 1) tan A (10.60) 
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where y, is the arbitrary height of a streamline above the upstream wall. From the last of Equations 
(10.59), we obtain 


£L = OM. (sinA) t - (Mi. - 1)" tanA (10.61) 
Vou 


where 7 = (a.,f)/y,, is a nondimensional time measured from when a fluid particle crosses the LE. 
The dx, and dy equations are integrated to obtain x, and y in terms of 7, as was just done for 
z,. Toward this end, we start with the transformation (see Figure 10.9) 


X, =r,cosn, y=r,sinn (10.62) 


These equations are differentiated to obtain, with the aid of Equations (10.59), 





dr, — 2 dean. ET 2 1⁄2 cosĉ 
"dt = abx.) SIn Z, Tt = -a dix.) T, (10.63) 


They are combined, to yield 


dr 
dz 





= b’r tan? (10.64) 


where dn = bdZ is used. The initial condition is rj; & = YM, with the result 


r M, 
x - E CR AME x : (10.65) 
x (Ax) (cos 2)" 
Equations (10.63) and (10.65) relate 7 to 2: 
d2 _1 2 "=D (e052) ” 0P 
aa (= Xs] M- (10.66) 
Upon integration, we have 
2 -y((y- 1) 
t= bM. (Xs. I: (10.67) 
where 
ne Í (cos x) 27D dx (10.68) 
21g 


Thus, the time 7 it takes a fluid particle to go from the LE to the r] characteristic only depends on 
Y, Mi and rj. The integral can be evaluated in closed form whenever y= (n + 2)/n, n = 3,4, .... 
For y= 7/5 (or n = 5), this yields 


1+sin x 


dx _ sinx 
l -sin x 


;- — (8  l0cos^x  15cosx) + Er en{ 
(cos x) 48 cos x 32 


) + constant (10.69) 
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The desired relation, with y= 7/5, is then 


-7n 
pe 'M,.(2x,.) 1(8:24n,7!5) (10.70) 


The equations for the streamlines are given in the x,y,z coordinate system by a solid body 
rotation about y: 


x =x,cosA-z,sinA, z= x,sinA+z, cosA (10.71) 


With the aid of Equations (10.61), (10.62), and (10.65), these become 


M A 
X = An COS COS” E Mt sin? A+(M3-1)'’sinAtanA —(10.72a) 
Yoo 2 b NR A p 
(x) (cos 2) 
D ecc c/a (10.72b) 
Veo 2 bn N- 
(x) (cos 2) 
M 
Begin A) cols reos OM isl) (10.720) 
Yo 2 b X p 
(x) (cos 2) 


where 7) and 2 are related by Equation (10.46) and t and 2 by Equation (10.67). 

The angle A, shown in Figure 10.11, is the minimum angle between A and the x,y plane. It 
thus represents the overall turn made by a streamline when projected onto the downstream wall. 
This angle is given by Equation (10.35), and can be written as 


; 1/2 
yas Sine =e Ssi Me) sin ^ (10.73) 
(1 * cos^A tan 0,4) MjXX., 


Figure 10.17 shows A, in degrees, for the same y, M.., and 0,, values used in Figures 10.13 and 10.14. 
The magnitude of À is relatively small, since it is given by the difference of two angles. Thus, the 
change in orientation between A and Y), is not especially large, even when A is large. In this 
regard, the behavior is similar to the shock case. For instance, when y= 1.4, M, = 6, 0,, = 20°, 
and A = 60°, A is only about 2°. A small A value is also apparent in Figure 10.16. 

Moreover, À is often negative, especially when M., and 0, are large. Figure 10.18 helps clarify 
this result by repeating Figure 10.11, but for a negative À value. Assume all prescribed parameters 
are fixed and that A gradually increases from zero. When A = 0, the sweep and x,y planes coincide 
and A = 0. When A is small and detachment does not occur, the angle, sin"! [(w./w;)sinA], often 
increases slightly faster than Q, thereby yielding Figure 10.18 and a negative A. Alternatively, when 
M. is large, w/w, is close to unity, and A is approximately given by 


A=Q-A (10.74) 
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FIGURE 10.18 A repeat of Figure 10.11 to illustrate the situation when A is negative. 


From Equation (10.34), we observe that Q is smaller than A when 0, > 0 and, consequently, À is 
again negative. 
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PROBLEMS 


10.1 Derive Equations (10.13a,b). 
10.2 Derive Equations (10.27). 
10.3 Derive Equations (10.57). 
10.4 A wall has an expansive turn of 30°, and the gas is helium at M,, = 4. 
(a) For a 40° sweep angle, determine Anaw p,/p.., w;/w.., M,, and A. 
(b) What would M, be if there was no sweep? 
(c) Determine p/p. as an explicit function of 7 for the flow inside the expansion. 
(d) Write the equations for a streamline inside the expansion. Be sure to include the 
necessary auxiliary equations, such as Equation (10.67). 





11 Interaction of an Expansion 
Wave with a Shock Wave 


11.1 PRELIMINARY REMARKS 


The interaction of a centered Prandtl-Meyer expansion with a weak-solution, planar shock wave 
is discussed. A perfect gas flow is assumed that is steady, inviscid, and two dimensional. Figure 11.1 
illustrates the configuration in which the flow on the underside of the wedge is not sketched. 
Upstream, the flow is assumed to be uniform and supersonic. The shoulder, where the wall has a 
turn angle @, generates a centered Prandtl-Meyer expansion that causes the shock to curve and 
weaken. Although not indicated in the figure, the flow downstream of the curved portion of the 
shock is rotational, or vortical. 

Problem 11.1 demonstrates that the leading edge (LE) of the expansion and the planar shock 
intersect at a finite point. A small angle @ is shown in Figure 11.1 in order that the trailing edge 
(TE) of the expansion can also intersect the shock at a finite point. By the time @ equals the wedge 
angle 0,, the TE no longer intersects the shock. This intersection is not required for the subsequent 
analysis. It is, however, pedagogically and possibly computationally convenient for this to be the 
case, as we generally assume. 

The flow behind the planar part of the shock is also considered to be supersonic. For a given 
freestream Mach number M., this is the usual situation, since the flow is subsonic for only a very 
narrow range of 6, values. If the flow is subsonic, a planar shock does not occur. This is illustrated 
in Figure 11.2, which shows that the subsonic region is bounded, on the downstream side, by a 
curved sonic line that starts at the shoulder. A small increase in 0,, or a small decrease in M,,, 
would cause the shock in the figure to detach. 

The flow sketched in the first figure is fundamental to gas dynamics. Consequently, it and 
similar flows have attracted the attention of a number of authors; e.g., see Shapiro (1953), Marshall 
and Plohr (1984), Saad (1993), or Schreier (1982). Shapiro and the last two references use an 
approximate “wavelet” approach to model the expansion and its reflection from the shock. Other 
basic studies that deal with the interaction of an expansion wave with a shock are by Friedrichs 
(1948), Lighthill (1949), and Chu (1952). The article by Friedrichs deals with a broad range of 
topics, including unsteady, one-dimensional flow and the process of shock formation. Lighthill 
develops a linearized approach, while Chu investigates the effect of a wedge whose face is slightly 
perturbed. Other authors, e.g., Munk and Prim (1948) and Pai (1952), have examined the flow of 
a related but different problem, namely, that due to a plane ogive with an attached shock. [Eggers 
et al. (1955) point out that the analyses by Lighthill (1949), Chu (1952), and Pai (1952) are not 
free of error.] The configuration in Figure 11.1, but with @ = 0,, has been used in CFD studies by 
Nicola et al. (1996), and by Nasuti and Onofri (1996). This configuration has also been used in an 
engine inlet experiment by Wang et al. (1995). Li and Ben-Dor (1996) consider the interaction 
when the expansion is upstream of the shock, i.e., the shock runs into the expansion. 

Rand (1950) examines the interesting possibility, shown in Figure 11.3, where upstream vorticity 
is used to cancel shock-produced vorticity. (A related, but different, vorticity-canceling shock is 
the subject of Problem 6.13.) In the figure, regions I, III, and IV are uniform, supersonic flows. 
Region II is a supersonic, parallel, vortical flow. From the substitution principle, in Chapter 8, we 
know that this type of flow is possible. With the presumption that the vorticity just downstream of 
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FIGURE 11.1 Supersonic flow about a wedge with an expansive turn. 





FIGURE 11.3 Schematic in which the Prandtl-Meyer flow is unperturbed. 


the curved shock is zero, the vorticity then remains zero along the streamlines that pass through 
the curved shock. Consequently, the centered Prandtl-Meyer expansion is unperturbed as it prop- 
agates toward the downstream side of the shock. In accord with the substitution principle, the 
pressure and Mach number in region II are constants and respectively equal their region I values. 

Rand's conjecture appears plausible in that the magnitude of the pressure jump across the 
curved shock decreases with increasing distance in accord with the decreasing pressure inside the 
expansion. Flow properties along any left-running characteristic, inside the unperturbed expansion, 
are constant. These include, e.g., the pressure and the stagnation enthalpy. Hence, the stagnation 
enthalpy on the downstream side of the shock is a constant and equals its value in region I. This, 
however, is inconsistent with region II being a parallel vortical flow, which requires a nonzero 
stagnation enthalpy gradient transverse to the streamlines. This point was established in Section 8.3. 
Consequently, the flow sketched in Figure 11.3 is not physically realizable. 
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On a conceptual basis, our analysis is reminiscent of shock-expansion theory, although @ may 
not be as large as this theory would require for a finite chord length. In its simplest form, shock- 
expansion theory ignores any interaction between the wall-generated expansion wave and the 
upstream, attached shock wave. The theory provides an inviscid estimate for the wall pressure that 
can be used to obtain lift and wave drag coefficients; see Section 14.10. More precise results 
sometimes can be obtained with the method-of-characteristics (MOC). In the days before computers, 
however, the MOC calculations were tedious, and, as a practical matter, required a relatively large 
grid. Moreover, a wide-ranging parametric study was out of the question. Hence, a number of 
approximate analytical (with some required computation) treatments were developed by Hayes and 
Probstein (1959), Eggers et al. (1955), Waldman and Probstein (1957), and Mahoney (1955) to 
improve upon the original theory or assess its accuracy. The report by Waldman and Probstein 
provides a review of the theory current at the time of publication. (Little in the way of analysis 
has been done since, because numerical methods became the topic of interest.) Even the more 
refined versions of the theory usually neglect the right-running reflected wave, since it is generally 
weak or because it may not impinge on the downstream airfoil surface. The studies by Eggers et 
al. (1955) and by Mahoney (1955) note that shock-expansion theory generally yields a relatively 
accurate prediction for the surface pressure. 

Our motivation for accurately analyzing the flow field sketched in Figure 11.1 does not come 
from shock-expansion theory, although selected results will bear on this topic. Rather, it is pedagogical 
in that we wish to show how analysis, numerical methods, and gas dynamic concepts are combined 
to yield both insight as well as trends and specific results. (At the time of writing, actual numerical 
results were not available. This would be a good thesis or dissertation topic.) The material in this 
chapter can be viewed as the prototype for this type of wave interaction. We do not assume a weak 
shock, linearize the equations, or utilize a wavelet approach. Rather, a global solution is obtained that 
depends on only four nondimensional parameters, namely, the ratio of specific heats y, M.., and the 
two angles, 0, and 9. Although this type of flow configuration has been of interest for many years, 
our approach is believed to be new. A major reason for this is the recognition that the shock wave's 
curvature can be discontinuous, and whose treatment requires a novel MOC unit process. The next 
section discusses the topology of the flow field, which is much more complicated than Figure 11.1 
indicates. Specific objectives are more clearly outlined at the end of this section. Section 11.3 provides 
the analytical solution for selected flow regions. The next section discusses the shock curvature 
singularity. The chapter concludes with a presentation of the unit processes and the MOC scheme. 


11.2 FLOW TOPOLOGY 
GENERAL REMARKS 


Figure 11.4 illustrates the many regions that constitute only part of the flow field downstream 
of the 0-2-6-10 shock wave. (The angle $ is drawn larger than it should be for purposes of clarity.) 
This type of patchwork is typical of a supersonic flow containing one, or more, shocks. The flow 
is governed by a wave equation that allows a discontinuous change in some of the primary variables, 
such as the entropy, when a shock wave or a slipstream is present, and in the first derivative of the 
primary variables across selected Mach lines and streamlines. The lines drawn in the figure show 
the location of these discontinuities. Eleven regions are pictured; a solution for the first ten is to 
be obtained. In other words, ten distinct solutions, one per region, are to be found. For some regions, 
an analytical solution is possible, while others require a computational approach. It is convenient, 
of course, to perform all of the work, analytical and computational, with a computer, thereby making 
a wide-ranging parametric study possible. 

In an irrotational region, we have the left-running C,, and right-running C , Mach lines or character- 
istics. When the flow is rotational, the C, streamlines constitute a third family of characteristics, as 
sketched in Figure 11.5. In the figure, W is the velocity, u is the Mach angle, and @ is the streamline 
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FIGURE 11.4 Schematic of flow regions. 
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FIGURE 11.5 Characteristic curves. 


angle relative to Y... or the x-axis. A uniform flow region is irrotational with just straight C, charac- 
teristics. Its rotational counterpart is a parallel flow region with three families of characteristics. In 
the irrotational case, a region can be described as uniform, simple, or nonsimple. In a uniform flow 
region, such as I, the C, characteristics are straight, as are the streamlines. In a simple wave region, 
such as IL one characteristic family is straight, the other is curved, as are the streamlines. In a 
nonsimple wave region, such as IV, both C, families and the streamlines are curved. The character- 
ization of some of the regions is simplified by recalling the theorem for a steady, two-dimensional, 
irrotational, supersonic flow. It states that uniform and nonsimple wave regions border simple wave 
regions. In addition, a simple or nonsimple irrotational region can be bordered by a shock or a rotational 
flow region. Lines between different types of flow regions, including rotational regions, are always 
shock waves, slipstreams, or C, and C, characteristics. These demarcation lines involve some sort of 
discontinuity. Moreover, these lines may possess properties associated with both adjacent regions. 
For example, the Mach line 1-2 has the properties of the uniform flow in region I and the 
Prandtl-Meyer flow in region II. These comments are important in the discussion of the flow field. 
Another limitation of the analysis is that the wave that reflects from the downstream wall is 
ignored. The solution thus terminates on the 4-8-12-11-10 characteristic line segments. The reflected 
wave that begins at the wall in region XI is therefore not discussed. Later, we observe that regions 
VIII, IX, and X can be truncated on their downstream side without sacrificing any objectives. 


FLow FtetD DESCRIPTION 


A Cartesian coordinate system (see Figure 11.4) is utilized, in which all lengths are normalized by 
the distance, in the freestream direction, between the apex and shoulder of the body. Tables 11.1 
and 11.2, respectively, characterize the different regions and their demarcation lines. 
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TABLE 11.1 
Description of Regions Shown in Figure 11.4 
Region Description 
I Uniform, irrotational 
II Centered Prandtl-Meyer irrotational expansion 
Tl Uniform, irrotational 
IV Nonsimple, irrotational 
V Rotational 
VI Rotational 
VII Simple, irrotational 
VIII Rotational 
IX Rotational 
X Nonsimple, irrotational 
XI Nonsimple, irrotational 
TABLE 11.2 
Demarcation Lines in Figure 11.4 
Lines Description 
0-1, 1-4-9 Straight wall segments 
0-2 Straight shock 
2-6-10 Curved shock 
1-2, 1-3 Straight C, characteristics 
3-5-6, 4-8-12 Curved C, characteristics 
3-4, 7-8 Straight C_ characteristics 
2-3, 6-7, 8-9, 10-11-12 | Curved C. characteristics 
2-5-7-12, 6-11 Curved C, characteristics 





The Prandtl-Meyer expansion reflects from the shock between points 2 and 6. (If $ is too large, 
point 6 is at infinity.) There are actually two reflected waves. The first consists of the C, charac- 
teristics that constitute a vortical layer, located in regions V, VI, and IX. The second wave consists 
of the C. characteristics in region IV, V, VI, VII, and XI. The Prandtl-Meyer expansion interacts 
with both waves in the regions where there is overlap. 

In the subsequent discussion, frequent reference is made to the shock wave angle f, which is 
measured relative to the x-axis. It is viewed as a function of the arc length s along the shock. Its 
first derivative, with respect to s, is written as 8’. Along the 0-2 shock, f is a constant, equal to f, 
whereas beyond point 2, D decreases in magnitude. Although f is continuous at point 2, D is not, 
going from zero to a finite (negative) value, as discussed later. Consequently, f is nonanalytic (i.e., 
B does not possess a Taylor series expansion with respect to s) at point 2. 

The 2-5-7-12 and 6-11 streamlines separate regions of different rotationality and, thus, are C, 
characteristics. Another possibility is that these boundaries are actually slipstreams. It is essential 
for the subsequent MOC discussion to resolve this question. Slipstreams normally start at a triple 
point, where three shock waves intersect. The magnitude of the velocity is then different on the two 
sides of a slipstream. For this to be the case, the strength of the shock at points 2 and 6 would have 
to change discontinuously. All primary variables, however, change continuously in the Prandtl-Meyer 
expansion. In turn, this means the strength of the shock is continuous. In short, the bounding 
streamlines are not slipstreams, and f) is a continuous function of s, including at points 2 and 6. 

The first derivative of quantities, such as the pressure and Mach number, is discontinuous along 
the leading and trailing edges of the Prandtl-Meyer expansion in a direction normal to these edges 
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(see Problem 8.14). Thus, the derivative, dM/ds, is discontinuous at points 2 and 6. Consequently, 
p’ is similarly discontinuous at these two points. Since the curvature of the shock equals —B’, it 
also is discontinuous at these points. 

The overall strength of the reflected C_ wave is frequently weak in comparison to the 
Prandtl-Meyer expansion. This occurs when the expansion significantly weakens the bow shock. In 
turn, the weakened shock has a relatively large slope change; hence, the vortical layer is relatively 
intense. In the literature (e.g., Lighthill, 1949), a parameter is defined that represents, at the shock, 
the local ratio of the reflected C_ pressure wave to the incoming C, pressure wave. A more convenient 
parameter for our purposes is d(u — 9)/dB, given by Equation (6.51). The sign of this derivative locally 
determines if the C_ wave is compressive or expansive. As the Section 6.3 analysis shows, both types 
of waves are possible. In particular, the C_ wave is generally compressive when 38? > B= Lu... 
Figure 11.4 is drawn as if the C_ wave is compressive; i.e., it converges in the flow direction. When 
this wave is compressive, it is theoretically possible for an embedded shock wave to form somewhere 
inside regions IV, V, VI, or VII when C. characteristics attempt to overlap. If this occurs, the shock 
would be quite weak, especially where it first forms. It should be noted that embedded shocks form 
in this manner inside the jet from an underexpanded nozzle (Emanuel, 1986, Section 19.4). 

One might anticipate that the shock beyond point 6 would be planar. In this circumstance, VIII 
would be a uniform flow region and 6-11 would be a straight streamline with a constant pressure. 
To be consistent with this picture, X would also be a uniform flow region and region IX would 
contain a parallel, rotational flow. Such a region is permissible; however, the streamline angle 0 
would then have to be constant along the 6-7 characteristics. The last condition is quite unlikely; 
hence, we consider the shock, beyond point 6, to be curved. More importantly, the left-running C, 
characteristics that originate at the wall in region III, but pass through and interact with the vortical 
flow, cause the shock to curve. Since the C, wave entering region VIII initially is from the uniform 
flow in region III, the curvature of the shock should be quite small compared to that along 2-6. 


Goats 


A key objective would be to establish a numerical procedure that properly represents the Figure 11.4 
flow field. This task is not trivial, in view of the nonanalytic nature of points 2 and 6. Thus, a major 
goal is to verify the previous description, or to modify it, based on accurate computational results. 
The overall strength of the two reflected waves, relative to the Prandtl-Meyer expansion, should 
be evaluated parametrically. Other objectives include locating points 4 and 6, obtaining an estimate 
for the maximum value of ġ when the coordinates of point 6 are still finite, and finding the location 
of an embedded shock, if there is one. 

A final objective would be to develop suitable flow conditions for experimental verification. 
For instance, a wind tunnel experiment might answer the question as to whether or not the shock 
is curved beyond point 6. If a weak expansion is used, i.e., @ is only a few degrees in magnitude, 
the amount of shock curvature may not be detectable. On the other hand, as @ increases, point 6 
may move out of the field of view. There would be similar experimental difficulties in detecting 
the possible presence of a weak embedded shock. 


11.3 SOLUTION FOR REGIONS I, II, AND III 


With y, M., 0,, and @ known, the solutions for regions I and III are routinely obtained. We thus 
focus on obtaining the coordinates of points 2, 3, and 4, the shape of the 2-3 characteristic, and 
the pressure, Mach number, and flow angle along this characteristic. Along the 3-4 part of this 
characteristic, these parameters have their constant region III values; i.e., 


P3= Pm Mu-2Myg 94 = -0,+¢ (11.1) 


Conditions along 2-3-4 are needed for the MOC computation of the outer regions. 
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FIGURE 11.6 Rotated coordinate system centered at point 1 of Figure 11.4. 


The coordinates of the first three points in Figure 11.4 are 


X920, y=0 (11.2a) 
x,=1, y, = tan, (11.2b) 
xm ALTRI EUR yi = x, tan fj (11.2e) 
where 
lu = si (Fr) (11.3) 


For the expansion, the angular coordinate 7, shown in Figure 11.6, is convenient. Its leading and 
trailing edge values are 


Me=H Tre = Um- O (11.4) 


Even more convenient is the scaled angle 


zm = (E) (v + A z n) (11.5) 


previously defined in Section 8.4. From the Prandtl-Meyer solution in that section, we can write 


1/2 
M = (1 + D tan? z) (11.6a) 
E yi(y- 1) 
b= [etes m 
I 


0 = -u(M)+ n+ 4, (11.6c) 
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where the parameters on the left-hand side are viewed as functions of 7. The above relations hold 
throughout the Prandtl-Meyer flow region. In particular, they hold along the 2-3 characteristic. 
The shape of this characteristic (see Problem 11.2) is provided by 


1/2 








-1 
Zp = tan] £ ; (M? - D (11.72) 
rg = [G5 7 1? + (y; - tan 6,)?]'? (11.7b) 
Ld = E ZLE (= TA p (11.8a) 
Tip sin z COS Z 
x = 1 +r — cos(N + 0,) (11.8b) 
TLE 
y = tanO,* rig = sin(1] + 0,) (11.8c) 
TLE 
Point 3 is obtained when 
a 1 1/2 
ZTE = (Zi 7) (v * 5 -Hmn + 6) (11.9) 


is substituted into Equations (11.8). Finally, we note that point 4 is given by 


y3 + x4tan($ — 0, + Um) EN tan 6,, = tan(@—- 0,) 
pz p ERA UE cc ARUR E DERE (11.102) 
$ tan(@— 0, + Um) — tan(¢ - @,,) 


y, = tan 0,+(1-x,)tan(¢- 0,) (11.10b) 


11.4 CURVATURE SINGULARITY 


The curvature of a shock wave is discontinuous whenever a dispersed wave starts, or finishes, 
interacting with the shock. Ferri (1954), e.g., presents a derivation, quite different from the following 
one, that relates the streamline and shock curvatures (see Problem 6.17). His analysis, however, 
assumes analyticity. A brief examination of the CFD literature indicates that the curvature discon- 
tinuity is not considered (see, e.g., Nasuti and Onofri, 1996; Nicola et al., 1996). In the book by 
Zucrow and Hoffmann (1977), which extensively treats the MOC, it is not mentioned. 

In the subsequent analysis, a formula is obtained for the shock curvature just above point 2. 
This type of result is particularly useful when developing a numerical scheme, such as an MOC 
code, that is expected to accurately represent the shock. 

Let point 2’ in Figure 11.7 be a point on the shock above point 2. With point 2 fixed, our 
objective is to determine the (negative of the) curvature, D^ of the 2 — 2’ circular arc in the limit 
of point 2’ approaching point 2. In this limit, neither reflected wave has any influence on B^. The 
2 subscript hereafter denotes the curved part of the shock just above point 2. 
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FIGURE 11.7 Shock wave curvature just above point 2. 


The radius of curvature, R, which equals —(B%,)-', is normal to the 2 — 2’ arc. The arc is tangent 
to the planar shock at point 2, since D is continuous. To begin with, a number of trigonometric 
results are established. From the law of sines for the 0-1-2 triangle, we have 


-— sin(, — 0,) 
|^ Gsstusin(jn - BBD) a1.) 


where x, = 1 is utilized. The law of sines for the c triangle yields 


ly L 








- ue a SS (11.12a) 
sino (n 
sin(3 t — B+ 0,- o) 
which becomes, after /, is eliminated, 
sin @ sin(B; — 0,) 
i= sel SE a a E 11.12b 
2 7 S080, sin (iy - Br + 8,) cos - By + 0, — 0) apii 
The law of sines for the 0 triangle is 
ER nuce vc E LLL (11.13) 
sin( 3 e - f 6,-o) sin( 3 — + i 6,, + o) 
which becomes 
i i - 0, 
cos (Ll; - Bj; + 80,- 0) - cos(u - Bj + 0, 0— @) = Sing iP MC (11.13b) 


cos 0, sin(u, — B, + 0,) R 
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The purpose of Equations (11.11) and (11.12b) is to eliminate J, and L. With the replacement 


@a->-dn, 0-540 (11.14) 


and expanding the left side of Equation (11.13b), we have 


. _ __dnsin(B- 6) 1 
sin (Uy = By F 0,)40 = cos, sin (1, — B, + 0,) R (11.13c) 
Since Rd@ = ds, we finally obtain 
ds\ _ sin(B; — 0,) 
(55). ~ cos @,, sin?(u, — f), + 0,) ane) 


This relation provides the differential arc length along the shock, just above point 2, with respect 
to the negative of the differential angle in the Prandtl-Meyer expansion, at the LE of the expansion. 
Along the shock, Appendix D provides 


dp\ | 2y 2 a 
Al ES p..M., D; sin2 y, (11.16) 


With Equation (11.15), this yields 


/ y-1cosO,sin'(uj- Bj 0,) 1 (2) 
2 = 2 sin2 f,sin( f — 0,) p.M? A (11.17) 


where the pressure derivative is evaluated at the LE of the expansion. Equation (11.6b) provides 
the pressure; its derivative is 


d 2 2 -1 APD, 
Do- gopra R i] seem» anas 


The value of z on the LE is given by Equation (11.7a), or 


tan? zig = (54 


2 
a 7) (M; -1) (11.192) 


which can be written as 


2 
2 Mi -1 

sin? zig = l- cos? zig = x : ; (11.19b) 

I 


y-1 
Dt M 
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Equation (11.18) thus becomes 


(25) = Z pi (Mi - 1) (11.20) 
2 


Our final result is obtained by combining this with Equation (11.17): 


3-2 -1 
2y yMÀsin &-L- 


y*1 M? 


oo 


1/2 COS 0, sin? (Li — Pi + 0,) 


2 
(Mi -1) sin2 B, sin(B, — 8,,) 


Bs = (11.21) 


With the aid of a software program, Appendix D can be used to evaluate quantities such as 
(M? — 1)? and sin(B, — 0,). Note that B^, is continuous at point 2 only when M, is unity; otherwise, 
it is negative. In fact, the above relation verifies that f^ is discontinuous at point 2. Observe that 
D^, only depends on y, M.,, and 0,, and not on @. As shown by Problem 11.3, —/^ rapidly increases 
with 6@,,; the increase with M,, is slower. From Appendix D, we observe that the tangential derivatives 
are proportional to B’, while the normal derivatives also contain a B’ term. These derivatives are 
therefore discontinuous at point 2. Similarly, the vorticity is also discontinuous. 

Although a global analysis is utilized to derive Equation (11.21), the result is actually local to 
point 2. With the replacement, 


0, 0, Bi B. HH, M,—M (11.22) 


where 0, ..., M refer to the flow in region I just adjacent to point 2, the planar shock is now of 
infinitesimal length. In further support of the local argument, note that f^, does not depend on the 
strength of the expansion, i.e., the wall turn angle 9. However, in order to have a shock curvature 
discontinuity, the wall curvature at point 1 must be discontinuous. 


11.5 NUMERICAL PROCEDURE 
GENERAL REMARKS 


If a conventional finite difference scheme is utilized, then shock capturing rather than shock fitting 
is the customary approach. With this approach, the shock and the characteristics that border different 
regions are not well resolved. This is particularly detrimental at points 2 and 6, where the solution 
is nonanalytic. What is desired, for an accurate solution, is a fitting procedure in which the shock 
and all bordering characteristics become part of the computational grid! This is best done with an 
MOC procedure. 

As previously noted, the solution only depends on y, M., 0,, and @. The solution in regions I, 
IL, and III and the location of the 2-3-4 characteristic can be performed analytically. With data 
along 3-5-7, the simple wave solution for region VII can be found. The other regions require a 
computational approach, which here is done with the MOC. Note that the solution for regions IV, 
V, and VI must be found before the region VII solution is analytically or numerically attempted. 
By examining the C characteristics for these regions, we can establish where the flow is expansive 
or compressive. If an embedded shock is present, the location where it starts can be estimated. 

Once data along 6-7-8 is established, a numerical solution for regions VIII, IX, and X can be 
found. In this regard, the solution can be truncated starting at an arbitrary point on the 7-8 
characteristics. All that is required is to evaluate enough of these regions to establish their nature. 
This truncation procedure should enable solutions to be obtained even if there is an embedded shock. 
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The solution procedure has the following (approximate) sequential pattern. Regions I, II, 
and III are analytically determined. Next, regions IV, V, and VI are computationally established. 
Region VII is computationally evaluated with an analytical solution serving as a check and as a 
way of assessing numerical accuracy. Finally, all or part of regions VIII, IX, and X are compu- 
tationally established. 

As previously indicated, points 2 and 6 are special. Standard MOC procedures (e.g., see Zucrow 
and Hoffman, 1977) encounter a serious difficulty at these points. Because the shock is nonanalytical 
at these points, we end up with one unknown parameter in excess of the number of equations. For 
point 2, this difficulty is resolved by analytically establishing the curvature of the shock just above 
point 2. This result cannot be used for point 6, however, because the strength of the expansion, 
where it intersects the shock near this point, is analytically unknown. (This is because the expansion 
has been altered when passing through both reflected waves.) At this location, the supposition can 
be used that the curvature of the shock, beyond point 6, is small. An iterative procedure is utilized, 
which terminates when a self-consistent solution is obtained. The rotational MOC equations are 
used even when the region is irrotational or when a unit process straddles the boundary between 
irrotational and rotational regions. For instance, this situation occurs along line 2-5. Remarkably, 
only four unit processes are needed. To avoid confusion with earlier figures, grid points in the unit 
processes are labeled alphabetically. 


SHOCK EQUATIONS 


At a shock point, the unknowns are x, y, and f. With K = M2 sin?f, the jump conditions are 


tan@ = otf E (11.23a) 
eee i M2 


oo 


1/2 


1 E 
yk - 1— 
2 
Pons edes E 
ba (x ; (11.23c) 
Y 
(1 xil K) (« - J 
S-—S., 1 2 2 
-= = sin = (11.23d) 
© Cake 


Of course, y and M„ are known. Prescribing f then yields values for 0, M, p/p.., and (s — s../R just 
downstream of the shock. The shock shape is determined by 


BD s tanp 11.24) 
dx 


Interaction of an Expansion Wave with a Shock Wave 333 


MOC EQuATIONS 


The rotational MOC equations utilize P, M, 0, x, and y as the unknowns, where 


= n (11.25) 
Po 


These equations can be written as 


ap + YE d0 = 0 


à GC, (11.26a) 
ax = at 
dy 
Pe Ini ) °(B) 
C; (11.26b) 
dy _ 
"m tan@ 
2 
dP D do = 0 
C_ (11.26c) 
dy = a 
dx 
where 
A ENT ,. atand+1 - _ «tan8- 1 
Oats ng Ttan’ ^ a+ tan (Hora) 
yd Y 
Eod (epe 
a*(B) = —— In| SAA (11.27b) 


= SER. e 
Y Y 
(ie) (ve-z7) 


The first C, and C, equations are the compatibility equations; the second are the characteristic 
equations. The C, compatibility equation can only be used for grid points just downstream of the 
shock. This relation is replaced with 


zd EAR s dm -ly ) 
P, Psi n(1 + 2 3 = Pat 754 n(1 + 2 Maat (11.28) 


for internal points, where n and n + 1 denote consecutive grid points along a streamline. Required 
auxiliary equations are 


P 2 gb (11.29) 
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Unit 1 





C 


Unit 3 Unit 4 


FIGURE 11.8 Sketches of the four unit processes. Unit 1 is for an internal point, unit 2 is for an ordinary 
shock point, unit 3 is for the streamlines that bound the vortical layer, and unit 4 is for points 2 and 6. 


and along a streamline 





z= n1 «Eai-edy (11.30) 


Unıt Process 1 


This process (Zucrow and Hoffman, 1977) is sketched in Figure 11.8, unit 1. It is used for any internal, 
nonspecial point in an irrotational or rotational region. There are five unknowns (P, M, 0, x, y) at 
point a. Line a-d is a straight line estimate of the C, characteristic, or streamline, that intersects 
point a. Conditions at point d are provided by linear interpolation between known values at points 
b and c. The interpolation parameter is a sixth unknown. There are six MOC (three compatibility 
and three characteristic) equations for these unknowns. 

The straight line estimate can lead to significant errors, as pointed out by Powers and O'Neill 
(1963) and confirmed by Liu (1988). These publications provide an alternative unit process that is 
more accurate. 


Unıt Process 2 


This is used for a shock point (see Figure 11.8, unit 2), except when point b is at point 2 or at 
point 6. Conditions are known at points b and c, while (x, y, D) are the unknowns at point a. 
A solution is obtained by guessing a value f,, where f, is slightly less than f. The shock jump 
conditions then yield a first estimate for (P, M, 0),. The C, equation 


YM. 





P,-P,+ (0,-9,) = € (11.31) 


ac 
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is evaluated for € , where M,, and o, are average values using data at points a and c. (Any systematic 
averaging procedure should suffice.) We iterate on D, until € is zero. Once this occurs, the location 
of point a is established by solving 


dy) . 2 ze 
(2), = tanB,,, (2 = a (11.32) 


for (x,y),. Note that the D, iteration is completed before the location of point a is established. 


Unıt Process 3 


This process is for the 2-5-7-12 and 6-11 streamlines. The unit process shown in Figure 11.8, unit 3, 
has known data at points b, c, and e. We seek a solution for the five unknowns at point a. The a-d 
straight line is an estimate for the C_ characteristic through point a. Point e, which may lie on 
either side of point d, provides point d data by linear interpolation or extrapolation. It may be 
advantageous to reverse the above procedure and use data at point e’ to evaluate conditions at 
point c, where data at point d are now known. Whichever version provides the most compact grid 
is probably best. Thus, two calculations, one with each version, can be performed and compared. 
For convenience, we only discuss the version where data at point e are known. 

The unknown are (P, M, 0, x, y), and the interpolation/extrapolation parameter for point d. 
These unknowns are determined by the six MOC equations that involve point a. 


Unıt Process 4 


This process is for the first grid point on the streamline downstream of point 2; see Figure 11.8, 
unit 4. Use is made of Equation (11.21) and the shock shape equation 


(x» x2)? + (yy — y2) + T [(xx- x2)sin B, - (yx — y2) cosi] = 0 (11.33) 
2 


This is the equation for a circular arc that passes through points 2 and 2’ that is tangent to the 0-2 
shock at point 2, and that has a curvature —B’,. We also use the slope of the shock at point 2’: 


(x; — x») B; — sin 
Ox- y) f - cos fj, 


tan f, = (11.34) 


Of course, this formulation is accurate only if point 2' is close to point 2, which emphasizes the 
need for grid compression. 

For point 6, the same unit process can be used, but with 6% set equal to zero or a small negative 
value. The curvature of the shock should be apparent from shock grid points beyond point 6’. 


REFERENCES 


Chu, B.-T., “On Weak Interaction of Strong Shock and Mach Waves Generated Downstream of the Shock,” 
J. Aeron. Sci. 19, 443 (1952). 

de Nicola, C., Iaccarino, G., and Tognaccini, R., “Rotating Dissipation for Accurate Shock Capture,” A/AA J. 
34, 1289 (1996). 

Eggers, A.J., Jr., Savin, R.C., and Syvertson, C.A., “The Generalized Shock-Expansion Method and Its 
Application to Bodies Traveling at High Supersonic Speeds,” J. Aeron. Sci. 22, 231, 248 (1955). 


336 Analytical Fluid Dynamics 


Emanuel, G., Gasdynamics: Theory and Applications, ALAA Education Series, Washington, D.C., 1986. 

Ferri, A., “Supersonic Flows with Shock Waves,” in General Theory of High Speed Aerodynamics, High Speed 
Aerodynamics and Jet Propulsion, Vol. VI, Princeton, NJ, 1954, 678. 

Friedrichs, K.O., “Formation and Decay of Shock Waves,’ Commun. Appl. Math. 1, 211 (1948). 

Hayes, W.D. and Probstein, R.F., Hypersonic Flow Theory, Academic Press, New York, 1959, 265. 

Li, H. and Ben-Dor, G., “Oblique-Shock/Expansion-Fan Interaction-Analytical Solution,’ AZAA J. 34, 418 
(1996). 

Lighthill, M.J., “The Flow Behind a Stationary Shock,” Philos. Mag. 40, 214 (1949). 

Liu, M.-S., “Method of Characteristic Studies for Rotational Flow Downstream of a Curved Shock Wave,” 
Ph.D. dissertation, University of Oklahoma, Norman, OK, 1988. 

Mahoney, J.J., “A Critique of Shock-Expansion Theory,” J. Aeron. Sci. 22, 673, 720 (1955). 

Marshall, G. and Plohr, B., “A Random Choice Method for Two-Dimensional Steady Supersonic Shock Wave 
Diffraction Problems,” J. Comp. Phys. 56, 410 (1984). 

Munk, M.M. and Prim, R.C., “Surface-Pressure Gradient and Shock-Front Curvature at the Edge of a Plane 
Ogive with Attached Shock Front,” J. Aeron. Sci. 15, 691 (1948). 

Nasuti, F. and Onofri, M., “Analysis of Unsteady Supersonic Viscous Flows by a Shock-Fitting Technique,” 
AIAA J. 34, 1428 (1996). 

Pai, S.L, “On the Flow behind an Attached Curved Shock,” J. Aeron. Sci. 19, 734 (1952). 

Powers, S.A. and O'Neill, J.B., “Determination of Hypersonic Flow Fields by the Method of Characteristics,” 
AIAA J. 1, 1693 (1963). 

Rand, R.C., *Prandtl-Meyer Flow behind a Curved Shock Wave,” J. Math. Phys. 29, 124 (1950). 

Saad, M.A., Compressible Fluid Flow, 2nd ed., Prentice-Hall, Englewood Cliffs, NJ, 1993, 494. 

Schreier, S., Compressible Flow, John Wiley, New York, 1982, 177. 

Shapiro, A.H., Compressible Fluid Flow, Vol. I, The Ronald Press Co., New York, 1953, 559. 

Waldman, G.D. and Probstein, R. F., “An Analytic Extension of the Shock-Expansion Method,’ WADC TN 
57-214, ASTIA Doc. No. AD-130751, May 1957. 

Wang, K.C., Smith, O.I., and Karagozian, A.R., “In-Flight Imaging of Transverse Gas Jets Injected into 
Compressible Crossflows,” AZAA J. 33, 2259 (1995). 

Zucrow, M.J. and Hoffmann, J.D., Gas Dynamics, Vol. II, John Wiley, New York, 1977, 187. 


PROBLEMS 


11.1 Verify that the LE of the expansion always intersects the planar shock. Do this by 
assuming the two lines don’t intersect; i.e., they are parallel: 


fy + Oy = [7 


where a caret denotes the parallel assumption. Derive an explicit quadratic equation for 
sin? fi. Show that sin? By either exceeds unity or is complex. 

11.2 Derive Equations (11.7) and (11.8). 

11.3 With y= 1.4, M. = 2, 4, 6, and 0, = 0°(2°)30°, determine f, My, Xi, y, X2, y», and —B%,. 
Tabulate your results. 





1 2 Unsteady, One-Dimensional 
Flow 


12.1 PRELIMINARY REMARKS 


In this chapter, the flow is assumed to be adiabatic and inviscid with a constant cross-sectional 
area, and the gas is thermally and calorically perfect. This type of flow occurs in shock tubes, 
internal ballistics, and generally inside ducts, such as the flexible tubes of a stethoscope. Our 
presentation emphasizes physical and mathematical aspects, although applications such as internal 
ballistics are treated. Other applications of unsteady, one-dimensional flow, such as pressure 
exchangers, pulse combustors, and ejectors, can be fgound in the books by Azoury (1992), Kentfield 
(1993), and Weber (1995). 

As is customary, an Eulerian formulation is utilized in which space and time are the independent 
variables. A Lagrangian formulation, however, is sometimes encountered in the literature. In this 
circumstance, xy and f are the independent variables, where x, is the initial position of a fluid 
particle. An introduction to Lagrangian coordinates can be found in the book by Karamcheti (1980) 
and on page 5 of Landau and Lifshitz (1987). These authors observe that Euler should be credited with 
originating both the Eulerian and Lagrangian formulations. The articles by Ludford and Martin (1954), 
Steketee (1972), and by Sharma et al. (1987) can be consulted for application of the Lagrangian approach 
to some of the flows of interest in this chapter. 

The scope of the subsequent sections ranges from elementary to sophisticated, from introductory 
to relatively comprehensive, and from engineering applications to essentially applied mathematics. 
The next two sections treat incident and reflected normal shock waves. The fourth section develops 
characteristic theory, while the fifth and sixth sections apply the theory to unsteady rarefaction and 
compression waves, respectively. Sections 12.2 through 12.6 thus provide the basic elements for 
the analysis of compressible, unsteady, one-dimensional flows. The remaining two sections are 
more advanced and can be bypassed. The earlier material, however, is utilized in Section 12.7, 
which contains an introductory presentation of interior ballistics, i.e., what happens inside a gun 
barrel up until the time the projectile reaches the muzzle. The last section introduces Riemann 
function theory, which is used to establish a general solution for a nonsimple wave region. 


12.2 INCIDENT NORMAL SHOCK WAVES 


Shock waves were previously discussed where their position is fixed relative to a bounding wall. 
Moving shocks, however, are a frequent occurrence in compressible flows. Unsteady shock waves 
are present in shock tube flows, ballistics, pressure exchangers, and explosions. They also appear 
in naturally occurring phenomena, such as lightning discharges or when a volcano violently erupts. 
For instance, Mt. St. Helens, in the state of Washington, generated an unsteady shock (see Problem 
12.2) when it erupted in 1980. If the surface area of a shock increases with time, as happens with 
diverging shocks, the strength of the shock—measured by the pressure ratio across it—rapidly 
attenuates. Conversely, the strength of a converging shock increases. In between, the strength of a 
planar, normal shock remains constant with time. This is the simplest case, and its dynamics are 
studied in this section. We begin with an incident shock that is moving into a quiescent gas. The 
next section considers what happens after the shock reflects from a planar endwall. 
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FIGURE 12.1 Moving (a) and fixed (b) shock waves. 


Figure 12.1(a) shows a normal shock traveling with speed w; into a motionless gas. The shock 
is moving to the left and causes the flow downstream of it to move in the same direction with a 
speed w3. The shock is therefore moving with respect to the duct; i.e., Figure 12.1(a) represents 
an unsteady flow in a laboratory, or fixed, coordinate system. A prime is used for flow conditions 
in this system, especially for velocities or flow speeds. (The reason for the tilde will become 
apparent shortly.) Figure 12.1(b) represents the same flow, but with the shock brought to rest; i.e., 
a shock-fixed coordinate system is used. This is done by adding to the flow speeds in regions | 
and 2 the magnitude, —w;, of the shock speed: 


w= -wetw=-w, w= —W, t wi (12.1a,b) 


where wi = 0 and the shock speed in Figure 12.1(b) is zero. A leftward (rightward) directed flow 
speed is taken as negative (positive); thus, w; and w; are negative, whereas w, and w, are positive. 

This velocity transformation is similar to the one used when an oblique shock wave is analyzed. 
In both situations, static thermodynamic conditions are unaltered, so that 


pip. = Pr = Pi, 525, Gye ae, ah (12.2) 
On the other hand, stagnation conditions change; e.g., the stagnation enthalpies are related by 


1-2 


1 ; 
ho, = hy +5wi = h +50; (12.3) 


since Aj, = hi = h, and hg, z ho). 

As usual, our goal is to determine region 2 conditions in terms of those in region 1, which are 
presumed to be known. Since the gas is perfect, we also introduce Mach numbers and they become 
the focus of the analysis. Moreover, the steady flow in Figure 12.1(b) has already been deciphered. 
We, therefore, introduce the procedure of transforming the unsteady flow to a shock-fixed coordinate 
system, solve the problem in this system, and then transform back to the unsteady system. This 
procedure is only conceptual, since the subsequent algebra will enable us to go directly to the 
desired result. 

In line with this scenario, we introduce 


(ee Say (12.4a) 


a, a, 


where M, is the shock Mach number and equals the magnitude of the shock speed divided by the 
speed of sound just upstream of the shock. By convention, a shock Mach number determines the 
strength of the shock and is associated with standing as well as moving shocks. It is notationally 
convenient, therefore, not to encumber M, with a prime. Generally, steady and unsteady Mach 
numbers are defined as nonnegative; hence, a minus sign appears in the above equation. As will 


Unsteady, One-Dimensional Flow 339 





t(j Sse — À shock 





particle 
path 











FIGURE 12.2 An x,t diagram with a constant-speed piston that generates a shock. 


become apparent, M, is the key parameter in this section, with results usually given in terms of it. 
For M,, the standard normal shock relation is utilized: 


1/2 
Mna (>) (12.4b) 


ay Y, 


where the convenient shorthand 
y Yel 
X= 1+°5-M, Y = yM -——, Z=M -1 (12.5) 


is again introduced, and Z is utilized shortly. 


PISTON SPEED 


Before discussing unsteady Mach numbers, it is necessary to obtain a relation for the speed, w;, 
of a hypothetical piston that could generate the shock. Imagine in Figure 12.2 a piston starting 
impulsively at t= 0 and moving into the gas with a straight trajectory (1.e., a constant speed) 


Xp = wit (12.6a) 
The piston compresses the gas, thereby producing a constant speed shock, which has the trajectory 
X, = Wit (12.6b) 


It is convenient to have the piston moving to the right; hence, w; is positive and equals —w; of 
Figure 12.1(a). (This change in direction is the reason why a tilde appears in the earlier figure.) 
Figure 12.2 is an x,t diagram, which is the conventional way to represent any kind of unsteady, 
one-dimensional flow. In view of the above equations, the piston and shock wave paths are straight 
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lines through the origin. Observe that the shock moves faster than the piston; i.e., w; > w; > 0. 
Region 1 contains a quiescent gas, with w; = 0, while region 2 contains a uniform flow with a 
constant speed. The dashed line represents the path of a fluid particle. This path is vertical in region 1, 
where w; = 0, and parallels the piston in region 2. The piston/cylinder sketch above the x,t diagram 
depicts the location of the piston’s face and the shock wave at time f,. 

In actuality, a piston cannot start impulsively. The simple picture embodied in the figure, how- 
ever, expedites the analysis, and this sketch is fairly realistic for part of a shock tube flow field. 

From Equation (12.1b), we have 








Wy = Wy, -wW 
or 
L L T 1/2 
UP ou EE Ed m.-(7) M, (12.7a) 
a, a, a, ay T, 
With the normal shock relation 
T, 2 \X.Y, 
nua i 
the desired result is obtained as 
w 2 Zs 
= y+1 M. (12.7b) 
1 5 


where w;/a, can be viewed as a piston Mach number. Since w; 2 0, we have M, 2 1. Equation 
(12.7b) can be inverted: 


1/2 


2 
M, = Ct DW, ur Dw (12.9) 
4 4a, 


a, 


which provides M, in terms of (y+ 1)w;/(4a,). Note that the shock becomes a Mach wave, with 
M, = 1, when w; = 0. This condition actually determines the sign in front of the square root. 


FLow PARAMETERS 


We return to the analysis of the flow sketched in Figure 12.1(a). The unsteady Mach numbers are 


Mi =0 (12.102) 


a, 


f. EE Z, Z 
m, =- = Me (n) Ln e (12.10b) 
dj ay ay Ta) Y*lM, (XY) 


With these and Equations (12.4), the Mach numbers for regions | and 2 are given in terms of M,. 
In turn, M, is related to the piston speed through Equations (12.7b) or (12.9). 


Unsteady, One-Dimensional Flow 341 


We are now in a position to determine various pressures, with the undisturbed pressure p, as 
a reference value. We thus write 


P o NEN (12.112) 
Di Di y*1 


"d 





T TU E = x" (12.11b) 
1 1 
+ = 2yK(y- 1) 
Po _ Po Po (y*ly MRM 
pe = Por De (=) y (12.11c) 
1 P2 Pı Y, 
y(r-1) 
r , wo-) fy? 
Po. PPh (ar) {eer Dae «a- m (12.110) 
1 1 2 s s 


Equations (12.11c,d) are a combination of the normal shock relation, Equation (12.1 1a), and homen- 
tropic point relations. 

Table 12.1 contains a compendium of incident shock equations, including temperature relations. 
For the temperature, note that 


T_T Tel. Ta 
Ti T, To i To 





#1 (12.12) 
where T/T, is also given by Equation (12.8). Density relations are obtained by utilizing 


dips _ Po 
pee ipeo (12.13) 


as in the ratio 


Po _ Po Ti (12.14) 


pi Pi To 


Example 


Consider an intense normal shock. In this circumstance, we let M, become infinite and determine 
various relations in this limit. The strong shock asymptotic relations 


x-Llw, v-w Z-M, (y- tyme 25t~ (y-DM (1215) 


are used, where the tilde means that Y/(yM ?) — 1, for example, as M — œ. These relations yield 





w, i 2 B y- T po 2 1/2 
a pue e ( 2y) 7 M» - Fess oe) 
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TABLE 12.1 
Incident Normal Shock Wave Formulas for a Perfect Gas 
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and the stagnation relations 


Pe. a (N e To _5¥-1yp poo pH (12.16b) 
Pi y E Ti y+?” p WAY 


For a fixed shock, poo /pı and To,/T, are asymptotic to M 2 which equals M A For a moving 
shock, pope = Poo! p, and T/T, = To/T;, and these ratios increase as M2, whereas 
Poo!/Po > 0 and To)/To,; = 0. This sharp difference in behavior is evident from the energy 
equation 


To T, ris i 
= 24h | 12.17 
T, p 2 Va ( ) 


which shows that To,/T; is the sum of a static temperature increase plus an increase due to the 
shock-induced flow speed w. Another way of viewing this is to realize that the piston that generates 
the shock imparts energy and momentum to the flow, thereby increasing T; and pgp. 


DISCUSSION 
Equations (12.162) include an equation for M, in order to compare this fixed shock Mach number 


with M7. Observe that 


12 
2 


0< M, < en = 1.889 (12.18) 
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where the numerical value is for y = 1.4. In contrast with M, which cannot exceed unity, M5 can 
be subsonic or supersonic. This is a consequence of the different reference frames for the two Mach 
numbers. Starting with Equation (12.10b), one can show that 


1/2 
z 1 = 2 1/2 
M, = laca y+(y +27+17) i (12.19) 


when M; = 1. Thus, when y = 1.4 and M, 2 2.068, M5 is supersonic. As discussed in the fourth 
section, any unsteady inviscid flow is hyperbolic, regardless of the value of M5. Whether or not 
M^; is supersonic or subsonic, in an unsteady flow, is therefore not of fundamental importance. 
Notice that both po;/p, and T/T; become infinite as M? — œ. However, Po2/ p, remains finite 
although it can be quite large; e.g., it equals 23.09 when y = 1.4. 

In the unsteady shock wave applications discussed by Weber (1995), the airflow is generally 
considered as subsonic. This means that M, is below 2.068. Pressure changes nevertheless can be 
significant. For instance, with M, — 2 the static pressure increase across the shock is 4.5, which is 
adequate for a wave engine or supercharger. This increase is incurred with a relatively modest loss 
in stagnation pressure, since the stagnation pressure ratio is 0.7209 across the shock. (The stagnation 
pressure loss is for a stationary shock.) Thus, by limiting M5 to subsonic values, a significant static 
pressure increase is obtained with only a modest loss of stagnation pressure. At a large value for 
M,, the loss of stagnation pressure becomes exceedingly large. 

As with a steady, or fixed, shock, the theory here is purely algebraic. It still applies if the up- 
stream and downstream flows themselves are unsteady. In this circumstance, all parameters, such 
as M,, Pı, M3,..., parametrically depend on time. In other words, the flow field that contains the 
shock is evaluated at a given instant of time, but can change with time. 

Similarly, an unsteady shock can be oblique. This can occur for a variety of reasons, such as 
unsteady boundary-layer detachment, or when a normal shock encounters an obstacle, such as a 
wedge. In addition, if the flow downstream of the shock is subsonic and unsteady, the shock will 
also be unsteady. As in the steady case, an oblique shock is established by adding a parallel velocity 
component, which may be unsteady, to both sides of the shock (Emanuel and Yi, 2000). The 
relations in this subsection then govern the velocity components that are normal to the shock. 
Stagnation properties, such as and poy pi, Po/ pı, and T/T, however, are an exception. For 
instance, relations (12.11c,d) utilize homentropic point relations that depend on the full Mach 
number, not just its normal component. 


12.3 REFLECTED NORMAL SHOCK WAVES 


An incident normal shock is considered that propagates down a tube until it reflects from an endwall, 
as sketched in Figure 12.3. An incident shock reflects in a nonnormal manner from an arbitrarily 
shaped obstacle, although the simple reflection process depicted in the figure does occur in a shock 
tube flow. The flow in regions 1 and 2 was analyzed in the preceding subsection; hence, the reflected 
shock propagates to the left into a uniform flow whose speed is w;. The gas in region 3 has the 
same speed as the wall; i.e., w4 = 0. A particle path, shown as a dashed line, has two sharp turns, 
with the path parallel to the endwall in regions 1 and 3. It is convenient to continue to normalize 
thermodynamic variables with their region 1 values. We also continue to use M, as the principal 
independent parameter. 

A slight, but useful, generalization of the flow sketched in the figure is considered by allowing 
w; to be nonzero; see Figure 12.4. By adding —w; to the flow, the shock becomes fixed, with the 
result 


w, = w; - w}, w, = Wi =- w} (12.20) 
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FIGURE 12.3 An x,t diagram with an incident shock that reflects off an endwall. 


^ 
W2 W3 
_ ————- 


(b) 


FIGURE 12.4 Reflected shock schematic when (a) it is moving and (b) fixed. 


The flow speed v, is associated with a fixed reflected shock and should not be confused with w3, 
which is associated with a fixed incident shock. We next define the Mach numbers 





wz W2 L W, 
M, — LS M, zz pum M, o , 
a» a» a» 
, W5 , w3 W3 
M; ==, M =>, M23 (12.21) 
a» a3 a3 


where M, (not M;) is the reflected shock Mach number, since the strength of the shock depends on 
this Mach number. Note that M; and M5; were introduced in the preceding section. Equations (12.20) 
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become 
T 1/2 
M, = M; +M}, M, = Mj +(2) M; (12.22a,b) 
3 

where the temperature ratio is [see Equation (12.8)] 

T 1/2 M 

(z) m Ur E (12.23) 

T; PE 


The steady shock Mach numbers, M, and M;, are related by 


X 1/2 
M, = (7) (12.24) 


r 


Hence, Equation (12.22b) becomes 


which can be written as 


MoE e a (12.25a) 


Equation (12.22a) is used to replace M,, with the fundamental result 


2 
1- L} MAS + ML) + TM; MI) 
Mea aera TS MB a (12.25b) 


| L + ris m) | |v; +M’) - e " 


that establishes M; in terms of M; and Mf. 

This equation covers three special cases, two of which were previously dealt with. In the first, 
Equation (12.10b) is recovered for the unsteady Mach number downstream of an incident shock, 
by setting 

M; 0, M, > M,, Mi —M; (12.26) 


In the second, Equation (12.4b) for a fixed normal shock is recovered, by setting 


M} >M,, M, > 0, M; >M, (12.27) 
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The last case corresponds to the flow sketched in Figure 12.3. We set M; = 0 and use Equation 
(12.22a) to eliminate M;, with the result 


ui - Y+ mm,-1 -0 (12.28a) 
which yields 
+1 y+1 z^ 
M, = D + I «(Er j (12.28b) 


An elegant relation is obtained by using Equation (12.10b) to eliminate M5: 


Y 1/2 
M, = (x) (12.29) 


s. 


that directly provides the reflected shock Mach number in terms of M,. In view of Equation (12.4b), 
we have M,M, = 1, and M, and M, are inverse to each other. The reflected shock Mach number 
is bounded as 


1/2 
1<M,< (75) = 2.646 (12.30) 


where y = 1.4 for the numerical value. The lower bound occurs when M, = 1 and the upper one 
when M, — œ. One can show that M, < M, (see Problem 12.4), where the equal sign only holds 
when the shocks are Mach waves or y = 1. The disparity in the strength of the two shocks is 
particularly large when M, is large. In this case, the strong incident shock in the x,t diagram in 
Figure 12.3 will be close to the x-axis, while the relatively weak reflected shock will be much more 
vertically oriented. 

The subsequent analysis, which continues to use M, as the independent parameter, is expedited 
by noting that 


y*1Q-D0Mi *G-yy2 


X, = E X (12.31a) 
2 
y, = Uh Gr- Dis - ar 0 (12.31b) 


The pressure p}, which equals pj and p, is given by 


, 2 
Ps _ Pos _ Ps Pr _ (à) py -2- [m-n] (12.32) 
Pı Pi P2 Pı 


Table 12.2 summarizes key reflected shock relations, including one for T/T. Problem 12.5 deals 
with the entropy change (54 — 5,)/R. 
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TABLE 12.2 
Reflected Normal Shock Wave Formulas for a Perfect Gas 
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Example 


The M, — œ example of the preceding section is continued. We now obtain 


1/2 
M, = (22) (12.332) 
Po _ Bs aar: D y? (12.33b) 


Pi Pi y -1 


Pipe E Cre (12.33c) 
T, Ti (y* 1) 
Po Ps y+) (12.334) 


Pı pode 


With y = 1.4 and, e.g., M, = 10, the M, — œ formulas yield the approximate but reasonably 
accurate results 








P2 Z 116.5, Ñ = 2039, = 5714 
Di T, pi 
r T? , 
Po ~ 769.6, 2 ~ 3333, — P" 22309 
Pi T, pi 
f d T. , 
Po ~ 933.3, 08 = 44.44, Po ~ 21.00 
Di T, pi 


where the static ratios in the first row are exact. Thus, the pressure pj; and temperature Tj; behind 
the reflected shock exceed their counterparts, static and stagnation, behind the incident shock. 
Surprisingly, the density behind the reflected shock is slightly less than the stagnation density 
behind the incident shock. The magnitudes of the pressure and temperature behind the reflected 


348 Analytical Fluid Dynamics 


shock are quite large. For instance, if p, = 1 atm and T, = 300 K, we then have p, = 933 atm and 
T, = 1.33 x 10° K. These region 3 values are overestimates, since air experiences significant real- 
gas effects (dissociation and ionization) well before a temperature of 1.3 x 10^ K is achieved. 
Nevertheless, these crude estimates illustrate that a high-enthalpy gas can be obtained behind a 
reflected shock. (For instance, shock tunnels require a high-enthalpy gas.) Still larger pressure and 
temperature values occur with a monatomic gas, such as helium or argon. With a shock tube, 
temperatures of about 4 x 10^ K have been obtained behind the reflected shock in argon. Dissociation 
now does not occur and a higher temperature is required for ionization than with air. Consequently, 
region 3 estimates, when M, = 10, are more reliable. With sufficient ionization, region 3 in a shock 
tube flow is a high-temperature plasma that cools primarily by intense radiative heat transfer to the 
walls. 


DISCUSSION 


As noted earlier, an explosion generates a shock wave that reflects from any obstacle it might 
encounter. Structural and thermal damage is caused by the transient, but large, pressure and 
temperature that occur behind reflected shock waves. In short, it is the reflection process that 
destroys buildings and causes fires. (Strong rarefaction waves also occur and cause further structural 
damage.) 


12.4 CHARACTERISTIC THEORY 


This theory is generally associated with a second-order, hyperbolic PDE, as was the case in Chapter 
11. We therefore initially show, with appropriate assumptions, that the system of governing first- 
order PDEs for a one-dimensional, inviscid, unsteady flow can be transformed into a single, second- 
order PDE. Secondly, the resulting PDE is shown to be hyperbolic. Finally, a solution based on 
characteristic theory, called the method-of-characteristics (MOC), is obtained. This approach is 
especially well suited for the analysis, or computation, of unsteady, one-dimensional flows or steady, 
supersonic, two-dimensional flows. 


Basic EQUATIONS 


The pertinent conservation equations can be written as 


ap Op Ow _ 
a aa UB = 0 (12.34a) 
dw Ow lop _ 
at +w Pr + p ae 0 (12.34b) 
Dho z lop 
Dt pa Histo 


Equation (12.34c) indicates that the stagnation enthalpy is not a constant. Consequently, other stag- 
nation parameters are also variable. There is, however, one important exception. Since the flow is 
adiabatic and inviscid, the entropy is a constant 


Ds 


p;-0 (12.35) 
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along particle paths, such as the dashed lines in Figures 12.2 and 12.3. When a particle path origi- 
nates in a quiescent flow — region 1 in the figures — then s(x,f) = Sọ = s, can be used in place 
of the above equation. A region of flow where s is a constant is referred to as homentropic, whereas 
a region in which s changes its value from one particle path to the next is referred to as isentropic. 
(This terminology applies to both steady and unsteady flows, where a streamline is equivalent to 
a particle path in an unsteady flow.) As in a steady flow, the entropy goes through a jump 
discontinuity across a shock wave. Since the shocks in these figures are of constant strength, regions 
2 and 3 remain homentropic, although s; > s, > sı. If, for example, the piston path in Figure 12.2 
is curved, then region 2 becomes isentropic, while region 1 is still homentropic. 

In the balance of this section, only homentropic flows of a perfect gas are considered. In this 
case, the relation p = p (p,s) can be written as 


z B (2) (12.36) 
1 1 


where a unity subscript denotes a reference condition, such as a quiescent state. This relation 
replaces the energy equation and can be used to remove the pressure as a variable with 


Op _ 2) 9p . 9p 
DE (5 Du cb 2) 


It is convenient to also replace p with the speed of sound by introducing 


2y-1) 
pz (+) ” (12.38) 
Pi ay 


These manipulations result in the basic equations for an unsteady, one-dimensional flow: 


da da y-l Ow . 
e de eger = 0 (12.39a) 


ow ow 2 oa 
+w = +—— 


ET En + ys dar en 0 (12.39b) 
where both dependent variables are speeds. We thus have two first-order, coupled PDEs. In the lit- 
erature, these equations are often taken as the starting point for an unsteady analysis. They are re- 
stricted, however, to a homentropic flow, since Equation (12.36) is essential for their derivation. For 
a steady flow, the counterpart to Equations (12.34a,b) and (12.35) is the Euler equations, whereas the 
counterpart to Equations (12.39) would be a (homentropic) potential flow equation for a perfect gas. 


SEcoND-OnprR PDE 


We would like to replace Equations (12.39) with a single, second-order PDE. This is not as 
straightforward as it may sound, since both equations are nonlinear. Nevertheless, this task will be 
accomplished. Because of their similarity in appearance, we are motivated to multiply the first of 
the equations by a constant, A, and add the result to the second, to obtain 


o 0 y-1, a 2 Y E Ie 
S (wt da) ew £ QA) + oda 3 wG) : -0 (12.40) 
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For the rightmost term to conform to the other two terms, we set 





2 V1 
(aa? 
which yields 
2 
A= SEES (12.41) 

These two A values result in 

o 2 o 2 _ 

à (vA) o (v4) = 0 (12.42a) 

0 2 0 2 D 

a (v - "E (w-a)3 (v - ys za) =0 (12.42b) 


In view of the form of these equations, w and a are replaced with new dependent variables: 


2a 
= w t< : 
Jz =wt TE] (12.43) 
The inverse transformation is 
1 y-1 
w = z+ +J), a = e U+-J-) (12.44) 
Equations (12.42) thus become 
oJ, oJ, 9J . oJ 
"ar Ea) S = 0, ok Sow rc = 0 (12.45a,b) 
or 
OJ, (y+ 3-y, JJ, B dJ (3-7 y+1 9J. J 
A QE "Xu ym = o A tegunt = 0 
(12.46a,b) 


Note that only J_, not its derivatives, appears in Equation (12.462), with a similar remark for J, 
in Equation (12.46b). As shown by Problem 12.8, one can use Equation (12.462) to replace J_ in 
Equation (12.46b). [Alternatively, J, can be eliminated in Equation (12.46a).] We thereby obtain 


AJ, *2BJ, + Cl, = ® (12.47) 


Unsteady, One-Dimensional Flow 351 





where 
oJ, 
J 2 J,, J. = De 
and 
A-2JDÓ (12.482) 
EE y-1 
B= 3—y^ (n+ 3 4.) (12.48b) 
C= IE. (^ 21-.) (12.48c) 
3-y y+1 
f -1 3 
= J (J, + JJ; 12.48d 
aE A ee 


Equation (12.47) is the sought-after second-order PDE. 


Mathematical Properties 


We momentarily digress from further discussion of this equation in order to consider the mathemati- 
cal properties of a second-order PDE with the form 


Au,,+ 2Bu,, + Cuy, = B(x, y, U, Uy, Uy) (12.49) 


where A, B, and C are not given by Equations (12.48) and can depend only on the arguments shown 
for ® . The dependence restriction means the equation is quasilinear; i.e., it is linear in its highest- 
order derivatives, which here are u,,, u,,, and u,,. Thus, A, B, C, and ® do not contain any of 
these second-order derivatives. If, for example, ® happened to contain a term that is linear in uyy, 
this term would be transferred to the B term. Note that Equation (12.47) is quasilinear. The qua- 
silinear restriction is a necessary condition for the method-of-characteristics. In other words, this 
method cannot be used with an equation that contains a Ur, term. 

Equation (12.49) is linear if A, B, and C only depend on x and y and ® is linear with respect to 
u, us, and uy. In this case, superposition of solutions applies. Superposition also requires linear initial 
and/or boundary conditions. By definition, a linear PDE is also quasilinear. If the equation is quasi- 
linear but nonlinear, then superposition is no longer applicable. This is the case for Equation (12.47). 

Equation (12.49) comes in three general types: 


XX? 


B'-AC«O0, elliptic (12.502) 
B'-AC = 0, parabolic (12.50b) 


B'-AC»0, hyperbolic (12.50c) 
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The nature of the flow depends strongly on the type. Steady, inviscid, subsonic, two- or three- 
dimensional flow is elliptic. This type of flow occurs behind the detached shock, near the nose, of 
a blunt reentry vehicle, such as the shuttle. Waves, such as a shock wave or a Prandtl-Meyer expan- 
sion, cannot occur inside an elliptic flow region. The viscous boundary-layer equations are an 
important example of a parabolic flow. The most important examples of a hyperbolic flow are 
steady, inviscid, two- or three-dimensional, supersonic flow, and unsteady, inviscid flow with any 
Mach number value and with any number of dimensions. In general, fluid dynamics involves all 
three types, although this chapter is solely concerned with hyperbolic flows. Only a hyperbolic 
equation, or system of equations, can admit wave behavior. 
Equations (12.48a to c) yield (see Problem 12.8) 


2 
Bac = J (I+ 41.) >0 (12.51) 


and Equation (12.47) is therefore hyperbolic. (One exception is the limiting case of y equaling 
unity, when the equation is parabolic.) A region of flow either can have waves or cannot, and this 
physical property is invariant regardless of the number and form of the governing equations. Thus, 
Equations (12.34), (12.39), (12.42), (12.46), and (12.47) are all hyperbolic. The necessary and suffi- 
cient condition that the MOC be applicable to Equation (12.49) is that the equation is both 
quasilinear and hyperbolic. 


Method-of-Characteristics 


Wave behavior, in part, means there may be lines, or paths, in the flow field along which certain 
combinations of the dependent variables may be constant. Finding these lines is our next objective. 
The derivation used to obtain Equation (12.47) greatly expedites the subsequent analysis, since J , 
and J_ are these combinations. We are to find a set of lines in the x,t plane along which J, is a 
constant; i.e., J, is constant along a given line but may have a different value on any adjacent 
line. We thus write 


J, = J,(x,t) (12.52) 
and by differentiation 


OTe ð, 
dJ, = adero dI (12.53) 


We eliminate 0J,./ot using Equation (12.452), to obtain 


al 
disc AS 


3 (wt a) dt (12.54) 


Thus, dJ, = 0 means that J, is constant on lines generated by 


x =wta (12.55a) 
This is not the equation for a particle path, which is given by dx/dt = w. Rather, it is an ODE whose 
solution provides a special set of paths in the x,t plane along which J, is a constant. When this 
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equation is integrated, either analytically or numerically, the constant of integration may select a 
particular member of the family of lines along which J, is a constant. A similar derivation results 
in J_ being constant along lines given by 


a =w-a (12.55b) 
The integration of these ODEs provides a nonorthogonal grid in the x,t plane. This grid repre- 
sents a characteristic net and these equations, or their solution, are referred to as characteristic 
equations. These equations, in conjunction with Equations (12.43), which are called compatibility 
equations, provide the MOC solution. The compatibility equations provide values for J+, which 
are known as the Riemann invariants. 
We concisely summarize this approach as follows. The J, Riemann invariant 


J, =wt 771 (12.56a) 


is constant along the C, characteristic lines, given by 


“ Dyra (12.56b) 
Similarly, the J_ Riemann invariant 


J-=w- Ld (12.56c) 


is constant along the C_ characteristic lines, given by 


dx 
— = w-a 12.56d 
ai ( ) 
These relations represent an exact solution for unsteady, one-dimensional, homentropic flow of a 
perfect gas. The next two sections are devoted to illustrating this approach. 


RESTRICTIONS 


There are several limitations underlying the above MOC. As mentioned, the flow must be homen- 
tropic. With an isentropic flow, either Equation (12.34c) or (12.35) is used in place of Equation 
(12.36). An MOC formulation can be developed, but now there are three, first-order PDEs. A wave- 
diagram (Rudinger, 1969) solution is required. (This is a numerical or graphical solution of the 
MOC equations. Several extensions not dealt with here, such as a nonconstant cross-sectional area 
A (x,t) and wall skin friction, can be included.) 

A second restriction is that the flow is planar. There are also cylindrically and spherically sym- 
metric unsteady, one-dimensional flows. In this circumstance, x is a radial coordinate measured from 
the axis, or origin, of symmetry. Let us assume a homentropic flow, in which case only the continuity 
equation is altered. We can start by writing a general, one-dimensional form for this equation: 
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where A is the cross-sectional area of the flow. This area can be written as 
A = n(2x)* 


where o equals 0, 1, or 2 for planar, cylindrically symmetric, or spherically symmetric geometries, 
respectively. With this alteration, Equation (12.34a) becomes 


9p. L. 9p 94. —. apu 
at ox Pax x 


while Equation (12.39a) changes to 


da, Oa, y-l ow ^ y-1 caw (12.57) 
ET à 


X 


ar OK 2 “ox 


Equation (12.39b) is unaltered and is coupled to Equation (12.57), where again a and w are the 
dependent variables. When o is one or two, the inhomogeneous term results in nonconstant Reimann 
invariants along the characteristics. Within the context of characteristic theory, a numerical solution 
is required. Nevertheless, Problem 12.26 shows that Equations (12.39b) and (12.57) can be reduced 
to ODEs with a similarity transformation. 


12.5 RAREFACTION WAVES 


CENTERED WAVES 


In this subsection, the simplest nontrivial case is considered, namely, a centered expansion, or rare- 
faction, wave. The wave is generated by an impulsively moving piston; see Figure 12.5. The piston 
travels to the right with a constant speed w, . Section 12.2 was concerned with the opposite situation 
of a constant speed piston moving into a gas. As with an incident shock, there is no length scale. 
The pressure can therefore adjust by means of a discontinuity or, as is the case here, a continuous 
centered wave. 

Region 1 in the figure is quiescent, and static and stagnation conditions are the same. Region 2 
is a uniform flow region, where w, = w,. Between these two regions is a centered expansion wave 
whose leading and trailing edges are denoted as LE and TE, respectively. A dashed line particle 
path is shown in the figure; inside the expansion the path curves to the right; inside region 2 it is a 


particle 
TE L^ path 





piston 


LE 








FIGURE 12.5  Centered rarefaction wave caused by an impulsively moving piston. 
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straight line that is parallel to the path of the piston. As with a shock wave, the slope of a particle 
path is discontinuous at the leading and trailing edges [see Problem. 12.9(c)]. As you may have 
noticed, a prime is not used in this section to denote unsteady variables. With a spreading 
rarefaction wave, a simple velocity transformation — as was used with shock waves — cannot yield 
a steady flow. The distinction made earlier between steady and unsteady coordinate systems is now 
unnecessary. 

With ¢ as the ordinate in any x,f diagram, it is convenient to write Equations (12.56b) and 
(12.56d) as 


dt 





1 
fe ee MO 
dt_1 1 
di = aM-V C (12.58b) 


Figure 12.5 indicates that w 2 0 and M 2 0. Thus, any C, characteristic has a positive slope, 
while a C_ characteristic has a negative (positive) slope when M < 1 (M 2 1). When M = 1, the 
C_ characteristic is vertical. 

In region 1l, a = a, and M = O, so that 


dE ced. Gn (12.592) 
dx a, 
a ello qd (12.59b) 
dx a, 


Hence, the two characteristic families are straight with the same slopes but of opposite sign. In 
region 2, Equations (12.58) reduce to 


dt 1 1 
ee LM NN 12. 
dx a» M; T r Ce ( 902) 
dt 1 1 
————, C. 12.60b 
dx aj, M5,-1 ( ) 
where a, and M, are still to be evaluated. 

The key to establishing a, and M, is to note that a C, characteristic crosses the rarefaction 
wave. We thus have a "shooting method" type of solution in which the known value for J, in 
region 1 is used to determine unknown values in region 2. From Equation (12.562), we write 





2 2 2 
Ja — Wi + yet = y-1^ = J 45 = W: + y- 12 (12.61) 
with the result 
ar j gy (12.62) 
d, 2 a 
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since w, = w,. The J, invariant is a constant even when it crosses the expansion. Consequently, 
this result is a special case of the more general result 


a ie ee (12.63) 
2 a 


a, 


that holds throughout the entire flow field. Moreover, this relation also holds for noncentered waves, 
discussed later in this section. We generally assume y, conditions in region 1, and w, are known. 
Equation (12.62) then establishes a, while 


M, = 2 =- ee ees (12.64) 


determines M,. 
The leading edge of the expansion propagates into the quiescent gas with the speed of sound. 
Along the leading edge, we can write 


dre = 4, Miz = 0, Xre = —üjlrg (12.65a) 
Similarly, along the trailing edge, we have 
ürg = h, Mrz = M,, Xrg = aX( M5 - 1)tre (12.65b) 


If M, < 1, then the trailing edge is in the second quadrant (as shown in Figure 12.5), while it is 

in the first quadrant when M, > 1. Thus, the trailing edge should be inside the first quadrant in the 

figure if M, » 1. For this to be the case, the slope of the piston’s trajectory would be shallower. 

The leading and trailing edges are members of the C_ characteristic family. Characteristic C_ 

lines in region 1 are parallel to the leading edge, while they are parallel to the trailing edge in 

region 2. Inside the expansion, they form a centered fan of straight lines that pass through the origin. 
Consider an arbitrary point inside the expansion. At this point, we have 


Jè = w- a = constant (12.66) 


and Equation (12.63), which stems from J, = constant. We eliminate w from these two equations, 
with the result 


a «( ded =) (12.67) 


Since J_ is constant along a C_ characteristic, a is constant, as well. In turn, other variables, such 
as w and p, are also constants along these centered C_ characteristics. As we shall see, a and the 
other variables do vary along any path that crosses the expansion. The similarity with Prandtl-Meyer 
flow is quite evident. 

The foregoing discussion is not limited to the C_ characteristics inside a centered expansion. 
For example, suppose a characteristic of either family is straight. If this characteristic is C, then 
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dx/dt in Equation (12.56b) is a constant, and w + a along this straight characteristic is constant. 
Since J, is also constant along this characteristic, both a and w are constants. Consequently, other 
variables, such as p and p, are also constants along this straight C, characteristic. 

There are two methods for evaluating a, w, p, ... along a straight characteristic. When the char- 
acteristic starts, crosses, or ends in a region with known values, these values can be used. Alter- 
natively, a Riemann invariant of the opposite family that intersects a straight characteristic can be 
utilized. This is the procedure to be used with the straight C_ characteristics that form a centered 
or noncentered wave. It will yield the structure of the wave. Moreover, the wave may be an expansion 
wave, as in this section, or a compression wave, which is discussed in Section 12.6. 


SOLUTION FOR STATIC VARIABLES 


Our next goal is to obtain a solution for the flow inside the centered expansion in terms of x and t. 
Note that w and a are constants along a J_ characteristic. Hence, Equation (12.56d) readily inte- 
grates to 


x = (w-a)t (12.68) 


where the constant of integration is zero, since the line passes through the origin. (The constant of 
integration is not zero for lines that do not pass through the origin.) Equation (12.63) is used to 
eliminate a and the result is solved for w: 


w_ 2 
z = y ji +1) (12.69) 
where 
n= ui (12.70) 
aıt 


Equation (12.69) does not hold outside the expansion, unlike Equation (12.63). As we have seen, 
w = 0 in region 1 and w = w, in region 2. Thus, the derivative of w that is in a transverse direction 
toa C_ characteristic is discontinuous at the leading and trailing edges of the expansion. This dis- 
continuity of a first derivative, in a transverse direction, on the leading and trailing edges of the 
rarefaction extends to the other variables. 

Hyperbolic equations admit different types of discontinuities. Shock waves are the most famil- 
iar, in which the basic dependent variables themselves are discontinuous. As we see, first derivatives 
can also be discontinuous. In the case at hand, the first derivatives of the variables a, w, p,..., 
experience a discontinuity normal to characteristics that bound different flow regions. Here, these 
characteristics are the leading and trailing edges of an expansion wave. The same behavior occurs 
in steady, supersonic, two- or three-dimensional flow, where first derivatives are discontinuous on 
Mach lines or surfaces that separate different flow regions (uniform and simple wave regions, for 
example). As with shock waves, this behavior has a profound effect on numerical methods. 

Hyperbolic equations admit discontinuous derivatives of higher order than the first derivative. 
For instance, suppose an otherwise smooth curved wall, with a steady supersonic flow, has a point 
where its curvature is discontinuous. Second derivatives, transverse to the Mach line emanating 
from this point, are also discontinuous. 
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By substituting Equation (12.69) into Equation (12.63), the solution for the speed of sound 
inside the wave 


a__2(,_y-l 
a al 5 n) (12.71a) 


is obtained. At a given instant of time, w and a each have a linear variation with x inside the cen- 
tered expansion. When y > 1, none of the other variables have this linear dependency. Since the 
flow is homentropic, we can readily write for other variables 


2. 
x = (=) (12.71b) 
1 1 
2yl(y- 1) 
5 2 (=) (12.71c) 
1 1 
2/(y-1) 
S = (=) (12.714) 
1 1 
w 
auo eros Em (12.716) 
a g 1- yelp 
ay, 2 


The last equation, of course, is consistent with Equation (12.64). Observe that M = 0 when 7 = 
—1, M = 1 when 7 = 0, and M — œ when 7 = 2/(y— 1). For y = 1.4, this last result corresponds 
to 1 = 5. At this 7 value, a, p, p, and T are zero. Figure 12.6 shows the normalized variation of 
T, p, and p for this y value, where the abscissa is —1]. Observe that p/p, changes more rapidly than 
p/p, which varies more rapidly than 7/ T,. The reason stems from the exponents; e.g., the pressure 
ratio exponent is 7 when y = 1.4. 

Equations (12.69) and (12.71) can be viewed as the nondimensional solution for static vari- 
ables. As evident from Figure 12.5, there is no length scale. Thus, the solution only depends on a 
single similarity variable 7]. We could have bypassed the MOC approach and directly transformed 
the Euler equations into several ODEs with 7] as the independent variable. As shown by Emanuel 
(1981), the result would be the above similarity solution. Similarity methods, while elegant, are 
not as flexible as the MOC. For instance, the flow field between a piston that is accelerating into 
a gas and the increasing shock strength it produces can be solved with the MOC, but this isentropic 
flow does not possess a similarity solution. 

Explicit algebraic equations can be obtained for a particle path and the curved portion of a 
C, characteristic that are shown in Figure 12.5. This topic is the subject of Problem 12.9. 


SOLUTION FOR STAGNATION VARIABLES 


It is of interest to obtain results for various stagnation quantities in terms of 7. For instance, the 
stagnation temperature (or stagnation enthalpy) is given by 


To_ ToT 2 3 y-1,Y 
r fte z(=) (1-4 n) (12.72a) 
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FIGURE 12.6 Variation of T, p, and p inside a centered rarefaction wave with y= 1.4 (from Emanuel, 
1981). 


where a homentropic point relation is used for T; /T. We next obtain 


1 1+ 
x=1+b-M’ 2 1 mE (12.73) 
-1 
(1 zs n) 
so that 
T = 
D H f 1 (1 " 1 t) (12.72b) 
1 
The stagnation pressure and density are then given by the homentropic relations 
TN G-D T ,N/O-D 
7 " (=) , * = (=) (12.74a,b) 
1 1 1 1 


These stagnation quantities, along with M, are shown in Figure 12.7 for y = 1.4. Note that Tp, Po» 
and p, only depend on 77, and therefore are symmetric about their minimum value, which occurs 
when 1] = 0. Exceptionally large stagnation values are possible when 7) € 2. In particular, these 
values are large relative to their stagnation counterparts in the quiescent region. 
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FIGURE 12.7 Variation of Tọ, Po, and p, inside a centered rarefaction wave with y= 1.4 (from Emanuel, 1981). 


DISCUSSION 


In Figure 12.5, the 0( )/ot derivative represents a change in a variable in the vertical direction, 
whereas D( )/Dt represents a change along a particle path. Since 9( )/Ot appears in the substan- 
tial derivative, this derivative has a component in the vertical direction. This observation underlies 
an important energy transfer mechanism that occurs when r] > 0, and especially when 77 < 2. It is 
this mechanism, which has no steady flow counterpart, that produces the large stagnation values 
seen on the left side of Figure 12.7. 

As previously noted, the pressure is constant along the C... characteristics in Figure 12.5. Inside 
the expansion, the pressure decreases in a clockwise direction, which corresponds to an increasing 
7 value. As a result, Op/ot is negative (positive) in the second (first) quadrant. We next examine 
the behavior of họ, or To, for a fluid particle inside the expansion when x is negative, and the flow 
is locally subsonic. In this circumstance, Equation (12.34c) shows that hy decreases with increasing 
time. When 77 > 0, the rarefaction extends into the first quadrant, where the Mach number is super- 
sonic. Hence, for a fluid particle in the first quadrant, 9p /ðt is positive and họ increases with in- 
creasing time. Moreover, the rate at which hy increases with time is amplified by the 1/p coefficient 
in Equation (12.34c), which becomes large when n > 2. This họ variation means the wave motion 
transfers energy from the subsonic region to the supersonic region where the kinetic energy of the 
flow is large. In an unsteady, inviscid flow, this is a general phenomenon. This generality is directly 
evident from the energy equation, Equation (12.34c), which is not restricted to a one-dimensional 
flow. The mechanism is essential for a high-stagnation enthalpy wind tunnel, such as the expansion 
tube and, more recently, the superorbital expansion tube (Neely and Morgan, 1994). These experi- 
mental devices simulate high-speed flight in the upper atmosphere, as would occur on reentry back 
into Earth's atmosphere from a Mars or Venus mission. 
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FIGURE 12.8 Reflection of a rarefaction wave from an endwall. 


Figure 12.8 illustrates what happens when a rarefaction wave reflects from an endwall. (This 
sketch contains no piston; e.g., it is applicable to a shock tube flow.) The reflected wave in region III 
is also a rarefaction wave, since one can show that p; > p3. (This is established in Section 12.8.) 
The C_ characteristics in regions I and II reflect from the endwall as C, characteristics. If region III 
were a compression, the C, characteristics would tend to converge instead of diverging. Regions 
1, 2, and 3 are uniform flow regions, where 1 and 3 are quiescent. Both characteristic families are 
straight lines in these three uniform flow regions. Region I is a simple wave region, where the C . 
characteristics are straight and centered, but the crossing C, characteristics are curved. (This char- 
acterization is slightly modified in Section 12.8.) Region III is a noncentered simple wave region. 
In region II, both families are curved and this region is referred to as nonsimple. Simple wave 
regions, in steady or unsteady flow, possess relatively elementary analytical solutions. As we shall 
see in Section 12.8, region II also possesses an analytical solution, but this solution is usually quite 
complicated. Because of this, nonsimple wave regions are evaluated numerically using the MOC. 

All properties, such as the pressure, are constant along a given C_ characteristic in region I. 
Similarly, properties are constant along a given C, characteristic in region III. In a simple wave 
region, the straight characteristics represent acoustic waves. These are entirely analogous to the 
Mach lines or Mach waves in a steady flow, and, in fact, are sometimes called Mach lines in an 
unsteady flow. The disturbance propagates into the flow field along these Mach lines, whether the 
flow is steady or unsteady. In a nonsimple wave region, such as region II, disturbances propagate 
along both families of characteristics. 

The vapor of many large molecules typically has specific heat ratios near unity. For instance, 
the specific heat ratios of SF; and UF, at 300 K are 1.093 and 1.069, respectively. As is true for 
all room-temperature polyatomic gases or vapors, the specific heat ratio decreases toward unity 
with increasing temperature. A useful approximation, therefore, for a large polyatomic gas is to set 
y equal to unity. (The result of this limiting process is valid even though Equation (12.47) is now 
parabolic.) In this case, Equations (12.71) readily yield 


= 1, —=1, M=1+7 


Thus, M has a linear variation inside the expansion and the flow is isothermal. Because of their 
exponents, however, the equations for p/p, and p/p, are indeterminate. Their evaluation is based 
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on L’Hospital’s rule. We thus write 


avr! sii 2/(y-1) 
p(T = 


where the 2/(y + 1) in a/a, and the yin the numerator of the p/p, exponent are both set equal to 
unity without altering the limit process. By taking the logarithm 
P 


2In( 1 -t4n) 
Ree v re 


Pı y-1 


the conventional “0/0” form that is needed for L’Hospital’s rule is obtained when y — 1. The nu- 
merator and denominator are each individually differentiated with respect to y, to yield 


In = lim (A ug 
Pi y>! 1-7 


or 


when y = 1. The density result stems from the replacement of 2y/(y — 1) with 2/(y — 1) in the 
pressure exponent and is in accord with an isothermal flow. 
A similar process for stagnation quantities yields 


Tung Po _ Po s oom 
T, Di Pı 


This limit process can be applied to any compressible perfect gas flow. For example, Problem 12.6 
considers a reflected shock flow. An isothermal result is quite general, holding for both homentropic 
and shock-containing flows. An exponential dependence for the pressure and density is also a 
general result for homentropic flows, as occurs, e.g., in nozzle flows. 


DouBLE IMPULSIVE ACCELERATION 


Suppose the piston in Figure 12.5 has a speed w,2. At time f,, its speed impulsively increases to 
w,3- As indicated in Figure 12.9, point c becomes the origin of a second centered rarefaction. With 
TE3 pointing into the first quadrant, the flow to the right of x, is supersonic. A rather large value 
for w,3 is required for this to be the case. For instance, suppose M, = 2, which is a modest 
supersonic Mach number for a steady flow. From Equation (12.71e), we obtain 


ea = 0714 (12.75a) 
1+ LM, 


Nre3 = 
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FIGURE 12.9 Schematic of a double impulsive acceleration. 


when y = 1.4. Equation (12.71a) yields a; = 243 m/s when a, = 340 m/s. Hence, we have 


W,3=4,M, = 243 x2 = 486 m/s (12.75b) 
for the piston’s speed, which is slightly faster than the muzzle velocity of a handgun. 

Since region 2 in Figure 12.9 is a uniform flow, the C... TE2 and LE3 characteristics are 
parallel to each other. Thus, flow conditions in region 3 are directly connected to conditions in 
region 1 as if there is only a single rarefaction wave generated by a piston with speed w,,;. In fact, 
this is the basis of the above calculation. This situation is entirely analogous to having a flow with 
two centered Prandtl-Meyer expansions. 


CONTINUOUS ACCELERATION 


Realistically, pistons do not start impulsively and travel with constant speeds. In this subsection, 
the flow field that is generated by a piston that accelerates away from an initially quiescent gas is 
discussed. In this circumstance, the flow field remains homentropic and an exact analytical solution 
is still possible. 

For a rarefaction, two cases are distinguished. In the first, the initial piston w, (0) speed is zero. 
This is sketched in Figure 12.10(a), where the piston's trajectory is tangent to the time axis at the 
origin. In the second case, w, (0) > 0 [see Figure 12.10(b)], and the first part of the expansion 
consists of a centered wave. [Since w, (0) > 0, the initial piston motion is impulsive.] 


First Case 


For the flow pictured in Figure 12.10a, there is a single, noncentered expansion whose leading 
edge is given by Equations (12.65a). [This would be a centered wave if the piston’s trajectory 
corresponded to a particle path of a centered wave, as analyzed in Problem 12.9(a).] The expansion 
is still a simple wave and the C_ characteristics that define it are straight. As with a centered 
expansion, flow conditions along a straight characteristic are constant. Thus, any C_ characteristic 
can be written as 


x—x, = (w-a)(t-t,) (12.76a) 


which replaces Equation (12.68). Similarly, Equation (12.63) replaces Equation (12.71a), which 
requires a centered wave. (Any equation whose independent variable is the similarity variable 77 is 
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(b) 
FIGURE 12.10 Schematic of an accelerating piston, where (a) w, (0) = 0, and (b) w, (0) > 0. 


restricted to a centered wave.) Equation (12.71e) for the Mach number is replaced with 


ud W 
Maña e (12.77) 
a — q.Y-liv 
ài 2 a 
Along a given C_ characteristic in Figure 12.10a, we have 
d 
w(x, t) = w(Xpt,) = w, = 2 (12.78) 
dt, 


Thus, the w/a, factor in Equation (12.77) is given by w,/a,. Hence, the solution primarily hinges 
on connecting two points on a C_ characteristic, one of which is at the piston. This connection, 
however, is provided by Equation (12.76a) with w and a replaced with their piston values 


X-X, = (w,-4,) (t-t,) (12.76b) 
This can be further simplified by using the C, compatibility equation 


2 2 
y a 19r = y-1^ (12.79) 
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to eliminate a,, with the result 


With a known piston trajectory 
XX) 

we have w, = «,/dt,, and Equation (12.76c) can be viewed as providing 
£d D 


Most often, this is an implicit equation for t,. 


Example 
Consider the parabolic trajectory 


where a is a positive constant, and the corresponding piston speed is 


dx, is 
w, = — = 
P dt, P 


Our objective is to determine p(x, t) and M(x, t) for the flow inside the expansion. 


Equation (12.76c) becomes 


x50, = (Ya, ~a) (t-t,) 


This is a quadratic equation for ¢, that can be written nondimensionally as 
2 +1 
ter (14 Totals exeo 


where 


at 
E, = 2r, pak xy = & 


2 
a, a, dj 
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(12.76c) 


(12.80) 


(12.81) 


(12.82a) 


(12.82b) 


(12.83a) 


(12.83b) 


(12.84) 


Although the equation is linear in €, it is convenient, whenever possible, to solve it for &,: 


é, = jen is [1-G- pere ap 


The piston's trajectory now is 


lez 
X, = 56» 


(12.83c) 


(12.85) 
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and when the € ,X point is on the piston, we see that the minus sign in front of the square root is 
correct. Equation (12.83c) represents f, = f, (x, f) for two points on the same C_ characteristic. 
Once t, is known in terms of x and f, Equations (12.82) provide x, and w,. 

Equations (12.78) and (12.82b) yield 


"lg (12.86) 
1 
Hence, we obtain 
£ e i-e, (12.872) 
1 
= 2yl(y- 1) 
z E (: - 15) (12.87b) 
1 
M = -n (12.870) 
1-7 Se 


where the last two relations represent the desired solution. Because there is a length scale, there is 
no similarity solution in terms of 7. Since variables are constant along straight characteristics, a 
similarity solution, however, does exist. Equations (12.86) and (12.87) represent this solution, where 
€, is the appropriate, nondimensional, similarity variable. 

From Equation (12.87c), we readily obtain 


* 


Ep = (12.88) 


2 
y*1 
when M = 1. Thus, the flow to the right (left) of the vertical C_ characteristic in Figure 12.10a, 
labeled with M = 1, is supersonic (subsonic). The corresponding X value is obtained by substitut- 
ing E into Equation (12.83b), which then yields x; = Ny + 1)’. As shown in Problem 12.10, 
stagnation parameters, such as Tọ, have a minimum on this characteristic. Similarly, the M — oo 
characteristic in the figure starts at 


2 2 


oo = 4? X oS renea 
Sp y-1 P (y-1Y 


(12.89) 


To the right of this characteristic, there is a void; i.e., there is a vacuum between the piston and 
this characteristic. In this circumstance, the piston's motion no longer influences the flow of the 
gas. In theory, the density is zero along this characteristic. A continuum flow assumption, which 
underlies the analysis, however, is no longer valid in the limit when (p/p,) — 0. 


Second Case 


We now turn our attention to the flow depicted in Figure 12.10b. As is typical of hyperbolic flows, 
a solution is obtained by patching together several distinct solutions. Thus, the flow between the 
leading and trailing edges is given by a piston that impulsively starts with the w, (0) speed. The 
rest of the rarefaction is then treated as the one shown in Figure 12.10a. The detailed solution 
process is the subject of Problems 12.14 and 12.15. 
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FIGURE 12.11 (a) Constant-speed piston moving into a quiescent gas and then stopping impulsively; (b) 
constant-speed piston withdrawing from a quiescent gas and then stopping impulsively; (c) piston motion for 
the generation of an N-wave. 


FLows CONTAINING SHOCK AND RAREFACTION WAVES 


An introductory discussion is provided of several flows, each containing a constant strength shock, 
or shocks, and a centered rarefaction wave. The flows are sketched in Figures 12.11(a) and (b); 
Figure 12.11(c) is discussed at the end of this section. The constant speed piston in Figure 12.11(a) 
moves into a quiescent gas, thereby generating an incident shock that reflects off the endwall. When 
the piston abruptly stops, it generates a centered rarefaction wave. With increasing time the shock 
and expansion waves interact with each other and continually reflect from both endwalls. In this 
subsection, we shall be content to just discuss the flow before the interaction occurs; otherwise, 
the wave-diagram method (Rudinger, 1969) or a computer solution is required. It nevertheless is 
worth noting that, with the aid of viscous dissipation, the two waves ultimately cancel each other. 
At infinite time, the gas is quiescent. In Figure 12.11(b), the piston is withdrawn from a quiescent 
gas at a constant speed. When the piston abruptly stops, a normal shock is generated that will catch 
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up and interact with the expansion. The solution for both flows is based on the analysis in Section 12.2 
and in the earlier part of this section. These types of flows occur in devices such as pressure 
exchangers (Azoury, 1992; Kentfield, 1993; Weber, 1995), and it has been suggested (Emanuel, 
1981) that studies involving both condensation and evaporation, in a single experiment, could be 
done with the configuration in Figure 12.11(b). (Glass et al., 1977, have performed condensation- 
only experiments that utilize the rarefaction wave in a shock tube.) 


First Case 


For the flow in Figure 12.11(a), the gas in regions (1), (3), and (4) is quiescent; i.e., 


w =w = Ww, = 0 (12.90) 


where a prime again indicates the use of an unsteady x,t coordinate system. From Table 12.1, the 
incident shock Mach number M, and the steady and unsteady Mach numbers for region 2 are 
respectively 


n 2) V2 
i gd i ae (12.9) 
4a, (y+ lw, 
X, 12 
ME (=) (12.4b) 
TEST. PX (12.10b) 


where w, is a positive piston speed. For the reflected shock Mach number, we have 
M, = — (12.91) 


Figure 12.12 more closely examines the expansion shown in Figure 12.11(a). In region 2, the 
flow speed w/, which equals Ws can be larger or smaller than a,. In either case, the slope dt/dx 
of the C, characteristics is positive and relatively shallow. On the other hand, the slope of the C_ 
characteristics can be positive — as shown in the figure — if M, > I, or negative, if M, < 1. In 
region 4, the C_ characteristics have a negative slope, since w4 = 0, while the C, characteristics 
still have a positive slope. The leading and trailing edges, and the centered rays within the expansion, 
are of the C, family. 

Previously, we examined expansions that propagated into a quiescent gas. Here, the gas is in 
motion ahead of the expansion and quiescent behind it. Nevertheless, the method of analysis is the 
same. For instance, the key to determining the state of the gas in region 4 is to use the compatibility 
equation that crosses the expansion, which is 








a, (12.92a) 
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FIGURE 12.12 Characteristic lines in regions 2 and 4 of Figure 12.11(a). 


This is written as 


es e Dien a(t) (12.92b) 
a dj 2 aan a, 2 
From Table 12.1 
dz = T; v? E 2 (x 
2G ae an 
and with Equation (12.10b), we obtain 
a4 E 2 (ET y-1 Zs 
a y*l M, pie 2 VET] PETS 


This relation, along with w, = 0, is sufficient to establish any other parameter in region 4. For in- 
stance, the temperature and pressure are 


T 12 
= (=) (12.94) 
1 a, 
2yl(y- 1) 
Ps 7 Po P4 7 2 " (sj s 2 Y 2) 
P, pup Y*l “a y+1° 


a, 2yl(y-1) 
a, 


T 2 y-1 Z, 2yl(y- 1) 
5 Arfi- : | (12.95) 
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Example 
Suppose we set y = 1.4 and 


P=] (12.96) 





which represents a considerable piston speed. (For instance, it exceeds the maximum piston speed 
of a car engine.) We then obtain 


M, = 1.7662, M, = 0.62425, My, = 0.81473, M, = 1.6019 


P2 2 34727, Œ =98178, — P*- 0.99987 
Pı Pı pi 
T; T4 T, 
z = 15065, = 2.0929, 7 = 1.0136 


Five significant digits are shown because p,/p, and T,/T, are quite close to unity. The expansion 
virtually cancels the effect of the incident shock. At early times, an exact cancellation is not possible 
since there is an entropy increase across the shock but no entropy change across the expansion. The 
reason for the near-unity values is that M, is not very large; i.e., despite the substantial piston speed, 
the incident shock is relatively weak. (With a stronger shock, p,/p, and T,/T, start to significantly 
differ from unity; see Problem 12.17.) Since M5 < 1, the C_ characteristics in region 2 have a negative 
slope. 


Final State Conditions for the First Case 


Final state conditions in the chamber can be evaluated using elementary thermodynamics. At the 
start of the process, the mass of gas is given by 


m = p4AÀx, (12.97) 


where x,, is the initial chamber length (see Figure 12.11(a)), and A is the cross-sectional area. The 
density p.., at infinite time, is 


re = = (12.98) 





where we assume x,/x, is known. The work, per unit mass, done by the piston on the gas is 


- *p A 
TR | pads = P® - pr, 2 P (12.99) 
m 0 m Xw Pı 


where p/p, equals 2Y,/(y+ 1). Let e denote the specific internal energy. The first law of ther- 
modynamics is 


é..-@; = Ww (12.100a) 
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since the closed system is adiabatic and possesses no kinetic or potential energy initially or at 
infinite time. With Equation (12.99) and RT/(y — 1) for e, we obtain 


= 
= 


To ya P2 J1— T 
T^ 1+(7 Bow D" 142 yv T5 (12.100b) 


where the Mach number M, is determined by the piston speed via Equation (12.9). The pressure 
ratio p.,/p, is then given by 


T 
oe s r F (12.101) 
1 1 1 


These results are for an irreversible process, since a shock wave is involved. This aspect finds 
its way into the analysis through the constant pressure p, that acts on the face of the moving 
piston. Different results would be obtained for p., and T., but not p.., had the piston slowly and 
reversibly compressed the gas. The pressure on the piston’s face is then a variable, given by the 
standard p ~ p” homentropic relation. 


Second Case 


We next turn our attention to the flow in Figure 12.11(b). The piston speed ws, which equals Wo, 
is now negative. Equations (12.71) hold, providing Equations (12.69) and (12.70) have a sign 
change; i.e., 


gus (12.102) 


Woa Aq +n) (12.103) 


We thus obtain 


cera uade rd ES Wp (12.104a) 
a, 
Eo deco (12.104b) 
d, 2 a 
2 
T5 a (=) (12.104c) 
T, ai 
2yly-1) 
P2 (3) (12.104d) 
Pi ai 
Wr 
ee ee s. (12.104e) 
a5 1 + yd Wp 


for the flow in region 2. 
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The positive shock speed w, is determined by the w, = 0 condition. In a shock-fixed coordi- 
nate system, the upstream Ww, and downstream w, flow speeds are 


W, = W.-W, W3 = —W, (12.105) 


where w5, W>, and w, are negative. (A caret is used to avoid confusion with previous definitions.) 
The upstream, shock-fixed Mach number that determines the strength of the shock is 


Maso = -246 = M+ Å, (12.106) 
a, a ay 
where 
M, =- (12.107) 
a» 


The equation for the ratio of flow speeds across a fixed normal shock yields 








w Qr Si Lb 
c BELT (12.108) 
W2 y+ M; 
The left side of this equation is replaced with 
ws 
ie EE eee (12.109) 
"s w Ws — MM, 
a a 
and on the right side M> is replaced with Equation (12.106), with the result 
KP wa. » rw. -0 (12.110a) 


This differs, e.g., with Equation (12.28a), since flow conditions are different. We readily obtain 
Ü, = vt, (12.110b) 


In conjunction with Equations (12.104e) and (12.106), this yields 


Mie ao M. (12.111) 
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for the shock Mach number. This Mach number must equal or exceed unity, which means that 
(- w, a) 2 (1/y) if a shock is to occur. In this situation, the magnitude of the expansion-produced 
speed, —w;, is added to the shock speed. Thus, the shock is a Mach wave when the region 2 Mach 
number, M 2 equals 2/(y + 1) and the flow in this region is subsonic. At the other extreme, M; — ce 
when (w;/a) 2 -2/(y — 1). 

The evaluation of region 3 properties is assisted with 


2 


1+(y-1) “ey tel lo +4y- D(z J 


2 
yd Y 
+ 2 2) 


pe 
Il 


ean 5 ly = (12.112a) 


2 
fa = yK- x 2— Fa Fe (12.112b) 
ovg 
The pressure and temperature are then given by 


2yl(y- 1) 
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(12.113) 
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a 
2 n 
onm (7 +77- nof " (12.114) 


DISCUSSION 


Problems 12.17 and 12.18, respectively, deal with the flows in Figures 12.11(a) and (b). In these 
problems, the magnitude of the piston's speed and conditions in region 1 are the same. Nevertheless, 
conditions in the regions that experience both an expansion and a compression, although in opposite 
order, are quite different. Several factors account for this difference. For instance, the shock Mach 
number is larger in Problem 12.18 than it is in Problem 12.17, with a correspondingly larger increase 
in entropy. The nature of the work done by the piston also differs. In Problem 12.17, the piston 
does a significant amount of work on the gas, since p, is relatively large. On the other hand, in 
Problem 12.18 the gas does a minute amount of work on the piston, since p, is small. 
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Figure 12.11(c) is similar to 12.11(a), except that the end wall at x,, has been removed and the 
piston reverses direction and returns to its initial position. As indicated in the sketch, the magnitude 
of the return speed need not equal the piston’s incident speed. Upon stopping at x = 0, a second shock 
propagates into the gas. In due time, the expansion will overtake both shocks and fill the region 
between them. As a result of the interaction, both shocks weaken and the distance between them 
increases (Friedrichs, 1948). In this circumstance, the overall wave system is called an N-wave, since 
the pressure disturbance has this shape. An N-wave is most often associated with a steady, supersonic 
flow. For instance, a two-dimensional airfoil generates a bow shock, a trailing edge shock, and an 
expansion wave between the shocks. On the ground, we are familiar with N-waves as sonic booms. 


12.6 COMPRESSION WAVES 


If a piston gradually accelerates from w; (0) = 0 into a quiescent gas, a compression wave forms. 
Initially, the wave is a simple wave with converging C_ characteristics, as sketched in Figure 12.13. 
As usual, region 1 is quiescent and the dashed line is a particle path. The converging C- charac- 
teristics start to overlap with the straight leading edge characteristic at the point where the indicated 
Ci and C. paths and the particle path all cross. This location is referred to as the start-of-the- 
shock and conditions on the C, characteristic that passes through this point are denoted with a T 
superscript. Above this point, a shock forms whose strength gradually increases as more C_ 
characteristics run into it. As the shock strengthens, its speed and Mach number increase. Its path 
in the x,t plane is thus curved and concave downward. Other shocks, internal to the simple or 
nonsimple wave regions, may form as the result of characteristics of the same family attempting 
to overlap. This can occur, e.g., if the piston's motion is jerky. 

The C, characteristics in region 2 originate in a quiescent gas region. Region 2 is thus a simple 
wave region in which the C_ characteristics are straight. The C, characteristics in region 3, how- 
ever, originate just downstream of a curved shock, and consequently region 3 is a nonsimple wave 
region. The CÌ characteristic represents a boundary between simple and nonsimple wave regions. 
Moreover, in the narrow region between the shock and the indicated particle path, the flow is isen- 
tropic, not homentropic. The flow is homentropic outside this region. Remember that the theory 
established earlier requires a homentropic flow and does not apply to the flow in the isentropic region. 

The flow speed in the figure is either zero, as in region 1, or negative. With this in mind, Equa- 
tion (12.63) states that the speed of sound at the piston gradually increases with time from its initial 
value of a, . Thus, weak disturbance signals generated at the face of the piston gradually converge, 
ultimately forming a shock. The analytical reason for converging C_ characteristics is evident 
from Equation (12.56d) when written as 


dos (12.115) 





dx | w-a 


piston... - - 







particle 


path ~ (3) 


shock 








FIGURE 12.13 Compression wave generated by a gradually accelerating piston. 


Unsteady, One-Dimensional Flow 375 


As we move along the trajectory of the piston, a and |w| increase, but with w negative. Thus, dt/dx 
is negative and tending toward zero with increasing time. 


Example 


For region 2, the preceding (rarefaction) theory still applies. For instance, consider the trajectory 
and speed of a piston 


ood o5 
Xp = —z0Ot,, w 


p 2 p. —at, (12.116) 


that is the compressive counterpart of Equations (12.82). With œ replaced by —a and Equation (12.84) 
unaltered, we have, for a C, characteristic and the piston path 


1241-5 J&-x-& sö (12.117a) 
1 
aos E (12.117b) 


while Equations (12.86) and (12.872) are 


w= -€, (12.118a) 
a, 


M 
= 
+ 


a_;_Yzi»w yz1 
= | 2 m e (12.118b) 


ai 
Consequently, the (positive) Mach number inside region 2 is 


w 
a 
M =-= op us (12.118c) 
-1 
20 ié, 


a, 2 
where the equation for an arbitrary C, characteristic 


1/2 


Jaye : y+ ley 
és > 2 eR HH Dé«( 5 é) + 27K] (12.119) 


stems from Equation (12.117a). 
The point where the shock first forms can be found by noting that it occurs on the leading edge 
of the compression, a C_ characteristic, 


X! = -ét (12.120) 


This relation is substituted into Equation (12.117a), to obtain 


cet j-T ét =0 (12.121) 
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However, éf equals zero on the leading edge; hence, 


LEE 2 Lem 
RECS yu. X = ETE (12.122) 
At the start-of-the-shock point, as well as along the straight leading edge of region 2, the Mach 
number is zero. 
The shape of two of the three borders of the simple wave region is elementary. We thus deter- 
mine the equation for the Cİ characteristic that borders the nonsimple wave region. We start with 
Equation (12.56b) and with aid of Equations (12.118) obtain 


dX 3-y 

—-l-—— 12.12 

J 576 (12.123) 
If é, is replaced with Equation (12.119), the resulting equation cannot be analytically integrated 
in any obvious fashion. This difficulty is avoided by writing Equation (12.117a) as 


+1 
x -Ig +(1- a Jé- -é (12.124) 
and by differentiation 
+1 +1 
di -(1 + r5) dE (r, +1- Jag, (12.125) 


Along a C. characteristic, €, is a constant. We are dealing with a C, characteristic, however, 
and €, is not a constant along it. Eliminate dX from Equation (12.23) and the above, with the result 


d$ 2*(y- D$, 
dors (12.126) 
dÈ 1-Dib.y 


The initial condition at the start-of-the-shock is 


Hs 


t= 
$ y+1 


ele (12.127) 


where €, increases along the C1 characteristic until the face of the piston is reached. 
Equation (12.126) is put in a standard form by a linear transformation 


(12.128) 
which yields 
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where À is a negative constant 


|. lyri 
A= 2 y-1 (12.130) 
The initial condition at the start-of-the-shock point now is 
Sse. DEM (12.131a, b) 


> Ép = —— 
Y-1 (y-1) 


Equation (12.129) is singular when é - E; = 0. The eigenvalues associated with this equation 
are unity and A; hence, the singular point is a saddle point (Hurewicz, 1958). With Equations 
(12.128), it is easy to show that the saddle point is located well outside the region of interest and, 
therefore, is of no concern. 

Equation (12.129) is homogeneous of degree one, and is solved by the standard substitution 


E, = (Ë) (12.132) 


which yields 


dés _ Ed? 12.133 
dé Pe ( ) 


This substitution results in a separable equation. Equating this relation to Equation (12.29) results in 


pur z vd si) (12.134) 
dé v-À 
where one initial value is provided by Equation (12.1312) and the other is 
v = Sp = -À (12.135) 


$ 


Variables can be separated, to yield 


č dë Y dv , dv 
== ESR TREE A IE eS 12.136 
J. vti- a =v +(1-A)v ( ) 


which ultimately results in 


GN 7 (3 Jatin (12.137) 


We return to the original variables and simplify, to obtain 


_ 2 A 2 ciini y-1 jn mes 
e 3y-19 y-1 (+ 1)(3y- 1) 1+ 2 a (12.138) 
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We next utilize Equation (12.119) to eliminate €,, to arrive at the desired implicit X, equation 


= 1 m Jj I 
m SS uL dk 1)$- t2yX 
"m i (y-1)6 Y 
dy igo gai pA -y+ 1V/[2(y- DI 
AE YA ale Y bs oes 
PE | 2y + Ay E+ 2y [neo Dé+( 5 é) + 27x] | 
(12.139) 
for the CÌ border characteristic. 
At the piston, this relation yields 
2 4y er orav-n 
Tul Ie. = 
- 5 G i) 1] (12.140a) 
since 
x ele 12.140b 
p -59» ( * ) 
We thus have 
či = 118, Xj = -0.696 (12.141) 
when y = 1.4. At the other end of this characteristic, Equations (12.122) provide 
& = 0.833, X! = —0.833 (12.142) 


As expected, the CÌ characteristic has a positive slope. Figure 12.13, however, is deceptive in 
showing the simple wave region as much broader than it really is. Finally, we note that MÝ = 0 
and that M; = 0.995. Thus, the simple wave region is subsonic. 


12.7 INTERNAL BALLISTICS 
INTRODUCTORY DISCUSSION 


Ballistics can be subdivided into internal, intermediate, external, and terminal regimes. For internal 
ballistics, the bullet or projectile is inside the gun barrel. In the intermediate regime (Merlen and 
Dyment, 1991; Jiang et al., 1998), the projectile is near the muzzle and the gas dynamics of the 
flow field caused by the gas discharge from the barrel are of primary interest. External ballistics 
deals with the projectile in free flight, while terminal ballistics involves the interaction with a target. 
A gas dynamically oriented introduction to internal ballistics is provided in this section. Other 
presentations, which include additional references, can be found in the book by Farrar and Leeming 
(1983) and in the articles by Krier and Adams (1979) and by Freedman (1988). Our objective is 
to illustrate how unsteady waves can be utilized to understand the dynamics involved in internal 
ballistics. To avoid undue length and complexity, a number of assumptions and approximations are 
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introduced. Sufficient physical content, however, is retained in order that the presentation should 
still be representative of the actual situation. 

A breech chamber contains the gun powder, or propellant, and the projectile. The diameter of 
this chamber is slightly larger than that of the barrel. Once the powder is ignited and starts to burn, 
the pressure in the chamber rapidly increases. At an early time, when this pressure is still relatively 
small compared to its subsequent peak value, the chamber pressure forces the projectile into the 
barrel and it starts to accelerate. The soft rotating band around the projectile and near its base is 
further squeezed into the rifling of the barrel, thereby causing the projectile to rotate. This spin 
provides aerodynamic stability for the projectile during its free flight. When the projectile is at the 
gun’s muzzle, its rotational energy, however, is only about 0.3% of its translational energy (Krier 
and Adams, 1979, page 9). The subsequent discussion thus neglects the spin of the projectile. 

Gun powder is often in the form of perforated grains. Before ignition, the breech chamber con- 
tains a mixture of powder and air, where the initial mass m,(0) of the powder (a g subscript 
denotes a grain property) greatly exceeds the mass of the trapped air. The volume of the two 
constituents, however, is roughly comparable. As we will observe in the next subsection, the fraction 
of volume devoted to air is an important parameter. The powder is engineered to burn smoothly 
and not to detonate. Detonation occurs when an unsteady normal shock wave is immediately 
followed by intense, nearly instantaneous combustion. In this situation, the combustion process is 
complete before the projectile has had time to move. The extreme breech pressure caused by the 
rapid combustion, which is amplified by the reflected shock, can rupture the wall of the chamber. 
Typically, the powder is not completely burned until the projectile is well down the barrel. The rate 
of burning for a given powder chemical composition is largely determined by the initial surface area, 
i.e., the number of perforations in a grain, per grain volume, and by the pressure. As the burning 
surface area increases (decreases) the rate of gas production increases (decreases). The rate at which 
the grains burn, i.e., the rate at which their surface recesses, is also pressure dependent, with more 
rapid recession occurring at a high pressure. Incidentally, these remarks also apply to the combustion 
process in a solid propellant rocket engine. 

Figure 12.14(a) is a rough schematic of a gun barrel at an angle 0 relative to gravity with the 
base of the projectile a distance x, down the barrel, where a p subscript denotes the projectile. As 
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FIGURE 12.14 (a) Schematic of a gun barrel. (b) x,t diagram showing the labeling utilized. 
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indicated, we ignore the length of the breech chamber and that of the projectile. (The volume of 
air trapped in the breech chamber and the mass of the projectile, however, cannot be ignored.) At 
its location, the projectile has a speed w,,. For notational convenience, the prime notation, which 
we have sometimes used with an unsteady flow, is disregarded. 

Nonplanar compression waves are generated by the accelerating projectile in the air ahead of 
it. These waves quickly become planar and coalesce into a normal shock. At early times, when w, 
is small, the strength of this shock is quite negligible. In intermediate ballistics, this shock is 
important. In internal ballistics, however, it is usually overlooked or neglected (Farrar and Leeming, 
1983). This effect, however, becomes significant when the muzzle speed of the projectile, wpm, is 
large, where an m subscript denotes the muzzle. For instance, a large, but attainable, muzzle speed 
would be for w,,, to be six times the ambient speed of sound. (One way to increase the muzzle 
speed is to minimize the mass of the projectile.) Equation (12.9) then yields a shock Mach number 
of 7.34 and the pressure rise p/p, across the shock is 62.7. This estimate is for a conventional 
gun. There are hypervelocity launch devices, used in impact and penetration research, in which the 
strength of the normal shock can be a limiting factor for attaining a given muzzle speed. These 
projectile-in-a-tube devices go under various names, e.g., blast-wave accelerator, ram/scram acceler- 
ator, or a two-stage light gas gun (Wilson et al., 1996). For instance, with an 8 km/s muzzle speed, 
the shock Mach number is 28.8 and the p/p, ratio is now 970. When the ambient pressure is 1 
atm, a retarding force occurs that is equivalent to about 10° atm pressure when the projectile is close 
to the muzzle. One approach for offsetting this effect is to use a diaphragm across the muzzle with 
the initial air pressure in the barrel reduced to a vacuum. Either the relatively weak shock or the 
pointed nose of the projectile can be used to rupture the diaphragm. 

Figure 12.14(b) is an x,t diagram that schematically shows the trajectories for the shock and 
projectile. Combustion in the breech chamber is indicated as being completed when ¢ = t, and x, = 
x,. Region 1 is quiescent, while s2 denotes the state just downstream of the shock. States p2 and 
p3 are respectively just ahead of and behind the projectile. Once the shock passes the muzzle, with 
the projectile still inside the barrel, a rarefaction wave starts to propagate down the barrel. This 
aspect is not indicated in the figure; it is part of intermediate ballistics. Almost immediately, 
however, the projectile overtakes this rarefaction wave. 

In the Figure 12.14(a) sketch, the ambient air pressure is pı. This pressure increases to p,; 
just behind the shock and further slightly increases to p,; at the nose of the projectile, where the 
flow has an unsteady stagnation point. The pressure at the base of the projectile is p,3, which 
greatly exceeds p,, at early and intermediate times. The breech (denoted with a b subscript) 
pressure is p,, and it significantly exceeds p,, at later times, as will be discussed. The ratio of 
specific heats for the combustion gases is denoted as y, and its value is usually near 1.2. Unsteady 
viscous boundary layers exist along the wall between the shock and projectile and between the 
projectile and the breech. These layers are typically thin compared to the diameter of the barrel, 
and they are neglected. Heat transfer to the walls, however, may represent a modest energy loss 
(Krier and Adams, 1979); we neglect this aspect. The combustion gas is modeled as thermally and 
calorically perfect, in line with the rest of this chapter. Neither assumption is entirely appropriate, 
since the hot gas has temperature-dependent specific heats, and the covolume should not be 
neglected in the thermal state equation, especially when p, is near its maximum value. 

Figure 12.15 shows normalized curves (loosely sketched from a figure in Krier and Adams, 
1979) for a large-diameter (175 mm) military gun. The maximum breech pressure is about 3 x 
10° atm, which determines — with a safety factor — the structural design of the breech mechanism 
and chamber. This pressure maximum typically occurs slightly before combustion of the powder 
terminates. By the time the projectile reaches the muzzle, the pressure in the breech p,, is 
considerably reduced, with the pressure  p,,, on the base of the projectile further reduced from 
Pom. The barrel length is about 8.7 m and the muzzle speed is about 10° m/s, or nearly three times 
the speed of sound in ambient air. 
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FIGURE 12.15 Schematic showing normalized values for the breech pressure and the position and speed 
of the projectile. 


SIMPLIFIED MODEL 


Our goal is to formulate a computationally suitable form for Newton’s second law for the projectile 


d 
m,—2 = pyA- pA - F - mygsind (12.1432) 
where mn, , A, and F are the projectile mass, barrel cross-sectional area, and frictional force, re- 
spectively. We further simplify this relation by assuming F = 0 and @= 0: 

p dw, 


Te OP = py y (12.143b) 


All that remains is to obtain p, and p,, in terms of w,, t, and known constants. First, several 
nondimensional variables and parameters are introduced: 


xe, t= E W= a 
Xe fc (X RIT.) 
n Ap,t, (RTA 
Bis. Gel. “se. go (=) (12.144) 
PRT. Pg T, Mp Ye 


where p, is the density of the solid grain, and R, and T, are the gas constant and adiabatic flame 
temperature of the hot combustion gas. These three parameters are known constants. Newton’s sec- 
ond law now has the form 


dW 
dt 





2 = (Pp Pp) (12.143c) 


The initial condition for this ODE is simply W, (0) = 0. 
REGION 3 


During combustion, the equation of state is 


Pp = PRT. (12.145) 
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for the air plus propellant gas in the breech chamber. Note that p, is proportional to p,, since 
R.T, is a constant. Because of the very large mass disparity, the effect of the trapped air on R, 
and T, can be neglected. For purposes of simplicity, a linear burn rate for the powder is assumed: 





m,(T) 
-]1-14 (12.146) 
m,(0) 
where, for the initial powder mass, 
m,(0) = p,6,A (12.147) 


and €,A represents the grain volume as if it were a solid cylinder. Neither a linear burn rate nor 
a cylindrically shaped grain are realistic, but will suffice for this discussion. Actually, the length 
€, is only used as a way to represent the initial grain volume, not its actual configuration. The 
density of the gas in the breech then is 


m,(0) = m,(T) 


Alya 
P. 


P(T) = (12.148) 


where A£, is the initial volume of the trapped air plus the solid grain. With the foregoing, a relation 
for the gas density and pressure in the breech, during combustion, is obtained: 


R, = P, RES 12.149 
BRE EE Let t ) 
where €; = €,/€, and €, 2 1. After combustion is completed, which occurs when 7 = 1, these 


relations require replacement. Hence, Equation (12.143) is solved in two stages, first when 0 € 7 
<1 and then when 1 < T < 7,. (Of course, if the barrel is short enough, there is only one stage 
and Tm, < 1.) The maximum nondimensional pressure and density (=1/€,) occurs when T = 1, and 
£, which accounts for the comparable air and grain volumes, has a strong impact on the maximum 
breech pressure. 

Region 3 is a nonsimple wave region. At early times, when the projectile is moving slowly, 
the expansion wave emanating from the base of the projectile has more than enough time to have 
numerous reflections between the base and breech endwall. These reflections smooth out the 
pressure distribution, and P,; is effectively equal to P,. However, as the projectile moves down 
the barrel, its speed increases and the generated expansion wave is more intense. Because the 
projectile's speed is increasing, the expansion resembles the one pictured in Figure 12.10(a), rather 
than the one in Figure 12.5. The expansion thus starts at the base of the projectile. Moreover, the 
gas in the vicinity of the base cools adiabatically with a significant reduction in the local speed of 
sound. In short, a large pressure gradient develops between the breech and the projectile. To model 
this flow, a considerable simplification is required if an iterative, complex numerical approach is 
to be avoided. Remember that the boundary location associated with the projectile base is unspec- 
ified, since it depends on w,, which is unknown. Moreover, w, also depends on the solution for 
the flow in region 2. To circumvent this complexity, an approximation is introduced that, at any 
given instant, the region between the breech and the projectile is a simple, centered rarefaction. 
This is a local, in time, approximation, whose justification would be that it yields appropriate 
physical trends. Local approximations, it should be noted, are common in fluid dynamics; an 
example is local similarity theory for a laminar boundary layer. 
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With this approach, we can write 
W=—x (12.150) 


which directly stems from Equation (12.69), which is a linear w vs. x relation for a centered 
expansion. State 1 in Equation (12.69) is at the breech, where w, = 0. The above equation is used 
when the grain is burning. The adiabatic breech temperature T, is then fixed at T., while afterward 
T, decreases with time. In other words, 7, = 1 when T € 1 and 7; < 1 when T> 1. The speed 
and location of the projectile are related by 


d 
w, = = (12.151a) 
or 
dX 
Fi = «VW, (12.151b) 
with œ, defined as 
f. 
o, = EYR T)” (12.152) 


Equation (12.150) is used in conjunction with Equation (12.151b). In order for Equations (12.69) 
and (12.150) to be consistent, we require 


pe 
n = L+ T T,^w-1 (12.1532) 


where a,/a,. equals ps E and 
ay = (YR) (12.154) 
Consistency with the rarefaction wave solution of Section 12.5 also requires 


^.-12 a 
Ty — 


Lgs 


zx 
Ye ;4 12y (12.153b) 


Abe 


Leh cus N/D 
Ye w) 


p= P,(1- Pd (12.153c) 


ESTE 2/(Q,-1) 
R = s, (1 E ni jn ^w) (12.153d) 
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where P, and R,, which are time dependent, are given by Equation (12.149) when 7 < 1. The 
pressure on the base of the projectile thus becomes 





y.— 1 2y,I(y,- 1) 
w,) (12.155) 


P,3 = pj - ; 


when 7 < 1. This relation is directly used in Newton's second law when 7 < 1. We next determine 
its T > 1 counterpart. 

Unknown quantities, such as P, and R, when 7 2 1, are determined, in part, by conservation 
of mass at a given instant. (This approach is inappropriate when 7 « 1, since there is a source of 
gas in the breech chamber.) We start with 


m,(0) = af "pdx (12.1562) 
0 
which becomes 
€ X, 
jor up Í Rdx (12.156b) 
Xe d 
where €, is a positive constant. With the aid of Equations (12.150) and (12.153d), we have 
X, =. 1 Dd Ww 2/(y,-1) 
b, = mf (1 E CR my x) dX (12.156c) 
0 2 X, 


where R,, Ti, W,, and X, are only time dependent. The substitution 











B yc- laanW, 00 yc laanW, 
z-1- 2 To X, X, dz = — 2 T, rd ee (12.157) 
results in 
-1 W Pe p _ 
Bi opl ET a f Ze ae (12.156d) 
2 X, 1 
which integrates to 
y *1,W A 1/2 y,—-laanm e+ D/OL-D 
— st = RiP (iX w,) ] (12.158) 
p 


Aside from X, and W,, 9i, and T, are time-dependent parameters that require evaluation. 
For this evaluation, the gas in the breech chamber is assumed to expand adiabatically: 


Ys T YI - 1) 
Pe = (2) - (=) (12.159a) 
be be be 
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when T = 1, where 


= P: ae Pe = 
Poe = ae Poe = P Ty. = T. 
In nondimensional form, we have 
Ye AV! %e- 1) 
GP, = (691) = T, (12.159b) 


The parameters R, and 7, are eliminated in favor of P, in Equation (12.158), with the result 








(% * D/2y, t1 -1) 

y, *1,W P ved -re Dy, y J” € 

T 6v = TT 1-[1- ;- (GP) v, (12.1602) 
P 1 


This is an implicit equation for P, of the form 
P, = P(X, W, Yo 6, €) (12.160b) 


where X, and W, are related by Equation (12.151b). This equation, which provides P,, is used 
in conjunction with Equation (12.153c), when evaluated at the projectile: 


yl 
2 





( €;P,) (12.161) 


2y./(y.—-1) 
-(,- 12r, eMe 
w, 


Pj = Pl 


This is the 7 21 counterpart of Equation (12.155), which is used in Newton's second law. 
In view of the approximations already made, we may as well introduce one more approximation 
in order to simplify Equation (12.160a). We observe that 


“Y.- . -14- -1 
(€,P,) (Y, D ay z Ye 7? Ww 2 Ye w 


Vez 1 p 
P 2 : 2 (YRT)? 


2 








(12.162) 


is typically well below unity, even when the projectile is at the muzzle, where this term is a maxi- 
mum. One reason for this is that y, is usually near 1.2 and, thus, (y, — 1)/2 = 0.1. Consequently, 
the square-bracketed term in Equation (12.1602) yields 


(y+ D, -1D y 
m e 


^—1 -(y,-1/2y, 
L zr = (Py) w,| =|- 


+1 -(y,- 1/27, 
;— Py) 








W, (12.163) 


and this equation simplifies to 


Cai 
P,2(2) Ce (12.164) 


p 


which can be used for P, in Equation (12.161). 
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REGION 2 


We now turn our attention to region 2 and the shock wave denoted with an s subscript. We then have 


dx, Ws P2s As 


2 
— Y 12.165a,b, 
: dt" an Fo ET yell’ ( 65a,b,c) 


where y is for air and equals 7/5. Region 2 is a compression, whose physical extent, (x, — x, )/Xm, 
is small. We thus assume, at any instant, a time-dependent but approximately uniform pressure. 
This assumption readily yields 


P2p = pos, Wp Z Was (12.166) 


where Equation (12.9) relates w, and M,. With this relation, P,; becomes 
312 
fs afi ED aar? yaw, di «(B Jaw,] | | (12.167) 


where 


Pi = YRT)” 


= PRT? 4 a (12.168) 


0 





With the P,; equation, the model is complete. In nondimensional terms, it depends on the four 
a, and the two €; parameters. Problem 12.19 calls for a numerical solution. 


12.8 NONSIMPLE WAVE REGION 
INTRODUCTORY DISCUSSION 


The focus in this section is to derive a closed-form solution for a nonsimple wave region when the 
gas is perfect and the flow is homentropic. Hence, steady flow behind a curved shock or an unsteady 
flow with a shock of variable strength is not considered. Here, the region of interest occurs when 
a rarefaction wave reflects from a solid wall. Figure 12.16 is an %,7 diagram, where $ and ? are 
the dimensional position and time coordinates, that shows the nonsimple wave region, abca. 

A general approach for obtaining an analytical solution of a single, second-order, hyperbolic 
PDE is pursued. Emphasis, however, is also placed on deriving an explicit solution for the reflection 
problem. General approaches typically assume known data on a single noncharacteristic curve. 
This is not the case for the problem at hand, which is why the general approach is not always 
utilized. Nevertheless, sufficient theory in combination with the nontrivial reflection problem should 
enable the reader to apply this method to similar problems. (A pertinent example would be flows 
governed by the linearized, supersonic, steady Euler equations.) The essential mathematical require- 
ments for this transference is that the governing PDE be hyperbolic and linear. 

The type of flow sketched in Figure 12.16 occurs in shock tube experiments. Region 1 in the 
figure is quiescent, region 2 is a uniform flow, while a centered, simple wave is situated between 
these two regions. As mentioned, the region of interest is abca, where ab is the wall, and ac and 
bc are, respectively, C_ and C, characteristics. The region above bc is also a simple, but noncen- 
tered, wave. The physical size is determined by the distance € between the diaphragm at the origin 
and the endwall. (The PA and PB lines in the figure are discussed later.) The best-known treatment 
for this flow is probably by Landau and Lifshitz (1987, Section 105). Their discussion, however, 
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FIGURE 12.16 Nonsimple wave region caused by the reflection of a centered rarefaction wave from a wall. 


is very concise, and the mathematical treatment, which differs from the one used here, is lacking 
in generality. They utilize a special method to obtain a solution that is limited to selected values 
for the ratio of specific heats. 

A numerical solution for region abca can be obtained in a relatively straightforward manner 
using the method-of-characteristics. A central objective of this discussion, therefore, is to provide 
a systematic process for obtaining an analytical solution that does not lose sight of physical aspects 
of engineering interest. As such, the presentation can be viewed as a prototype for the analysis of 
other inviscid hyperbolic flows. Five steps are loosely followed: 


i. Problem formulation 
ii. Nondimensionalization 
iii. Transformation of the PDE to a standard or canonical form 
iv. Solution using the Riemann function method 
v. Physical discussion and concluding remarks 


The first step establishes an equation, or equations, and boundary and initial conditions. In 
terms of primitive variables, the governing equations are nonlinear, whereas the Riemann function 
method requires a linear equation. We therefore introduce a Legendre transformation that yields a 
single, second-order, linear PDE. In fluid dynamics, a linear PDE is the exception rather than the 
rule. Of course, a linear equation, when possible, is usually of major advantage. (Several reasons 
why this is not always the case will be discussed later.) Linear boundary conditions are established 
on ac and ab; they provide a unique solution for the abca region. 

Coincident with establishing boundary conditions, the shape of the boundary must also be de- 
termined in both the original and transformed planes. Part of the formulation also establishes 
relations for quantities of engineering interest. These are the Mach number M, static pressure p, 
and stagnation pressure py. Other quantities are readily established once these three are known. As 
already evident, a caret denotes a dimensional quantity. Remember that stagnation quantities, such 
as Po, are not constant in an unsteady flow, even though the flow is homentropic. 

Although relatively routine, the nondimensionalization step is important; it establishes a few 
key parameters and lends some generality to the analytical effort. This step is actually introduced 
as early as possible into the otherwise lengthy formulation. 

The Riemann function method is based on a second-order PDE in a canonical form. Thus, a second 
transformation is introduced that performs this task with the linear equation aspect left unaltered. When 
the Riemann function method is appropriate, it yields a general solution in terms of quadratures. 
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The last step discusses several special cases and focuses on physical trends. These are estab- 
lished by examining the variation of M, p, and py in abca. For expositional convenience, some 
of this material is interspersed in earlier subsections. 


FORMULATION 


As shown in Section 12.4, two first-order PDEs govern unsteady, one-dimensional flow. These 
equations are quasilinear and devoid of inhomogeneous terms. As a consequence, they are reducible 
(Courant and Friedrichs, 1948), which means they can be transformed into linear PDEs by means 
of an interchange of dependent and independent variables. At the end of Section 12.4, we demon- 
strated that the governing equations contain an inhomogeneous term when the flow possesses 
cylindrical or spherical symmetry. In this circumstance, the equations are irreducible, and an 
interchange of dependent and independent variables does not yield linear PDEs. (In fact, the 
transformed irreducible equations are quite nonlinear.) Moreover, the transformation does not 
require that the equations be hyperbolic; however, their hyperbolic nature is unchanged by the 
transformation. For the reducible equations of steady, two-dimensional flow, this interchange is 
referred to as a hodograph transformation (Chapter 7). As in Landau and Lifshitz (1987), upon 
which the next subsection is partly based, the interchange is expedited by utilizing a Legendre 
transformation (Emanuel, 1987). When completed, we shall end up with a single, second-order, 
linear PDE, which is the basis for the subsequent analysis. 


LINEAR EQUATION 
In place of a differential momentum equation, an unsteady Bernoulli equation is used: 


+h =0 (12.169) 


where /f is enthalpy, a subscript denotes a partial derivative, @ is a potential function 
w= ds (12.170) 


and Ww is the flow speed. Any time-dependent function of integration in Bernoulli's equation is ab- 
sorbed into the @; term. The flow is homentropic; i.e., the entropy $ is a constant. Hence, we have 
from thermodynamics 


P = PÒ) (12.171) 
pe Í dp (12.172) 
Ê 


for the pressure, density 6, and enthalpy. These relations replace the energy equation. Shortly, the 
continuity equation is utilized. First, however, a Legendre transformation is introduced. 


A 


We consider @ as a function of € and 7: 


ó = 6(%,2) (12.173) 


d cdautqo a = dd (i + ji yi (12.174) 
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where Equations (12.169) and (12.170) are utilized. A new dependent variable (/ is introduced, 


^ 


which is not equivalent to a stream function, that depends on the dependent variables Y» and h 
instead of $ and 7. This is done with 


(v, h) = 6(%, 7) - 563-16; = ó $i (i + 5%”) (12.175) 


N 


where the leftmost equation is a Legendre transformation. This relation is differentiated and dó 
is eliminated, to yield 


diy = (iw—3)dw+idh (12.176) 
We also have 
dW = (dw + tidh (12.177) 
and by comparison 
Wy = iv-& p -i (12.1782) 
or 
= PN- rus i= (12.178b) 


Once ((v, h) is known, these relations represent the transformation from wW, ^ coordinates to %,7 
coordinates and vice versa. 
To obtain an equation for (y, continuity is written as 














Ê; + WP; + Pw, = 0 (12.179a) 
or in Jacobian form (Appendix B) 
Ap, x) Yi Ap, 1) ^ AW, 1) 
= =0 12.179b 
20,3) "313 ' «i3 ( ) 
Multiplication by the Jacobian 
posu (12.180) 
AW, h) 


of the transformation yields 


=0 (12.181) 








S» 
P sam 
= 
wo 
— 
S» 
P mx 
= 
cm 
— 
S5 
P ce d 
= 
wo 
— 


We now see why the equations must be reducible. For a cylindrical or spherically symmetric flow, 
Equations (12.179) contain an inhomogeneous term, as noted at the end of Section 12.4. Multiplica- 
tion by J then results in a complicated nonlinear equation. 
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In view of the p and h equations, we have 





uns 2. p= pA) (12.182) 
and 
~ dp _dpdp_ ÔÊ p 
cu ug HD - Ê (12.183) 
Oe an ab ah dp à 
dp), 


where â is the speed of sound and fẹ = 0. Hence, the three determinants in Equation (12.181) 














become 
Be By 0 Ê f 
o Ô, Xx Po Pp a2 ^ P 
a 2 = x. &. = n REA . Les a " = E jt WVsi Wow) 
MTT] HAWG dus PET ^ 
(12.1842) 
o Ê 
Au S A 
o. os a) = Ly, (12.184b) 
ans) Vor Vir * 
i, 1 1 0 
SOR . |= We (12.184c) 
OW, h) Wai Vin 
With these relations, continuity is given by 
() (12.185) 


^ 


where à = â(Î). This is the previously mentioned linear equation that governs unsteady, one- 


dimensional flow. Moreover, it is clearly hyperbolic. 


NONDIMENSIONALIZATION 


A particularly convenient nondimensionalization is introduced as 


a ly (12.186a) 





(12.186b) 


$m 


P T 
p m 


where conditions in the quiescent gas region provide the reference state. (Note that Îi does not 
equal ài) This normalization leaves Equation (12.185) invariant; i.e., we simply delete the caret 
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symbols. Similarly, the Mach number is invariant: 
M=- = (12.187) 
â a 


A minus sign is used because w is zero or negative for the flow of interest, and the Mach number 
is defined as nonnegative. This nondimensionalization will be extended whenever new variables or 
parameters are introduced. Quantities without a caret hereafter are nondimensional. 


PERFECT Gas EQUATION 


For a simple thermodynamic fluid, the speed of sound can be considered a function of h and s. 
Since entropy is a constant, we have a = a(h), as above. Any thermal state equation, such as a van 
der Waals equation, along with a specific heat equation, can be utilized to obtain a(h). The simplest 
relevant choice, of course, is that of a perfect gas. The rest of the analysis is based on this choice; i.e., 


a = (y-1)h (12.188) 
and Equation (12.185) becomes 
(y- DAW- Yow + V, = 0 (12.189) 


BOUNDARY CONDITIONS 


In line with characteristic theory (Courant and Friedrichs, 1948), a single condition on ab and on 
ac is sufficient to establish a unique solution for y in abca. On ab, we specify 


w=0 (12.190a) 
In view of Equation (12.178b), this becomes 


y, = -1 (12.190b) 


The solution for a centered rarefaction wave is required for the condition on ac, which also re- 
quires the shape of this boundary. From Section 12.5, this solution can be written as 


2 H 
w-uQ00 (12.1912) 
-2 Tots 

ac (i +i i) (12.191b) 
4 Sey 
E (1 £l i) (12.191c) 
(y - 1)(y +1) 
Mec". ed. (12.191d) 
a pim 
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where the similarity variable is 
(12.192) 


This solution holds on the ac characteristic 
Hereafter, it will sometimes be notationally convenient to utilize instead of a and to replace 


y with a new parameter n, where 
ae sds (12.193) 


Ac r, 
y- Yon | 





rae 1 
2 
It is also convenient at this time to introduce 


Note that for n = 0, 1, 2,..., we have y = 3, 5/3, 7/5,.... 
the bc C, characteristic. Along the ac and bc characteristics, the compatibility equations 


Bas 2 w+ a eer CER] Us (12.1942) 
a, = 
f] 1/2 
n = > = w-[2(2n+1)h] ^, C. (12.194b) 
a1 
hold, where & and 17 are the respective nondimensional Riemann invariants, and 7 should not be 
confused with the similarity variable 7. For ac, n is evaluated at point a as 
= -(2n+ 1) (12.195) 
since the nondimensional enthalpy in the quiescent gas region is h, = (y i = (2n + 1)/2. We 
thus have 
(12.196) 


w—[2(2n+ 1)h]'? = -(2n+1) 


along ac. Shortly, the bc characteristic is dealt with 
We next, however, determine the value of yon ac and the shape of this characteristic. For the 
first item, we substitute Equations (12.191) into Equation (12.176), with the result 
2 sa 8T y-l-Yy-1.,- 
d ES a-i- XE dij (1550) Sai 
v zd y-1 (y- Xy 1) 2 2 
(12.197) 


2T 2. 
= Feil pat meets =o 


The solution y is continuous, including at point a, where the two boundary segments join. On ab 


however, the Equation (12.190b) boundary condition is a derivative condition. Hence, we can set 
(12.198) 


y -0 


on ac. 
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For the shape of ac, we start with the characteristic equation 


GE oe 
dt 


With the aid of Equations (12.191), this becomes 


BE ruri qu. 
dt y*l y+ 1"! 
while from Equation (12.192) 
aX _ 5, UI 
dt dt 
Elimination of dX/dt yields 
(1 En i) 
dp. Dygi ae 
t- 29751 qu 
a s 
which integrates to 
y41 ever- y+1 yrsmo-n 
"n 2 = 2 
E y-lz = y-1 X 
L+ La oe 


A more convenient form is 


X = Ant 1)7 ^ *P - (2n e 1) 


which represents the shape of the ac characteristic. 
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(12.1993) 


(12.199b) 


(12.200) 


(12.201) 


(12.202) 


The location of point c is determined by the intersection of ac with the straight oc character- 


istic, given by 
X-21n.T 


where 7], stems from Equation (12.191d) with M = M;; i.e., 


xu “Tei. odes 
SO UBER 3.4 


From the above, we obtain 


M; M; 








nl n 
Te = (ez) p. AE a-MJ(1* h 


(12.203) 


(12.204) 


(12.205a,b) 
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Observe that point c has X, = 1 when M, = 0 (i.e., there is no rarefaction wave) and X, = 0 when 
M, = 1. Thus, M, determines the strength of the centered rarefaction wave and the relative size 
of the abca region. For simplicity, we assume X, 2 1 by requiring 0 € M; < 1. When X, is negative, 
the interaction lasts for an infinite length of time (Landau and Lifshitz, 1987), since point b is 
now at infinity. Moreover, M, is supersonic and the portion of the abca region to the left of the 
T-axis is also supersonic. 

With Equation (12.204), we obtain from Equations (12.191a,c) 





M 
SPELL M hu . 2n*cl — (12.206) 
14 2 he) 
2n+1 2n+1 


which is the w,h counterpart of Equations (12.205). This yields for the bc Riemann invariant 








M, 
~ 2n+1 
& = (2n+1) —— (12.207) 
2 
2n41 
and the bc characteristic is 
w 4 [2(2n * Dh]? = é, (12.208) 
The shape of this characteristic is obtained by integrating 
dX PA 
IX owe (= ;) (12.209) 


from point c to the wall, where X = 1 and w = O. Either w or h can be eliminated by utilizing 
Equation (12.208), but a numerical integration is still required, except when n = 0. (This integra- 
tion is further discussed near the end of this section.) Although there is no boundary condition 
along bc for the abca region, the subsequent physical discussion nevertheless utilizes this material, 
in part because bc is a boundary for the reflected wave. 

By way of summary, the governing equation is written as 


2h 


mas Wrin Vow V, = 9 (12.210) 


The solution should satisfy Equation (12.190b) on w = 0 and Equation (12.198) on ac, which is 
given by Equation (12.196) or by Equation (12.202). In the nondimensional problem, the only pre- 
scribed parameters are n, or y, and M,. 


SOLUTION IN THE PHYSICAL PLANE 


Suppose y(w, h) is a solution of Equation (12.210). Equations (12.178), in nondimensional form, 
provide the transformation to the physical X,t plane. The Jacobian of the transformation, given 
by Equation (12.180), can be written as 


J = Vus 7. Won- Vi M 122112) 
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With the aid of Equation (12.189), this becomes 
J =a Win- Won (12.211b) 


In a simple wave region, w = w(h) and Equation (12.180) directly yields J = 0. Thus, a uniform 
flow and a simple wave region are not encompassed by Equation (12.210); they are missing solu- 
tions. The analogy with a two-dimensional flow under the hodograph transformation is evident. 

There are two reasons a linear equation, such as the one above, may not be advantageous. 
Missing solutions is the first. The second is the expected presence of a limit line when the flow is 
supersonic. This is a curve, not a region, along which the Jacobian of the transformation is zero 
(or infinite). Its presence is a serious mathematical difficulty with no physical counterpart, such as 
a shock wave. Limit lines are usually discussed in terms of the hodograph transformation for a 
steady, supersonic, two-dimensional flow, as in Chapter 7. We anticipate that a limit line will also 
occur in a supersonic, unsteady flow when the governing equations are linearized by a Legendre 
transformation. To our knowledge, this has not been demonstrated. Moreover, it will not be 
considered here, since M, is restricted to subsonic values. 

In terms of w and h, the Mach number and pressure are given by 


2n 41V? jp \en3V2 
M = -w ( 2n ) ; p= (ss ;) (12.212) 








The stagnation pressure is written as 


(2n & 3)/2 


_ Po _ eer ie (2) 
Po = D p(1+ 7 m’) = (rE (12.213) 





These quantities are functions of X and 7 in abca through Equations (12.178). As mentioned, the 
subsequent physical discussion will focus on them. 


ANALYSIS 


It is advisable to discuss several topics of a general or preliminary nature before embarking on the 
Riemann function method of solution. When appropriate, this practice will continue with later 
subsections. We first discuss canonical forms and subsequently the solution of Equation (12.210) 
when n = 0. 


CANONICAL FORMS 


A linear or quasilinear PDE of the form (Sommerfeld, 1949) 

Au,,+ 2Bu,, + Cu,, = O(x,y,u,U,,Uy) (12.214) 
is considered, where A, B, and C can depend only on x and y. This equation is hyperbolic providing 
B'-AC»0 
which we presume. It is instructive to obtain the standard, or canonical, form for this relation. In 


the case of a second-order hyperbolic equation, there are actually two such forms (Courant and 
Hilbert, 1962). Both are obtained by a transformation of the independent variables written as 


E = $x, y) — neVG y) (12.215) 
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where & and 7) are new coordinates and not (yet) the Riemann invariants. The transformation re- 
quires the chain rule derivatives 


Uy = Us + us. (12.216a) 
Uy = Ucby + us V^, (12.216b) 
Uy, = usc + QUE 0. + META t Ucdex + UnWex (12.216c) 


with similar relations for u,, and u,,. We thus obtain 


(Ads + 2Bó.0, + COs) Ue + 2LA bs We + BCV + Oy We) CÓ dus, 
+ (AW. + 2BY.W, + CW) Un + (Arr + 2BOxy + COy)ue 
+ (AW, + 2BWy+ CUy)u, = ® (12.217) 


in place of Equation (12.214). By setting the coefficients of uz; and u 
relations for the transformation and the first canonical form 


nn equal to zero, specific 


_ L®(A Gas + 2B Gay + COyy) Ue - (A Wer + 2B Woy + CW y) ly 


Uen 5 -—— —— — m (12.218) 
A.V. + B(OxWy + dy V.) s Có, y, 
are obtained. 
By comparing Equations (12.210) and (12.214), we have 
x>h, yow, uw (12.2192) 
2h 
= PED B=0, C=-l, ®D = -W, (12.219b) 
The coordinate transformation turns out to be 
£2ó-2wes[2Qn«1)h]U, 1 = w= w-[2(2n4 1h)" (12.220a,b) 


Thus, the €,7 coordinates are just the Riemann invariants. In fact, the canonical form given by 
Equation (12.218) automatically utilizes the Riemann invariants as coordinates. Hence, any equation 
with the form 


Uen = TG n, u, Ug, Uy) 


is in its hyperbolic canonical form with & and 7 as characteristic coordinates. Equation (12.210) 
reduces to 


Ven = g- We) (12.221) 


which illustrates the occasional advantage of n over y as a parameter. 
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The second canonical form utilizes u,«.« — Were for the highest-order derivatives. An asterisk 
is used to distinguish these (noncharacteristic) coordinates from the preceding ones. For Equation 
(12.210), the transformation is given by 


1/2 


E -QQn«1h]", "=w (12.222) 


and the resulting PDE is 
Vos y eiu Ve (12.223) 


When n = 0, the general solution is evident as 
Ww = fm -E +g +) (12.2242) 


= f(n)+8(6) (12.224b) 


where f and g are arbitrary functions, and the zero subscript denotes the n = 0 case. (These func- 
tions are determined by boundary and initial conditions.) This result is easily obtained from Equa- 
tion (12.221) or (12.223), but not from Equation (12.210). The solution of Equation (12.223) was 
first investigated by Riemann (see Copson, 1957), and it is his method of solution we follow. A 
simpler exposition, however, is obtained by utilizing Equation (12.221) in place of Equation 
(12.223). 


SOLUTION WHEN y = 3 OR 7 = 0 


For an ordinary gas, 5/3 2 y and y = 3 is unrealistic. The high-density gas behind a detonation 
wave propagating through a condensed phase explosive, such as TNT, in fact, does have a large y 
value near 3. This gas, however, is neither thermally nor calorically perfect. Nevertheless, this case 
is discussed in some detail because it is mathematically much simpler than any other choice for y. 
It also demonstrates a quite unexpected feature of characteristic theory. 

By choosing 


f2--Lh 20 (12.225) 
in Equation (12.224b), we obtain the n = 0 result 
Wo = -n-12-w«Qn"^-1 (12.226) 


A systematic approach for determining y for arbitrary n is described later in this section. 
The coordinate transformation, Equation (12.178b), can be written as 


h=— w=-— (12.227) 


Consequently, M, p, and py are easily written in terms of X and 7, rather than h and w. We thus 
obtain 


2 3/2 
Maik: dus ^ HE ecce (12.2282, b,c) 
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for the n = 0 solution in the abca region. Recall that M is constant on the straight characteristics 
with a positive or negative slope in the two simple wave regions that adjoin abca. Inside abca, 
however, M is constant along straight, vertical, noncharacteristic lines. Moreover, M is only a 
function of X, p of T, and p, of both X and 7. We thus have a uniform pressure at any one instant, 
and we note that p and p, coincide at the wall where M = 0. 

Deeper insight into the above trends can be obtained by examining the characteristic curves 
inside abca. On a general basis, these are given by 


dî da (12.2292) 


dt 


where the minus (plus) sign is associated with the C. (C,) family. Nondimensionally, we have 





dX _ «( 2h 


1/2 
2: 5M ;) -wt(n)^ (12.229b) 


where the rightmost result is for n = 0. With the aid of Equation (12.227), this becomes 


dX | X- 1x1 
— 2L 12.2 
dt T ( 20 


Generally, the ODEs for the characteristic curves in a nonsimple wave region cannot be analytically 
integrated, since their solution is coupled to the compatibility equations. Moreover, the right-hand 
side of the ODEs is such that the characteristics, in a nonsimple wave region, are curved. Because 
of its simplicity, however, this equation readily yields 


X=c_T+2, X= ct (12.231a,b) 


where the c+ integration constants are associated with the characteristics. Observe that Equation 
(12.202), which is the equation for a C_ characteristic, is consistent with Equation (12.231a) if 
c_=-l. 

Both families, given by Equations (12.231), are straight lines inside abca. Furthermore, the C_ 
family that crosses the centered simple wave region, situated between regions 1 and 2, also consists 
of straight characteristics. Actually, the C, family in this simple wave region continues unchanged 
into the abca region, as is evident from Equation (12.231b). Similarly, the reflected, straight C_ 
characteristics inside abca continue unaltered in shape and slope when they enter the adjoining 
simple wave region. 

According to characteristic theory (Courant and Friedrichs, 1948), when both families are 
straight, we should have a uniform flow region. This conclusion, however, is not consistent with 
Equations (12.227) or (12.228a,b). Moreover, the characteristics that cross a simple wave region 
are supposed to be curved. 

The n = 0 case clearly violates these well-established concepts. (They are not violated when 
n + 0.) This case is degenerate, caused by the simplicity of Equation (12.230), which admits straight- 
line solutions. In this situation, the C+ families inside abca consist of straight but nonparallel 
characteristics. Similarly, the two simple wave regions consist of straight C. characteristics in 
which one family has parallel lines and the other does not. In this case, the characterization of 
uniform, simple, and nonsimple wave regions depends on whether or not the members of a given 
family are parallel. 
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In a simple wave region, a dependent variable, such as M, would depend on only one Riemann 
invariant, such as 7. Although yọ only depends on n, region abca is nevertheless nonsimple. This 
is also evident from Equations (12.228), since 1 — X or 7, when written in terms of the Riemann 
invariants, requires both 7] and é. 


TRANSFORMED BOUNDARY CONDITIONS 


As noted, the Riemann function method is somewhat simpler with the uz, canonical form; hence, 
we focus on Equation (12.221). With the Riemann invariants as coordinates, the transformed 
boundary conditions for y are determined as well as the location of the boundary of the abca 
region in the &, n plane. Since the overall transformation process goes from X, t to w,a and then to 
€,n, it is convenient to first transform the abca region to the w,a coordinate system. One could 
also use w,h coordinates, but the first choice is simpler. It is important, however, not to confuse 
the speed of sound with point a. 
From Equations (12.191) and (12.192), the ac characteristic is given by 


2n+1 X 2n+1 D X 
~ n+!) Bec) S EXER) eos 1) (12.232) 











By eliminating X/7, the linear relation 








ZA 12.233 
TT Dead Gee) 
is obtained for ac. It is also useful to obtain point c. With Equation (12.206), we have 
M 
ae E. ED (CIE (12.234) 
l4-— ipte 
2n+1 2n+1 


which implies 0 € -w, € a, when 0 < M, <1. 

Figure 12.17 is a sketch of the abca region, where ab represents the w = 0 condition. Point b 
is to the left of a, since a, > a, > 0. As indicated by Equation (12.233), the ac characteristic line 
is straight. (The shape of the bc characteristic is also straight. In fact, the triangle is isosceles with 
point c as the apex.) 

The transformation to characteristic coordinates is based on Equations (12.194). Thus, the w = 0 
condition becomes 1] = —6. The ac characteristic becomes 


éE = 2n+1+2w, n = -(2n+1) (12.235) 


TW 


FIGURE 12.17 Nonsimple wave region when the coordinates are —w and a. 
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n, Y 











-(2n+1)43-——-—--— 


FIGURE 12.18 Nonsimple wave region using characteristic coordinates. 
where w, <w € 0, é, is given by Equation (12.207), while €, is 
é, = 2n+1 (12.236) 


Hence, we have &, 2 €, > 0. The ac and bc characteristics transform into 7 and € constant value lines, 
respectively. We thus obtain the isosceles triangular region for abca that is sketched in Figure 12.18. 
We still have y= 0 on ac. The ab boundary condition, Equation (12.190b), becomes 


Vs = SwWet Me Wn = -1 
or 
Wet Yn = -1 (12.237) 
since &, and rm, are unity on ab (see Equations (12.220)). 


DEFINITION OF THE RIEMANN FUNCTION 


As in the canonical form subsection, it is useful to first discuss the Riemann function (Courant and 
Hilbert, 1962) on a more general basis. We start with a linear, hyperbolic PDE in the canonical form 


L(u) = u,, +au,+bu,+cu = f (12.238) 


where a, b, c, and f are functions of the x and y characteristic coordinates. The adjoint L' ofthe 
L operator is defined as 


L'(v) = v,, - (av), - (bv), * cv (12.239) 


The important role of L' will become apparent shortly. 
Let the coordinates of point P in Figure 12.18 be denoted as € and rj. The straight PA and PB 
lines are characteristics that intersect the ac and ab data lines. Figure 12.16 also shows these two 
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characteristic lines, where they are curved. The solution at P thus depends only on the data along 
the aA and aB segments. 

For v(x,y), we choose the Riemann function R(x,y; €,7), where x and y represent an arbi-trary 
point inside the region bounded by AaBPA, and & and r] parametrically denote the fixed boundary 
point P. The Riemann function is fully specified by three conditions. These conditions yield a 
solution for u(x, y) that is given in terms of one or more quadratures. Without these condi-tions, 
an integral equation for u would be obtained. The first condition is that R is a solution of the adjoint 
equation 


L(R)-20 (12.240) 


Next, we require that 


R,-bR on yzm (12.2412) 
R,-aR on x=6& (12.241b) 

and finally that 
R(6,n:6,n) = 1 (12.242) 


Equations (12.241) are ODEs that integrate to 


R(x,m;é,m = e| foa mdh), R(é,y36,.n) = exp | acg.aaa] (12.243a,b) 
n 


where Equation (12.242) is utilized. We thus need to find a solution of Equation (12.240) that satis- 
fies Equations (12.243). This solution requires the a, b, c coefficients of Equation (12.238), but not 
f or the specific boundary (or initial) conditions for u. Because R does not depend on the bound- 
ary conditions for u, it represents the Riemann function for any unsteady, one-dimensional, homen- 
tropic flow. It should represent a simpler problem than the one for u, although still not trivial. In 
fact, the difficulty in finding R has been a major drawback for this method (Copson, 1957). It is 
worth noting that Equation (12.240) differs from L(u) = 0, unless the L operator is self-adjoint. As 
will become evident in the next subsection, this is not the case here. 


THE Riemann FUNCTION FOR ONE-DIMENSIONAL, UNSTEADY FLOW 


For the problem of interest, we use Equation (12.221); hence, the coefficients in Equation (12.238) 
become 


a=, b=-—, c=0, f=0 (12.244) 


Consequently, the adjoint equation is given by 


) «(5 Ret eR yn th pg 292245 
X/x yx), y-x (y - x) 








L(R)- R,-n[ u 
ye 
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and Equations (12.243) reduce to 





R(x, 56,7) = (22) on y=n (12.2462) 
R(S y;$,m) = (2-3) on x=% (12.246b) 


We need to find a Riemann function that satisfies these equations. In accord with Courant and 
Hilbert (1962), we attempt to reduce Equation (12.245) to an ODE whose solution is consistent 
with Equations (12.246). We try the form 


R(x, y36 n) = =) ro (12.247) 
where 
_ = 90-0) ai 
7 m- 80- Cee) 
and 
F(0) = 1 (12.249) 


Equation (12.247) thus satisfies both Equations (12.242) and (12.246). Its substitution into Equa- 
tion (12.245) requires the following derivatives: 




















z = 0-mo-9 (12.250a) 
(n-€)(y- x) 
qu EDU. (12.250b) 
(n- §)(y- x) 
[e D eNO | Ooy-5-G-mG-32-20-0-9] (12.250c) 
(n-Q-») 
and 
_ (y-xy , n 
R, = (= z) (aF -r) (12.2512) 
2(YXzxY(. pry 
Rea (= :) (ar +r) (12.251b) 
n 2 
_(ya* n" n _ nl , n-n 
Ry = (=) eg sss tae al + ae (12.251c) 
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where a prime denotes differentiation with respect to z. We thus obtain 
z(1-z)F’+(1-2z) F’ +n(n-1)F = 0 (12.252) 


As with the hodograph transformation, an ODE is obtained whose solution is the hypergeometric 
function [see Equation (7.48)]. 

The general form (Handbook of Mathematical Functions, 1964; Spanier and Oldham, 1987) 
of the hypergeometric function, F(a, b; c; z) = F(b, a; c; z), satisfies 





z(1— 2F" [c - (a b - Dz]F'-abF = 0 (12.253) 


where the a, b, and c constants should not be confused with earlier definitions. By comparing the 
above equations, we obtain 


atb=1, ab=-n(n-1), c=1 (12.254a) 
or 
a=n, b=1-n, c=1 (12.254b) 


Thus, the Riemann function is given by 


R, = (4) r n,l-njiz 12.255 
m n ) (12.255) 


where the n subscript on R is notationally convenient, and z is provided by Equation (12.248). This 


result is not restricted to the reflection problem, but holds for any unsteady, one-dimensional, 
homentropic flow. For arbitrary n, F is given by 


F(n, 1—-n;31;z) = 





zÍ 
(12.256a) 
i! re 


1 - , 
L EA re - DTü-n4 de 
j-0 


= P_,(1—2z) (12.256b) 


where T is the gamma function and P_, is the Legendre function of the first kind. For noninteger 
n values, P_,, or F, is given by the infinite series. Note that when z = 0, we have 


P_1) = 1 (12.257a) 
and that 
Py(1-2z2) = 1 (12.257b) 
when n = 0. 


When n is a positive integer, F can be written in terms of a Legendre polynomial with a finite 
number of terms: 


F(n, 1 -n;1;z) = P,_,;(1-2z), n = 1,2,3,... (12.256c) 
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rather than a Legendre function, which is an infinite series. We thus obtain 





Ro(x.yig, n) = 1 (12.258a) 
Ries n) = r— (12.258b) 
2 
_ (¥=4) [yoo G@-9O-) 
R(x.y:6 n) = (=) L Beca (12.258c) 


for zero and integer n values. Noninteger n values require the infinite series Legendre function. 
Thus, the Riemann function is significantly simpler when n = 0, 1, 2,.... As observed earlier, these 
n values respectively correspond to y = 3, 5/3, 7/5,.... 


STOKES’ THEOREM 


A particular form of Stokes' theorem is required in the next subsection. We start with a general 
form of the theorem, written as (see Appendix A) 


> > > ^ 
$ auis Í (VxÀ) - Ads (12.259) 
C S 


where Á is an arbitrary vector, ? is the position vector, S is a contiguous surface area, C is the 
simple, closed curve that borders S, and fi is a unit normal vector to S in a right-handed sense 
relative to C. A Cartesian coordinate system is used in x, y, z space with 7, J, k the corresponding 
orthonormal basis. The S surface is taken to be in the z = O plane, and the corresponding A com- 
ponent, A‘, is zero. We now have 








? = xit yj zi (12.2602) 
ñ= (12.260b) 
> x^ j^ 
Á- AicAj (12.260c) 
? > x 
Á- df = A`dx + Ady (12.260d) 
y x» 
VxÀ = (4 E ji (12.2600) 
Ox oy 
y x 
(Vxd)rg e E. DA (12.2601) 
Ox oy 
and Equation (12.259) becomes 
y x 
$ (Aas Ady) = Í a E Jaxay (12.261) 
P si Ox oy 


> 
in our formulation. Since A is arbitrary, so are its components A” and A”. 
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THE RIEMANN FUNCTION METHOD 


As previously mentioned, the standard Riemann method (Sommerfeld, 1949; Courant and Hilbert, 
1962) is developed for problems where the data are specified along a single, noncharacteristic 
curve. The reflection problem has noncharacteristic data on ab but also has data on a second line 
segment, ac, which is a characteristic. For this reason, as well as for pedogogical purposes, the 
method is developed from scratch. 

From Equations (12.238) and (12.239), we form 


vL(u) — uL (v) = (vu, + buy), — (uv, — auv), (12.262) 
This relation is integrated over S, with the result 


-Í [vL(u) — uL (v)]dxdy 7 Í [(uv, — auv), — (uv, + buv), ]dxdy (12.263) 
s s 


Next, without loss of generality, we can set 
A* = vu, + buv, A = uv,- auv (12.264) 


and use Stokes’ theorem for the right side of Equation (12.263), to obtain 


-Í [vL(u) - uL (v)]dxdy a $ [(vu, + buv)dx + (uv, — auv) dy] (12.265) 
s c 


This key result is not restricted to a particular Riemann function or to fluid dynamics. Rather, it 
represents a general solution to Equation (12.238). 
Equation (12.265) is systematically applied to the reflection problem by setting 


u> y, v>R 


and using Equations (12.244). The curve C is the PAaBP closed curve in Figure 12.18, S is the 
enclosed region, and the n subscript on y and R is temporarily suppressed. Since 


L(w 20, L(R) = 0 
the left side of Equation (12.265) is zero, and we have the line integral 
n n 
f [R (v. — v): k y(r, = Re] E (12.266) 


where C is taken counterclockwise. 

On various segments of C, the evaluation is assisted by an integration by parts. For instance, 
suppose we wish to evaluate the leftmost term on a segment where dy = 0. The simplest way to 
perform the integration by parts is to add and subtract the integral 


n 
R+ oR) 
Jv y-x " 
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to the one in Equation (12.266), where I represents the dy = 0 segment on C. For cancellation 
purposes, the R term has an opposite sign from the one in Equation (12.266). We thus obtain 


R( ELE ja +] (R.- Ra -Í (R. i g)a 
Ji yos lee vest casa ou SR Jax 


| a) 
= | Wax- | v(R.«—LR)a 
Í. ox 7 at y-x A 





or 
Jv. - ye = ROY) - RT WT) - | Y(R +S Rae (12.267a) 


where I’, and I’, represent the end points on the I segment. Similarly, we have for the rightmost 
integral in Equation (12.266) on a dx = 0 segment 


f (B-E) = Roo YTD -RT yT) -f (ws) 2.2670) 


If, for instance, y is known along T, then Equation (12.267a) is used. 
We return to Equation (12.266) and first evaluate the BP contribution, where dy = 0: 


z R( MOM jas (12.2682) 
H i Á yaa 


Neither y nor y, are known on BP; nevertheless, an integration by parts yields 


Í = R(P)y (P) -RB)y(B)- | y (e. - n je (12.268b) 


BP 


where P represents the point x = é, y= n, and B represents the point x = —1], y = n. From Equations 
(12.241a) and (12.242), we have 


R, = Em on y2 m] or BP (12.2692) 
R(P) = 1 (12.269b) 
which yields 
[= v&n-Re ye) (12.2690) 
BP 


Along the PA segment, Equation (12.266) becomes 


fe J." y(r ers Jay = = (12.270) 
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since dx = 0, and by Equation (12.241b) the factor containing R, and R is zero. For the Aa segment, 
we have 


Í 5 Í R(y -y jas : Í R y,dx = 0 (12.271) 
Aa Aa y-x Aa 


since y= 0 on ac, and hence y, = 0 on ac. (This can be verified by integrating the Ry, integral 
by parts.) 
Along aB, x = —y, dx = —dy, and Equation (12.266) reduces to 


Í 2 Í (Ry, + YR,)dy (12.272a) 
aB aB 
In the integrand, we subtract and add Ry,, with the result 
Í = Í (-Ry,-R y, + Ry, +R, y)dy = -Í R( Y, + wddy+ f ARW y (12.272b) 
aB aB aB : as Y 
Since x = —y, the rightmost integral is an ordinary line integral; hence, 
OR 
| Say = Ra) wan - R@ v) 
aB dy 
With v(a) = 0 and y,+ y, = -1 on aB, we obtain 
Í = R(B)W(B) +] Rdy (12.273) 
aB a 


B 


By summing the above, Equation (12.266) becomes 
'B n 
wén) = -f Rdy = -Í R(-y, y;6, n)dy (12.274) 
Ya -(2n + 1) 


where y, and yg equal —(2n + 1) and n, respectively. The Riemann function in the integrand is 
given by Equation (12.255) in the form 


R(-y, y36, n) = (5) F(n,1-n;l;z) (12.275a) 

where 
- Qrà6-m 1x5 
e77 2m-5y (enero) 


Thus, the solution of the reflection problem is relatively simple when n = 0, 1,2..... For a noninteger 
n value, it is given by an integral over the Riemann function. In this case, the hypergeometric 
function in R is given by the infinite series. 
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When an infinite series is integrated, the order of summation and integration can be interchanged 
if the series converges uniformly (Courant, 1937). Moreover, the resulting series, obtained by term- 
by-term integration, also converges uniformly. If the infinite series in F, associated with a noninte- 
ger n and the above z, converges uniformly, then Equation (12.274) can be written as 


oo 


- 2 Y 1 YT *jIOQ-22D[" (y+) -mpy.» 





j-0 
where the integral is not singular, since n, in the upper limit, is negative. 


Solution When n = 0 
With Equation (12.2582), Equation (12.274) readily yields 


W =-n-1 


which agrees with Equation (12.226). The abca region is bordered by straight line segments, and 
the solution inside the region is given by Equations (12.228). 


Solution when n - 1 


Equation (12.258b) is utilized for R,. From Equation (12.274), we obtain 
y = -— | yd = pu (12.2772) 


With the aid of Equations (12.194), this becomes 


_ w- (6h)  -9 


1 T (12.277b) 
2(6h) 
Equations (12.178b), in nondimensional form, yield 
2 
T= Att Be X= ali +27w 4 w(6h) + 2(6h)?] (12.2782, b) 
2(6h) 2(6h) 
for the w,h to X,T transformation. 
The ac characteristic is given by Equations (12.196) and (12.202) as 

w-(6h) 2 -3, X = Aq? -3T (12.279a,b) 


and point c is given by Equations (12.205) as 


M, A M, 
T= bt , X. = (1- M5) pt (12.2802, b) 
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Since 
3w 
one can show that M, p, and p, are given by 
-5 $i 5/2 
M = ALIAM. i f zi 2 po ji 2 (12.2822, b,c) 


along ac. Note that M = 0 and p = p, = 1 at point a, where X = T= 1. 
The bc characteristic is provided by Equations (12.207) to (12.209). In particular, Equation 
(12.209) can be put in the form of an M, X ODE: 





12 3/2 12 
dM. 1M —2 3*M,M ($-M) 1-x-lm+ La) 
dX /— > (mM\'| 9 3-M, 1-M 6 18 
cem 
3 
M 
MODO) B l (12.283) 


which is integrated from point c to the wall, where X = 1 and M = 0. This ODE, however, is 
singular at the wall, where the right side of the equation is indeterminant. The nature of the 
singularity is further discussed in Problem 12.21. 

From Equations (12.212) and (12.213), we have Equation (12.281) and 


(12.284) 


6h 5/2 3 ? L6h 5/2 
p.(607 p = wis on) 


3 , 0 35 


for any point within abca or on its border. The M, p, and p, quantities are given in terms of X 
and T by means of Equations (12.278). Figures 12.19 and 12.20 show" constant value lines for M, 
p. and po, when M, = 0.5. Observe in Figure 12.19 that the lines for M are not vertical, ex-cept 
for M = 0, but slope to the left. The slope decreases in magnitude as M increases. The ac and bc 
characteristics are slightly concave upward, except possibly for a small segment along bc near the 
wall. 

The value for p, is established in Problem 12.21 as 0.1862. Along the wall, pọ = p, and both 
equal unity at point a. In Figure 12.20, lines for constant p and p, values are shown, where their 
wall values are given by p = py = 1 + Q(p, — 1), with o = 0.2, 0.4, 0.6, 0.8. The difference 
between the p and p, curves is not great, since M « 0.5. The isobar curves are very nearly horizontal, 
as in the n = 0 case. Consequently, an approximate solution, when M, is not too large, could be 
based on 


p = p(T) + p(T, X) 


where p, would represent a small perturbation. 





* Figures 12.19 and 12.20 and the corresponding calculations were expertly done by Dr. M. Malik. 
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FIGURE 12.19 Constant Mach number lines in the nonsimple wave region when M, = 0.5 and n = 1 or 
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FIGURE 12.20 Constant pressure and stagnation pressure curves in the nonsimple wave region when M, = 0.5 


and n = 1 or y= 5/3. 


Comparison with the Landau and Lifshitz Solution 


Landau and Lifshitz give the solution to Equation (12.210), in dimensional form, as 


^ 


V, = 


E AT p 
(5) Le) n-20,12,... 


(12.285) 


where f and g are arbitrary functions. For the reflection problem, g 2 0 and we can nondimen- 


sionally write 


1 
Wn = 


n 212.355: 


PE Ae ee ee PERSEO PEERS x 
Q0n* IT 4 ne 1/21 


2 
oh 


i. pacer 


[22n 4 DA]? Y' - Qn DD", 


(12.286) 


Unsteady, One-Dimensional Flow 411 


which does not hold for n = 0. With n = 1, this readily reduces to Equation (12.277b). Similarly, 
this reduces to the value obtained in Problem 12.22(a), which uses Equation (12.274). Problem 
12.22 fully develops the equations for the n = 2 (y= 1.4) case. 
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PROBLEMS 


12.1 Let the Mach number behind a moving normal shock be small compared to unity; i.e., 
set M; = e. Derive perturbation formulas for w;/a , M,, p5/pi, and (s; —s;)/R. It is 
necessary to retain terms to O( g ) for the entropy change. Finally, eliminate & to obtain 
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(s4 — s{ R in terms of ( p; —p;)/ pi. (The pressure and entropy results hold for both 
fixed and moving normal shocks.) 

12.2 Ground-based measurements indicated wind speeds as high as 600 mph occurred as a 
result of the Mount St. Helens 1980 volcanic eruption. Estimate the Mach number M, 
for a normal incident shock that might have caused this wind speed. 

12.3 Derive a formula for the work Ww , per unit mass of shocked gas, done by a piston moving 
into a quiescent gas at constant speed. Your result for w should only depend on a,, y, 
and M,. Compare your result with the change in internal energy, Ae = e5— e,, and 
explain the difference. (Note that the system is adiabatic; hence, the first law of thermo- 
dynamics is w = Ae.) 

12.4 Prove the statement made below Equation (12.30) that M, X M,. 

12.5 Derive an equation for s4— s,)/R that only depends on y and M, for the flow in 
Figure 12.3. 

12.6 Determine equations for M,, p3/p,, T,/T,, and s4— s,)/R in terms of M, when y = 1. 
12.7 Argon gas is initially at 300 K. On the downstream side of the reflected shock, the 
temperature is 1500 K. Determine the incident w; and reflected w; shock speeds. 

12.8 Start with Equations (12.46) and derive Equations (12.48) and (12.51). 

12.9 (a) Determine equations, one for each of the three regions, for the particle path shown 

in Figure 12.5. The fluid particle initially is at x,, and the three algebraic equations 
should be simplified and put in the form 


where x, is the position of the particle. 
(b) Determine an algebraic equation for the curved portion of the C, characteristic in 
Figure 12.5 that has the form 


i a 
zr) 


Is the slope of a particle path continuous when it crosses the LE and TE? Is the 
slope of a C, characteristic continuous when it crosses the LE and TE? 
12.10 For a rarefaction wave whose piston trajectory is given by Equation (12.82a), determine 


(c 


— 


To 


Ti = Thép y) 


for the flow inside the wave. Show that the stagnation temperature Tọ has an extremum 
on the characteristic where M = 1. 

12.11 For the centered rarefaction wave sketched in Figure 12.5, determine D(p/p,)/Dt and 
D(po/p,)/Dt in terms of y and n, and, if necessary, (1/4). 

12.12 For the flow in Figure 12.5, determine the piston speed (w,/a,),, that minimizes poj/po. 
At this condition, what is M,? If region 1 consists of air at 300 K, what is (w,),,? What 
is the piston speed if the trailing edge coincides with the piston path? 
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12.13 (a) Obtain p(x, t)/p, for the flow in the unsteady expansion caused by a piston whose 
speed is 


1/2 


Wy = Qt, 


p 


where œ is a positive constant. Your solution should be a function only of y and €, 
= [(t,ylai]. 

(b) Determine the pressure on the piston's face and the time ¢,.. when this pressure 
first becomes zero. 

(c) With y = 7/5, derive an algebraic equation for the work normalized by the force 
pi A, WK p, A), done on the piston’s face by the gas during the time interval 0 € t 
S fy 

12.14 A piston has the trajectory 


where œ and f are positive constants. Determine p(x, f) for both the centered and non- 
centered expansions. Show that the location and pressure on the trailing edge of the 
centered expansion agrees with that for the noncentered expansion. Determine the time 
tp» location x,.., and speed w, when M, first becomes infinite. 

12.15 Derive p(x,1)/p, and M(x, t) for the unsteady expansion caused by a piston whose motion 
is 


Xp = Xo n(1 -) 
0 


where x, and fy are positive constants. 
12.16 A piston trajectory, x, = f(t,), results in an expansion, where w,(0) = 0. The wall 
pressure, measured at x = 0, can be represented as 


p(0, t) _ ( 2 MEE 2 ye 
bi y+1 yt+1 


where a is a constant and i, is the time when M, = 1. Establish a first-order ODE for 

f and the corresponding initial condition. The solution of the ODE provides the piston’s 

trajectory during the interval 0€ t, < b This is an inverse problem, in that p(0,f) is 

used to determine the subsonic part of the piston's trajectory. 

12.17 A constant-speed piston causes a normal shock in oxygen with a shock Mach number 

of 3. The temperature of the region 1 quiescent gas is 300 K. 

(a) Utilize the notation in Figure 12.11(a) and determine the incident shock speed w; 
as well as w;, p;/p,, and TT. 

(b) Determine the reflected shock speed w;, p3/p,, and T4/T,. 

(c) Determine p,/p,, and T/T.. 

(d) With x, = 1 m and x, = 0.6 m, determine the time t, and location x, for the 
intersection of the reflected shock wave with the leading edge of the expansion. 
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12.18 


12.19 


12.20 
12.21 


12.22 


12.23 
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This problem is based on Figure 12.11(b), where the piston speed w; is —734.3 m/s and 

the piston travels a distance of 0.6 m. The gas in region 1 is oxygen at 300 K. 

(a) Determine Nrg, M5, Mo, p/p,, and T/T. 

(b) Evaluate w;, p3 pı, and T4/T,. 

(c) Determine the time t, and location x, where the shock and trailing edge of the 
expansion intersect. 

The following values are representative of a 175 mm tank gun: 


d - 0.175 m, m, = 67 kg, €, = 15 m, €, = 3.75 m, 
Ye = 121, R, = 300 J/kg — K, T, = 3800 K, 
p, = 650 kg/m’, 1, 2 9.5 x 10^, 


x, = 1.8 m, p, = 10? Pa, a, = 340 m/s 


Use the nondimensional model with Equation (12.164) to obtain a solution for pertinent 
nondimensional parameters, such as X,, P,, etc. Utilize a fourth-order Runge-Kutta 
scheme for the integration. Terminate the solution when W, is a maximum. What are 
the values for Pyma the time Tmax when this occurs, and X,, and T,,. Plot X, and X, 
vs. T, and, in a separate figure, P,, P,,, and P, vs. T. 

Show that R, [see Equation (12.258c)] satisfies Equations (12.240) to (12.242). 
Consider the bc characteristic in Figure 12.16 when n = 1. 

(a) For this characteristic, derive the equation 


dT _ 3 
dX  (1- M)(6n)'" 


(b) Show that 


— 


Mxc(1- X) 


where c is a positive constant, as the wall is approached along bc. A numerical 
solution of Equation (12.283) from point c to X — 0.999, followed by a linear 
extrapolation to the wall, shows that c = 0.9825 when n = 1 and M, = 0.5. 
(c) Use this value for c to establish p, as 0.1862. 
(a) Use R, and Equation (12.274) to obtain yo(w,). 
(b) Determine the nondimensional transformation between w and h and X and T when 
n=2. 
(c) Write the equation for the ac characteristic. Write the equations for X, and 7, in 
terms of M). Use this result to verify the = equation in part (b). 
(d) Write the equations for M, p, and p, in terms of w and h. 
(e) Show that y; from part (a) satisfies Equation (12.210). 
As indicated in the sketch, a fast acting valve located at X = 0 fully opens at t = 0. The 
initial pressure p, in the chamber, to the right of the closed valve, exceeds the ambient 
pressure p,,,,, which is constant and holds everywhere to the left of the valve. Region 2 
thus has f; = Pam», While region 3 is quiescent. The expansion between regions 2 and 
3 partly reflects from the opening at X — 0 as a compression wave, sketched as short 
dashed lines. Part of the expansion wave transmits into the region to the left of the 
valve. The compression wave quickly develops a shock wave along the C, character- 
istic 
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emanating from point d. For analytical 
simplicity, we assume y = 3 and ignore 
the compression wave. The sketch is for 
y =3, where characteristic lines are cor- 
rectly drawn as straight. We also assume 
that 0.125 < Pamp < 1, where Dany = 
Pamp/ P1, which implies that 0 < M; < 1. 
The valve quickly closes when ww first 
equals zero at X = 0. If the compression 
wave is considered, closure would occur 
at a point such as g. Under the simplify- 
ing assumption of no reflected wave, the 
valve instead closes at point e. In work- 
ing this problem, remember that points 
d, g, and e are connected by straight C_ 
characteristic lines with points a, f, and i X 
b, respectively. 0 1 
(a) Determine the nondimensional pressure p(t) at X = 0 for 7, € TS T,. Since p, can 
be well below unity, this result illustrates the useful experimental observation 
(Azoury, 1992) that the originally high pressure chamber initially empties to a 
pressure below the ambient value. 
(b) Compute the mass remaining in the chamber at the time the valve closes. Normalize 
this value to the initial mass in the chamber. 
12.24 Start with the equation 





L(u) = us — Oy; + Ou + Ozu; + Ou = 0 (1) 
where the œ; are constants and œ > 0. The solution is to satisfy the conditions 
u(x,0) = 0, u(0,1) = g(t) (2) 
with g(0) =0 and x 20, t>0. 
(a) Use a linear transformation to obtain the u,, canonical form for Equation (1), where 


x and y are characteristic coordinates. Establish equations for the constants a and b 
in terms of the œ; in order that the transformed version of Equation (1) has the form 


L(u) = u, + au, t bu, t abu = 0 (3) 
and determine the value for o, if this relation is to hold. Transform conditions (2), 
and transfer the u(x, 0) 2 0 condition to the leading edge of the disturbance, which 
occurs on the 7 = ox line. 


(b) Obtain the Riemann function R(x,y; €,n) for Equation (3). 
(c) Use the Riemann function method to obtain either 


$ R(u,+bu)dx=0 or $ ARU) i =0 (4a,b) 
i c ox 


(d) Obtain a solution to Equations (2) and (3) by noting that Equation (3) can be written as 


(u, +au),+b(u,+au) = 0 
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(e) Transform this solution back to the original X,t coordinates and the qa; constants. 
With the œ, value from part (a), show that your u(x,t) result satisfies Equations 
(1) and (2), where the u(x, 0) 2 0 condition is imposed on the leading edge of the 
disturbance. Observe that the amplitude of the wave, in the x direction, experiences 
amplification if 05 > 006. 
(f) Use the part (d) solution to show that Equation (4a) is satisfied. 
12.25 Consider a form of the telegraph equation 


L(u) = uy, * cu = g(x,y) 


where c is a constant. 
(a) Show that the Riemann function is 





R(x,y;ó,m) = J,(z) 
where J, is the Bessel function of the first kind of zero order, and 


z = [4c(x-\(y-)]” 


(b) Use the general solution 


u(P) = slu(A)R(A) + u(B)R(B)] 


+f [5Ru +(bR-5R ular- [58 +(aR-3R ela 
Nas 25 275 2 «Jur 


+ I Rfdxdy 


to the equation 
L(u) = u,, +au,+bu,+cu = f 


where a, b, c, and f are known functions of x and y, to obtain the general solution 

to the telegraph equation. Some of the nomenclature is defined by the sketch where 

x and y are characteristic coordinates and the I segment is noncharacteristic. On T, 

u and either u, or u, are given functions. Simplify your result as much as possible. 
(c) Set 


A(0, 1), B(1,0, T:y =-x+1, g =0 
u, = 1onT, u(A) = u(B) = h = constant 


Determine the solution for u(1,1). 
12.26 With 


n--., a=a,A(n), w= a,W(n) 


a,t 


where a, is a reference speed, show that Equations (12.39b) and (12.57) become ODEs. 
Use Cramer’s rule to determine equations for A’ and W’. 


Part Ill 


Viscous/Inviscid Fluid Dynamics 





Outline of part III 


Chapter 13 presents a more detailed discussion of the governing (Navier-Stokes) equations than 
was given in Chapter 2. A compressible, continuum fluid is assumed that ignores effects due to a 
gravitational body force, interfacial tension, multiphase constituents, chemical rections, electro- 
magnetic fields, radiative heat transfer, molecular diffusion, and that of a non-Newtonian fluid. 
Hence, natural convection is not discussed. 

The chapter beings by formulating the equations in orthogonal curvilinear coordinates and 
introducing the relevant nondimensional parameters, such as the Mach number and Reynolds 
number. One of the transport coefficients in the Navier-Stokes equations is the bulk viscosity, 
whose relevance has generated some controversy. Section 13.4 is devoted to a physical discussion 
of this parameter. The chapter concludes by discussing viscous flow in a heated duct. This is 
combined Rayleigh/Fanno flow using the influence coefficient method. 

Chapter 14 discusses the forces and moments that can act on a body or a surface. The treatment 
centers around the momentum theorem, here generalized for steady or unsteady, incompressible or 
compressible, inviscid or viscous, and irrotational or rotational flows. A (possibly) new method is 
developed for treating a viscous force at a surface. A number of applications are presented, not all 
of which are based on the momentum theorem. Incompressible flows constitute the first group of 
applications, compressible flows the second group. Notable in the second group are the unique 
discussions of interference and of the forces and moments that act on a supersonic vehicle. 
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1 3 Coordinate Systems 
and Related Topics 


13.1 PRELIMINARY REMARKS 


The viscous, heat-conducting conservation equations utilizing Fourier’s equation and a Newtonian 
fluid are reexamined. The equations are first formulated in orthogonal curvilinear coordinates. 
Subsequently, the equations are nondimensionalized using Cartesian coordinates. We thereby make 
explicit the dependence on a number of nondimensional parameters. Sections 13.2 and 13.3 are 
therefore particularly important for the later analysis in Parts IV and V. Section 13.4 is devoted to 
a brief discussion of the bulk viscosity, while the last section discusses flow in a duct with heat 


transfer and skin friction. 


13.2 ORTHOGONAL COORDINATES 


By way of introduction, the conservation equations are summarized: 


Aaa w = 0 
p But --Vpty- T 
Bt Boer d 
where 





? -2u£«A(V-W)T 


oF xx 
P = T:E 
= -KVT 


(2.2a) 


(2.08) 


(2.39) 


(1.18) 


(1.54b) 


(2.30) 


(1.59) 
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These relations are written in vector form and thus hold in any coordinate system, including 
nonorthogonal, curvilinear coordinates. Additional equations from thermodynamics are required in 
order to relate p, p, T, and h. From kinetic theory or experiments, relations are also needed for the 
transport coefficients u, A, and K. 

Let us consider two coordinate systems. The first, denoted by x;, is Cartesian with the velocity 
written as 


w = wl, (1.7) 


Ww = vê; (13.1) 


where the é; is an orthonormal basis. With somewhat greater complexity, nonorthogonal coordinates 
can be considered by utilizing the relations in Appendix A. For the subsequent discussion, however, 
the simpler orthogonal system will suffice. Moreover, a relatively straightforward decomposition 
is available for V-T when the coordinates are orthogonal, as shown below. The two systems are 
related through a time-independent transformation: 


x; = X4(G1,62,63), j = 1,2,3 (13.2) 


The Jacobian of the transformation is assumed not to be zero or infinite, except possibly at isolated 
points. Hence, the inverse transformation exists if needed. 


APPENDIX G 


This appendix provides a systematic and straightforward method for obtaining the compressible 
conservation equations in any orthogonal curvilinear coordinate system. Let $ be an arbitrary 
scalar function and Aan arbitrary vector; i.e., 


> 
Á = Aê; (13.3) 


The appendix then summarizes the relevant equations needed for the governing equations. The 
vector and tensor relations are based on those in Appendix A for an orthogonal coordinate system. 
The curl of A is provided, since it is useful for evaluating the vorticity. We write the rate of deformation 
tensor as 


€ = Ene pe; (13.4) 


Appendix G provides explicit relations for the £,; components, which only depend on the v,, velocity 
components and the scale factors h,. B 

In the momentum equation, with the aid of Equation (1.54b), the V - T term splits into two 
applied viscous force terms. The rightmost of these terms stems from 





V-[A( 37] = VIA 39] TANVE HV: T = VA * 3) 


since 
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and where the del operator is 


The other force term is written as 
3s Fi 
PF’ -Fjó;j22V- (we) (13.5) 


where a superscript s denotes a shear force. A somewhat different shear force is obtained if A is 
replaced with Equation (1.57), and only the bulk viscosity term represents a nonshearing viscous 
force. 

As shown in the appendix, a particularly elegant form is given for the F; components that 
depends only on U, €;;, and the scale factors. To derive this relation, we write the divergence term 
as follows: 


> 


f 


V+ (ue) 


x * (ME, ee;) 


M > 
A. V. 


> 


= 2 (ue 6,)6; + UE ed 
; o£; ki*k7*i ki *gé, 


22 qua Joe a, y (Sate Su 
pe us] hy Dy h, 0E, hy Dy 


HEj Y mm ize en 





[V * (u£;0,)]e; + h, a NRI 


h, 9E li, d€, 

where, in addition to m, the i, j, and k are summed over. While convenient, the m#i designation 
is not essential, since the term within the brackets is zero whenever m equals i. The first term on 
the right involves the divergence of a vector instead of a tensor, and can be written as 


. ; 1 2f(hihh, 
V * (u£6,) Al h, uey) 





in an orthogonal system. This result yields the first term on the right side of the F} equation in 
Appendix G. 

For F; we also require the coefficient of ê; that stems from the above m z i summation term. 
When j #i and the j summation is explicitly shown, we observe that a nonzero value is obtained 
only if m = j. We thus have 


ee DXX Oh; 


———R He; 


h, de; 


where the i and j indices are interchanged. This result is the first part of the j z i term in F} in 
the appendix. 
Again, consider the m z i summation term but now with i = j: 


HEN 1 0h;, 
h; zh "OE, 
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Suppose we are evaluating F;. This summation then contributes twice to F;. For instance, when 
j =2 we have 


hy \hjdg, © h06; ` 


which contributes an @, term, and when j = 3 we have 


za 9h, | 1 Oh, ) 


m fxpe 


hoe, hob? 


which contributes another ê, term. (The ê, and ê, terms, respectively, appear in F5 and F5.) By 
synthesizing the foregoing relations, we obtain the final result for F;, shown in Appendix G. 
With Cartesian coordinates all ^; are unity, and the conservation equations simplify to 


1 Dp , dw 


PDE oh = 0 (13.6a) 





ea E fu à 22] (5) j=1,2,3 — 36b) 


Dt Ox; Ox! Lax; Ox; Ox; OX; 
Dh Dp, a oT 
p cH a =) +0 (13.6c) 
where 
D 9 f) 
pr 3: * "ax (13.7) 


The viscous dissipation is provided by Equation (2.32b), and the F; components become 


s32 - 
F-2 Fy Hein i = 1,2,3 (13.8) 


CYLINDRICAL POLAR COORDINATES 


As an illustration, we consider cylindrical polar coordinates for an axisymmetric flow, where 


é =r, h,=h,=1, vi =y, 


é - 0, hy =he=r, V2 = Vg 
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and 

v= V,O, + Voĉo + V,e, 
For scalar variables, the substantial derivative is 


D 0 Q Ved o 


= = +v, = +~ +v, = 
Dt ot dr roe ‘az 
while the acceleration can be written as 


Di Dv, 4 Pre, Dv 
EAM re $2418 LUE 
Dt Dt ' Dt 





The two rightmost terms stem from the term in the acceleration 


viv; 06; 


h; dŠ; 
in which only 


9e, ^ dey ^ 


=g 


OB. 36. r 


are nonzero. From Appendix G, the rate-of-deformation tensor components are 


1 (52 v ðh; ee) Ov, 


= a (Oke E 
Yr 19v 

Ea = 7 r 90 

5 _ Ov, 

uo Or 

Ep = Ey. = (o o z) 

ASSN tas E 

E TETES 

TZ 7 z 7 ON Oz Or 


_ 1 Ov, Qvg 
£g, = Exe (35 T Z) 
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Hence, V- W, à, o, and the F; are given by 








> Ov, 10V6 Ov, v, 

Voce eq ors 
" > 1dv, dve Qv, Ov, Ovo Vo 10V,\, 
b= vx = (735 ex m Pet (ae aa 





) «A Vo, JS) (Us we) 
y (54^ az | rgo oz 
RAZ voy? 32 
25) «C 56" pcm hav 1 
10v, vo vg 
us) + cea eel 
+3 fu (2. Ov, ^J- Am v) 
ta 00 
s _ OF (19v, Vo vg 2 oF (dve 
x or [u (e or -**J Sgal (S3+ »J 
NC (1s. 2) I. dvo -) 
E r oz + Sy] r 700" dr r 


tX 
; 19 Ov, dv, LOL (19v. dve O(. Ov, 
Fm Da 2)] * 3| o36 * geze 2) 


Problems 13.2 to 13.4 continue with cylindrical coordinates; e.g., the conservation equations are 
obtained in Problem 13.2(a). Natural coordinates are the subject of Problems 13.5 and 13.6, while 
Problems 13.12 and 13.13 consider parabolic coordinates. When dealing with a new coordinate system, 
the first step is to develop relations for h;, 0@;/0&,, etc., as is done in the above illustrative example 
and in part (a) of Problem 13.12. 





o= HF 
Ge 


,i2 
= ak 





20 
ror 





VORTICITY 


Let us continue with the above example and further assume the flow is radially oriented with only 
an r,t dependence. In this circumstance, we readily establish 











È = v (r, t)ê, 

s | j,Opov, v, lov, ov 
Ego "oras? (3 ror +S) 
Fu = Fo = 0 

Ovi? (v, 
scs) (a) eue 


@ = 0 
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Although the flow is viscous with a nonzero viscous dissipation, the vorticity is, nevertheless, zero. 
Thus, a viscous flow can be irrotational. While a velocity potential function can be introduced, 
there is no point in doing so, since the velocity has only one nonzero component anyway. 

Generally, the vorticity is a significant factor in a viscous flow. The reason for this stems from 
Equation (4.19), which holds for a viscous or inviscid flow. For purposes of simplicity, let us assume 
p and u are constants. Then the acceleration is 





€ 1 Ss 
pelveely Gey sey tie eve iE 
p p P p p P 
and its curl becomes 
Vxá = 1 Vx P 
p 
Hence, Equation (4.19) has the form 
DÈ > 1 >s 
D OW + CV KF (13.9) 
where 
VxF = uVÀ 


In an incompressible flow, the convection of vorticity depends on a stretching term and on a 
diffusion-like term. 


13.3 SIMILARITY PARAMETERS 


We return to the Cartesian form and assume a perfect gas in order to replace the enthalpy with c,T. 
We nondimensionalize the equations using the following relations: 


x; = €x;, t = Tt" 

w; = U.wi, p p.p p = p.p 

U = BL A=A,M, Cp = Cpo 

T&T K = KK (13.10) 


Here € and 7 are a characteristic length and time in the flow, and the infinity subscript denotes a 
reference (or freestream) condition. In addition, we utilize 


Choo = ras 
Poo = PRT- 
u UA, AUD 
@ = 6;67— 0 (13.11) 
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where 








3 
tee ote Ow; (dw; dw>/? 
no 2 Dla) la m) a 
i=1 
3 3 x : 
CERE. 


i=1 


In the transformed equations we omit the asterisk, with the result 














lap, Xew) _ 
Sor =o 0 (13.12a) 
1ðw; Ow; . ] lop 1 əf (aw, , ow; 
Sor "ad 7 pe " pk D oe * 25 
1 o Ow; a 
* Rear on) p= A233 (13.12b) 





lor S.l Lop y-Iwiop,. 1 (S) 
S ot ‘ox; y pSot y pax; pRe,Prox\ Ox; 


QUEE S 


p \Re, Re; (13.120) 


Several of the six nondimensional parameters in the above equations 


oo 


S = Strouhal number = P 








4 
met g C poo 
y = specific heat ratio = — 
Ci 
U., 
M. = Mach number = EE 
CYP.) p.) 
HC poo 
Pr = Prandtl number = ——— 
A 
Re, = first viscosity Reynolds number = p.U. 
Ut 
Re, = second viscosity Reynolds number = c 


have been previously encountered. Of these, only y and Pr are properties solely of the fluid. Other 
forms of the equations introduce still other numbers, such as the Peclet number and, with buoyancy, 
the Grashof number. Note that we are not using the Eckert number, which normally is defined as 
Uil (c, AT) where AT is typically the temperature difference across a boundary layer. 
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Two Reynolds numbers appear in the equations. Had Stokes’ hypothesis (A = —24/3) been 
utilized to eliminate A, only one Reynolds number would occur. In this circumstance, Re, would 
then be written as Re. 

As discussed in Section 1.5, À may be negative, which would result in Re, also being negative. (A 
negative Reynolds number can be avoided by using the bulk viscosity in place of A.) A more interesting 
situation occurs when a gas, such as CO,, is considered. In this case, Re, would exceed Re; by about 
three orders of magnitude. While both Reynolds numbers appear in the energy and momentum equations, 
the dependence on Re, disappears when the flow is incompressible and ®, is zero. Thus, the effect of 
Re, (e.g., on the stability of a boundary layer) can be ascertained best in a high-speed boundary layer 
when M, is supersonic or hypersonic and compressibility effects are important. 

In addition to the equations, boundary conditions also introduce dimensionless parameters. For 
an impermeable wall, the skin friction at a wall location x is 7, (x). In nondimensional form, this 
yields the local skin-friction coefficient 


27, (x) 





ee (13.13) 
(pU). 
For heat transfer at the wall, we have Fourier's equation in scalar form 
oT 
= -K| =— 13.14 
a = (E) (13.14) 


where the temperature derivative normal to the wall is evaluated in the fluid adjacent to the wall. 
The wall heat flux can also be written in terms of Newton’s law of heat transfer 


quos dues (13.15) 


where h; is the film coefficient and (7,,— T.) is the temperature difference across a thermal 
boundary layer. Equating these two expressions yields the Nusselt number 


_hy€_ — € (dT 
Nu = E = rd. (13.16) 





An alternative heat transfer coefficient is the Stanton number, defined by 


h 
p oo 


where the two numbers are related by 


Nu = StRe,Pr (13.18) 


DISCUSSION 


Of the various dimensionless numbers, four are of primary importance in most gas flows. The first 
is the ratio of specific heats and is a molecular parameter. It has the approximate values given by 


y = 5/3, monatomic gas 
— 7/5, diatomic gas 


= 9/7, triatomic gas 
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and y € 9/7 for molecules with four or more atoms. These estimates assume all rotational modes 
are fully excited and all vibrational modes are unexcited. For example, when a diatomic molecule 
has some vibrational excitation, y then falls between 7/5 and 9/7. In particular, for molecules 
consisting of a large number of atoms, y approaches unity with increasing temperature. 

The second property parameter is the Prandtl number, which only appears in the energy equation. 
Its variation is given by 


«], liquid metals 
Pr = 4O(1), most gases 
>l, oils 


where Pr = 0.71 for air. It plays an important role in heat transfer; e.g., a large value for Pr (in 
which case Kk is small) implies a relatively small rate of heat transfer. The Prandtl number is a 
function of the temperature, since U, c,, and x are generally functions only of the temperature. 
Quite frequently, however, Pr has a negligible variation with T over a large temperature range. This 
insensitivity, for instance, holds for air. Consequently, a constant Prandtl number approximation is 
often warranted. The reason for Pr = constant is that c, = constant and u and xk have a similar 
dependence on the temperature. 
The third parameter is the Mach number. Flow regimes are characterized by its value: 


«0.4, incompressible 


«1, subsonic 
Mz-41-1, transonic 

>l, supersonic 

>l, hypersonic 


Here, M is the maximum value of the Mach number in the flow field, since a vehicle in supersonic 
or hypersonic flight may well have one or more subsonic flow regions. 

The most important parameter for a viscous flow, of course, is the Reynolds number, which 
here is based on a characteristic dimension of the body. In practice, it can range from below unity 
to above 10°. For instance, for bacteria and aerosols, and in tribology, it is a small number. On the 
other hand, for a sizable vehicle in supersonic flight it is quite large. 


13.4 BULK VISCOSITY 


A relation was obtained in Section 1.5 between the viscous stress tensor and the rate of deformation 
tensor under the assumptions of linearity and isotropy. This relation, Equation (1.54), is used in 
both the momentum and energy equations, and is the reason for the appearance of u and A, or the 
bulk viscosity Li, in these equations. The A, or 4j, parameters always appear in conjunction with 
V- Wọ, anda large dilatation is required for the bulk viscosity terms to be of possible interest in a 
compressible flow. 

The physical interpretation of the bulk viscosity in a gas flow is associated with the relaxation 
of internal, rotational and vibrational, modes of polyatomic molecules. It is known from kinetic 
theory, and confirmed by experiment (Prangsma et al., 1973), that the bulk viscosity is zero for a 
monatomic gas. At room temperature, diatomic gases, such as O,, N}, CO, and NO, are fully excited 
rotationally but possess negligible vibrational excitation. As a consequence, only rotation contributes 
to Up, and the uj/u ratio is of unity order; e.g., this ratio is about 2/3 for air. The number of 
collisions required for rotational energy equilibration is about four or five, whereas vibrational 
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energy relaxation typically requires thousands of collisions. Consequently, when the vibrational 
mode(s) is partly, or fully, excited, u,/u is large compared to unity. For instance, at room temper- 
ature, CO, has a value of about 2.1 x 10? (Tisza, 1942) for the ratio. Moreover, the magnitude of 
this difference between rotational and vibrational relaxation is justified by kinetic theory (Monchik, 
et al., 1963). 

Our interest in A, or Up, is limited to continuum, chemically inert flows that are governed by 
the Navier-Stokes equations. The discussion, therefore, is not relevant to a dense gas (Hanley and 
Cohen, 1976) or to a liquid. In both cases, the physical interpretation for the bulk viscosity differs 
from that of a simple molecular collisional relaxation process. For example, 4, is proportional to 
the square of the density for argon (Madigosky, 1967) at relatively large density values. Our 
discussion is based on Emanuel (1998), which can be consulted for additional details and references. 

The practical question arises as to when the bulk viscosity terms in the Navier-Stokes equations 
are significant. For instance, Van Dyke (1962) showed that these terms are of third order for a 
compressible laminar boundary layer and thus quite inconsequential. In a hypersonic laminar 
boundary layer analysis for flow over a flat plate, Emanuel (1992) had difficulty in justifying the 
importance of these terms, even when the gas was CO,. (A hypersonic Mach number was required, 
which would cause other phenomena, e.g., radiation and dissociation, to dominate effects associated 
with the bulk viscosity.) In general, Stokes’ hypothesis of u, = 0 appears to be reasonable for 
laminar and turbulent boundary, or free-shear, layers in air. Of course, many Navier-Stokes codes 
have been using Stokes’ hypothesis a priori, with results that generally compare favorably with 
experiment. 

One might anticipate that the bulk viscosity terms may be of some importance in a supersonic 
flow in which vibrational relaxation is present. This type of relaxation process, for example, occurs 
in air and other polyatomic gases, downstream of a relatively intense shock wave. In fact, vibrational 
relaxation properties are evaluated downstream of the incident, and reflected, normal shocks in 
shock tube experiments. The downstream flow is modeled with the Euler equations in conjunction 
with rate equations for the vibrational energy. Thus, in flows where the shear stress is negligible, 
the value of the bulk viscosity, along with other transport properties, is taken as zero, and any 
significant relaxation process is modeled with a rate equation. 

So far, our discussion has yet to identify flow situations where the bulk viscosity terms play a 
significant role. Three cases are suggested. In the first, a weak ultrasonic signal is propagated one- 
dimensionally through a gas and the wave amplitude attenuation and the frequency dispersion are 
measured. Both the attenuation and dispersion depend, in part, on Li. In fact, this type of experiment 
is used to determine the bulk viscosity. Quite often, the product of frequency, @, and the relaxation 
time, wt, is of order unity. In this circumstance, the corresponding theory yields a complex valued 
bulk viscosity (Bauer, 1965; Kneser, 1965). This result, however, is not appropriate for the 
Navier-Stokes equations, since the theory is based on an isentropic energy equation. Tisza (1942) 
has pointed out that a local thermodynamic equilibrium condition, wt << 1, is essential for exper- 
imental results to yield a value for u, appropriate for the Navier-Stokes equations. (This condition 
is always satisfied in a low-frequency limit.) A perturbation analysis of these equations yields a 
low-frequency limit formula (Emanuel, 1998) for uj. This analysis further demonstrates the nature 
of the entropy generation. Although the experiments by Prangsma et al. (1973) were performed at 
relatively low temperatures, where only rotational relaxation is present, the agreement with the 
low-frequency theory is quite good. For decades, this experimental technique was plagued with 
uncertainty. The work by Prangsma et al., however, demonstrates that these difficulties have been 
overcome. With their approach, the experimental uncertainty should be further reduced at higher 
temperatures, where vibrational relaxation dominates. 

The low-frequency perturbation analysis is not limited to a laminar flow but should hold for the 
turbulent flows. This is especially true for air near room temperature, since wt is generally small 
(Emanuel, 1998). The local equilibrium condition of Tisza, however, is less certain at appreciably higher 
temperatures, where vibrational relaxation should yield a relatively large u,/u value. Nevertheless, when 
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the Tisza condition does hold, the combination of the perturbation analysis, a positive entropy 
generation, and ultrasonic experiments yields a self-consistent formulation for a bulk viscosity that 
is appropriate to the Navier-Stokes equations. 

Suppose QT is not small compared to unity. We then have a complex-valued 4i, local thermo- 
dynamic equilibrium cannot be assumed, and the conventional kinetic theory formulas for the other 
transport coefficients are in question. This is the case for the thermal conductivity of a polyatomic 
gas, which, in part, depends on the relaxation of its internal modes. Moreover, the excellent theory 
(Kneser, 1965; Bauer, 1965) utilized when @T is of order unity does not reduce to the nonisentropic 
perturbation theory in the @— 0 limit. 

A second flow where the bulk viscosity is important is in shock wave structure. There are two 
serious flaws, however, in this circumstance. The linearity assumption used in the derivation of the 
stress-rate of strain relation is generally invalid because of the gradients inside a very thin shock 
wave. This appears to be the case even for a weak normal shock in argon (Garen et al., 1977). 
Secondly, the equilibrium shock jump conditions are unaltered by the value of any transport coefficient 
and thus yield no information about them. 

The last example where the bulk viscosity may be important arises in the force and moment 
analysis presented in the last section of the next chapter. Aside from this one possible application, 
the fuss over the bulk viscosity appears to be a case of theoreticians looking for something to 
endlessly argue about. 

Since its introduction by George Stokes, over one and a half centuries ago, bulk viscosity has 
been controversial. Indeed, Stokes himself appears to have changed his mind, perhaps more than 
once, about this transport property. Aside from love of argumentation, two reasons are suggested 
for the controversy. Unlike all other transport and thermodynamic properties, the foregoing ultra- 
sonic technique is the only method, so far, that has been developed to deduce values for u, As 
mentioned, the method had been plagued by a large experimental uncertainty. Moreover, the 
experimental data are sparse, especially above room temperature, where vibrational relaxation starts 
to occur in many polyatomic molecules. At least one additional technique (Emanuel and Argrow, 
1994) would be of value. 

In the equation just above Equation (1.57), the average normal stress, 0;/3, appears. In the 
hydrostatic situation this average equals —p. In a nonhydrostatic situation, however, 0;/3 does not 
represent a measurable pressure and should not be confused with the thermodynamic pressure. In 
this regard, note that 0;/3 does not appear in the Navier-Stokes equations, and Equations (1.54) 
and (1.55) are obtained without its introduction. As with o;,, one can define a variety of kinetic 
theory parameters that are not measurable in a continuum flow. 


13.5 VISCOUS FLOW IN A HEATED DUCT 
INTRODUCTORY DISCUSSION 


Viscous flow in a duct with heating or cooling occurs inside the tubes of a heat exchanger, in a 
gas pipeline, in various experimental devices, etc. Among the latter is the circular test section of a 
plasma gun (Candler, 1997) and the duct of a molecular beam device (Rohrs et al., 1995). Our 
discussion focuses on the molecular beam device, where heating of a gas occurs in a circular duct. 
The influence coefficient approach is used, which is not limited to just heating or to a circular duct. 
This is a one-dimensional approximation that deals with average properties at any cross section of 
the duct. A constant cross-sectional area duct with just heat transfer is called Rayleigh flow; its 
counterpart with just skin friction is called Fanno flow. The basic theory for the influence coefficient 
method was pioneered by Shapiro (1953). 

Molecular beam devices are used to study molecular energy exchange at very low pressures and 
temperatures. Between the plenum, where the gas to be examined is generated, and the vacuum 
chamber is a nozzle. Generally, the nozzle is just a small hole of diameter d in a metal (tungsten or 
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FIGURE 13.1 Schematic of a heated tube. 


silicon carbide). Downstream of the hole, in a vacuum chamber, is the molecular beam, which actually 
is a low-pressure, supersonic jet or plume. Figure 13.1 is a sketch of a tube based on the one described 
in Rohrs et al. (1995). In their experiment, the gas is helium, which is seeded with a small molar 
fraction (probably below 1%) of a vapor consisting of large molecules. It is the energy exchange 
properties of the vapor molecules that are investigated in the downstream plume. Between stations 1 
and e, the wall is resistively heated with an electric current to a high temperature. A typical plenum 
pressure is about 1 bar, while the downstream ambient pressure ranges from 0.1 to 0.5 torr. Thus, the 
pressures satisfy p; > p, >> pa and the flow should be choked at the exit of the tube. 
An accurate representation for the viscosity and thermal conductivity of a gas is 


U = cT? (13.19a) 


K= c,T^ (13.19b) 


where u is in Pa-s, K is in J/m-K-s, and T is in degrees Kelvin. The helium constants are based on 
data in Svehla (1962): 


c, = 5.0885x10—7, — @, = 0.649 (13.202) 
c, = 3.961 x 10, — @, = 0.649 (13.20b) 


With helium considered as a perfect gas, and with @, = @,, the Prandtl number 
pr = Hs. TIE (13.21) 


is a constant. 

In accord with the preceding discussion, a steady continuum flow of a perfect Newtonian gas 
is assumed. With a rounded entrance, entrance effects, such as a vena contracta, can be disregarded. 
It is anticipated that both frictional and heat transfer effects are important; hence, a combined 
Rayleigh/Fanno flow analysis is in order using the influence coefficient method. (See Problem 9.2 
for Rayleigh/Fanno flow of a calorically imperfect gas.) 

A crucial consideration is whether the flow in the tube is laminar or turbulent. The Reynolds 
number is likely to be relatively small, since d is only about 1 mm (Rohrs et al., 1995). In turn, 


434 Analytical Fluid Dynamics 


the Reynolds number depends on the inlet Mach number M;. To obtain this relation, we start with 


paw . Am (13.22) 


Re = uid 
= Ho “mdu 


where 4m/(7d) is a constant along the tube. Since T increases with x, except possibly near the 
exit where it may have a Rayleigh-flow type of maximum, the Reynolds number is a maximum at 
the entrance. With the assumption of isentropic flow between the plenum, denoted with a zero 
subscript, and station i, the mass flow rate is given by 


5 M; y 1/2 cT 
T xvm) Po (3e) (13.23) 


where 





2 (13.24) 
The inlet viscosity is written as 
My = c,Ti* = CyT eX; % (13.25) 
This results in 
With 
y= 2, Pes 10° Pa, T, = 300K, d = 107x105 m (13.27) 
we obtain 
Re; = LE (13.26b) 
(1+3M;) 


(Hereafter, all numerical values are based on Rohrs et al., 1995.) When M; = 0.3, the inlet Reynolds 
number is about 2474. For M; values below 0.3, we may assume laminar flow and take inlet 
conditions as stagnation, or plenum, conditions. Above a value of 0.3, the flow should be transitional 
or turbulent, and inlet and plenum conditions are isentropically related. 

Since the tube has an L/d of 40 and the flow is subsonic, we anticipate that the gas temperature at 
the exit may not be too different from the exit wall temperature T. With T, = 300 K, T,, = 1500 K 
and M, = 1, we assume T, is about 1200 K, and a Rayleigh line analysis yields M; = 0.23. (A larger 
value for 7,, would further reduce M;.) With friction included, this inlet value would be even smaller. 
In the latter analysis, we therefore assume a laminar flow and ignore the expansion from the plenum 
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to the inlet station. In this circumstance, Equation (13.23) becomes 
rh = 2.224 x 10-2 aad M, (13.28a) 


and with Equations (13.27) 
m = 1.470 x 1074M; (13.28b) 
For instance, if M; = 0.1, then the mass flow rate is only 1.47 x 10? kg/s or 52.9 g/h. 


FORMULATION 


The flow is analyzed using the influence coefficient equations (Emanuel, 1986) 





2 dM _ WX dT, yM'X er 
M dx ZT, dx Z (5 2”) 
1 dp _ yM'x dT, PEW- MY (Ser 
pdx ZT, dx 22 d ey) 
ldT | (1-yM)X dT, | y(y- M* (=) 
fis. Z, de Z d SEL) 
where 
Xs eiae, W-1«3M, Z=M-1 (13.32) 


Only the M and T equations are coupled and require a simultaneous solution. It is convenient, 
however, to also include the pressure equation, since its solution then provides easy evaluation of 
other parameters, such as the density, or the stagnation pressure 


px) = pXr-n) (13.33) 
which is given by an isentropic point relation. Similarly, 


T, = TX (13.34) 


and its differential form 


4T, _ dT ,(y-1)M 


T T X aM (13.35) 


o 


is consistent with Equations (13.29) and (13.31). 

Suitable equations must be established for 4c,/d and (1/T,)dT,/dx. We proceed to this task with 
the understanding that this is the least precise part of the formulation. The reason is that the relations 
we adopt were primarily developed for constant property, incompressible, fully developed pipe flow. 
Comparable, well-established, laminar and turbulent compressible flow relations do not appear to 
be available. 
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Since the flow is presumed laminar, we utilize 


16 
=— 13.36 
Ci = Re ( ) 
for the skin-friction coefficient. (The incompressible turbulent skin-friction coefficient is adequate 
for a subsonic flow; Humble et al., 1951; Kennan and Neumann, 1946.) This equation becomes 


4c E lózu (13.37) 
d m 
and is used in Equations (13.29)-(13.31). 
For the heat transfer, we write dq as 
R 
dq = dh, = veris (13.38) 
and Newton's formula 

mdq = mdh(T, — T,)dx (13.39) 


where fi is the convective heat transfer coefficient, with units of J/m?-K-s, and T,, is the adiabatic 
wall temperature. With the approximation of a unity value for the recovery factor (Shapiro, 1953, 
p. 243), T,, equals T;. The Prandtl number, Nusselt number 





d 
— 13.4 
Nu x (13.40) 
and Equation (13.34) are introduced into the above, with the result 
1 dT, mzuNuf(T, 
T, dx dl T -x) Sep 


With incompressible flow in a constant heat flux heated tube (Mills, 1995), the local Nusselt number 
is equal to 4.364. 

Other approaches have been discussed; e.g., see Shapiro (1953). These include the use of 
Reynolds' analogy, a constant wall temperature, or a constant wall heat flux. These approximations 
are usually made in the interest of simplicity. 

Equations (13.29)-(13.31) now become 


dM | zLu M|Nu (Ty _ ) 2 
dz ~ 2m eG X smx (13.42a) 
dp mu pM Na(Ta_ ET 
gp ecu T Breq ee ee (13.42b) 
dT | nLu T |Nu Ap (z- ) E 
d; m zom DUz-XiE8Y(- 0M (13.420) 
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where z = (x/L). At the exit, we have 
z=, M,=1, Z, = 0 (13.43) 


With Z equally to zero in the denominator, we expect that each of the square brackets is zero when 
the Mach number is unity. All three square brackets reduce to 











Twe  yY+1 S8yPr 
— = 4 - 13.44 
T, 2 73 CEDAR 
and for helium, this becomes 
Tye 4 80 
T. 3^ Ou, (13.44b) 


Based on the device described in Rohrs et al. (1995), we assume for the wall's temperature 
distribution 


Ty = Ltt Calas — 05285 (13.45a) 


2 
T, = Tie ~ (Twe ~ T(z} , £i SZS 1 (13.45b) 
1 


where z, is the location where the electrical heating starts. For the unheated section, a linear variation 
is used, where T,, is not expected to be much larger than T. A quadratic variation is used for the 
heated section, with 


dT, 


T,(1) = T 
OS Tye, OS 


= 0 (13.46) 


z-l 





Thus, the wall temperature increases rapidly just downstream of z,. The following data are used in 
the subsequent computations: 


L = 4x107? m, T,; = 300 K, zı = 0.425, T,, = 350 K, 
T,, = 1500 K, M(0) = M; p(0) = p, T(O) = T, 
along with Equations (13.27). Equations (13.42) have the form 
dy, 
AE = fO Yos 2 (13.47) 


where the y; represent M, p, and T. A fourth-order Runga—Kutta scheme with a fixed step size and 
double precision is utilized." Actually, the step size is reduced by a factor of 10 for Mach numbers 





“I am indebted to Mr. D. S. Gathright for the computations and the associated figures. 


438 Analytical Fluid Dynamics 


1.05 4 
0.9 4 
0.75 4 
0.6 4 
0.45 4 
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FIGURE 13.2 Mach number distribution for various Nusselt numbers. 


larger than 0.97. The solution is an iterative one with a guessed value, to five significant digits, for 
M,. Convergence is expected to occur when M, is unity. 

These calculations demonstrate that Equations (13.44a,b) are not satisfied, regardless of the 
constant value for the Nusselt number. In order for any of the square brackets to go to zero as 
M > |, the factor (T,,/T) — X must have a sign change near the end of the duct. This, however, 





Nu M; 


i 


Re; 
15 0.20223 1733 
30 0.16483 1412 
45 0.15803 1354 





does not happen even with a Nusselt number as large as 90. 

Figure 13.2 shows M vs. z for various Nusselt numbers. The initial Mach number and Reynolds 
number are given in the above table, while the mass flow rate is provided by Equation (13.28). 
The Mach number does not change significantly until after the gas reaches the heated section, and 
there is little variation between the three cases. The Mach number gradient, dM/dz, is infinite at 
the end of the duct, where M = 1 and the square bracketed terms in Equations (13.42) are finite. 

Figures 13.3 and 13.4 show the pressure and temperature variation. Both are negatively infinite at 
the end of the duct and show little change until after the heated section is encountered. The temperature 
has a maximum value typical of a thermally choked Rayleigh flow. Neither the pressure nor 
temperature profiles change much for Nusselt numbers larger than 45. The peak temperature in the 
15 and 45 Nusselt number cases is 949 and 1281 K, respectively, with correspondingly lower exit 
temperatures. (With a Nusselt number of 4.364, the exit temperature is only 360 K.) Thus, the exit 
temperature, regardless of Nusselt number, is well below the exit wall temperature of 1500 K. For 
example, it is only 1110 K when Nu = 45. 

From the temperature profiles, it would appear that there is a reversal in the direction of heat 
transfer near the end of the duct. Figure 13.5 shows the stagnation temperature profiles, which steadily 
increase. Consequently, there is no reversal in the heat transfer direction. Finally, Figure 13.6 shows 
the stagnation pressure profiles, which behave as expected. 
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FIGURE 13.3 Pressure distribution for various Nusselt numbers. 
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FIGURE 13.4 Temperature distribution for various Nusselt numbers. 


It is somewhat surprising that the exit temperature should be considerably lower than T,,,. This 
stems, in part, from the very small value, near the duct’s exit, for the factor 


aae ~1)(2-x) 


that appears in Equation (13.42c). Equally surprising is the inability to attain the expected 
indeterminacy condition, “0/0, at the exit of the duct. This condition regularly occurs in 
contoured nozzle flows when M = 1. Here, however, the exit of the duct is abrupt and the transition 
between subsonic and supersonic flows is not smooth. Rather, the sonic exit condition corresponds 
to a limit point. 
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FIGURE 13.5 Stagnation temperature distribution for various Nusselt numbers. 
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FIGURE 13.6 Stagnation pressure distribution for various Nusselt numbers. 
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PROBLEMS 


13.1 Consider a three-dimensional, compressible flow in which the velocity and temperature 
depend only on the radius r and on ft. Other quantities, such as pressure and density, may 
also depend on the angles 0 and ¢. Assume that 4, A, c,, and K depend only on T. Use 
spherical coordinates, and write the equations for: 

(a) rate-of-deformation tensor, € 

(b) rotation tensor, © 

(c) velocity gradient tensor, Vw 

(d) continuity equation 

(e) vorticity 

(f) stress/strain relation 

(g) momentum equation in scalar form 

(h) dissipation function 

(i) energy equation 

Simplify your results as much as possible. 

13.2 (a) Continue with the cylindrical coordinate example of 
Section 13.2 by writing the conservation equations in 
scalar form. 

(b) Utilize the results of part (a) to obtain the governing 
equations for steady axisymmetric flow using the coor- 
dinates shown in the sketch. Insert the o parameter in 
the equations so that they hold for two-dimensional as 
well as axisymmetric flow. Allow for swirl but assume 
the vorticity only has a nonzero component in the êg 
direction. Determine v, and use this result to simplify 
the equations. 
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13.3 


13.4 


13.5 
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Continue with Problem 13.2(a) with the assumptions that the axisymmetric flow is without 
swirl, depends only on r and f, and v, = 0. 
(a) Determine the governing equations and à. 
(b) Assume p, LL, K, and c, are constants. Integrate the continuity and momentum equa- 

tions, thereby determining v, and p. Simplify the energy equations as much as possible. 
Apply the results of Problem 13.3 to the incompressible flow between two concentric 
cylinders as shown in the sketch. The radius of the inner 
cylinder oscillates in accordance with 

ra = r4, (1 + Esin Of) 

where r,,£, and o are constants, and the flow has a time- 
averaged constant pressure p,,. Assume @ is small compared 
to unity and determine v,(r, f), p(r, t), and r,(). The motion of 
the wall at r, is such that the assumption of a cylindrically 
symmetric motion is preserved. 
Derive the governing scalar equations for steady, x, 
two-dimensional or axisymmetric flow in natural E 
coordinates using the nomenclature of the adjoining : 


sketch. (The end product of this problem is the nat- w & 
ural coordinate version of the compressible 
Navier-Stokes equations.) Assume no swirl and uti- 8 
lize for the scale factors (see Section 5.7): " 
1 
12h, 20 — 19h; 90 
hog, Ə? hi o6, 
1 Oh; 1 oh 
1:835. 5. i = øsinð, nak, = ocos@ 
OX 
=> = h,sin6, = =h 0 
JE, sin L- COS 
T ND ee ET 
Os h, oc, on h, 06, 


The independent variables should be s and n, while the DBDATIEDE variables ae p. h, p, w, 9, 
and x,. First, develop formulas for E 5 a (Qi is a scalar), PY, V - w, ®, a and V - d. 
Next, write the viscous terms as 


VT = FF, 
where, for i = 1, 2, 


b o ere à b, s d n d, bn o 
Fy = afl suf e Ef Rr gp Se pe og 


and Li, is the bulk viscosity. (The F, components here differ from the F; in Appendix G.) 
Use the foregoing results to obtain the governing equations. Can the continuity equation 
be integrated? 
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13.6 Continue with Problem 13.5 and develop an equation for the vorticity Ò. Utilize Equation 
(4.19) and derive the equation for the change of vorticity along a streamline 


do  lO(w, p) , gasind | V 


ds pa(s,n) X3 pw 





where thermal and caloric state equations are not assumed and V (for viscosity) is 


30, OF, 30, OF, 
V = =F, + — + =F -= 
ðn? ðs Os ! ðn 
13.7 Consider the structure of a steady, normal shock wave. Upstream and downstream 
conditions are denoted with subscripts 1 and 2, respectively, and the velocity is written as 


»- u(x)]. 


(a) Use the theory in Chapter 3 to show that 
As = $-5,— Í ae 
NL 


Hence, only irreversible processes contribute to the entropy change across the shock. 

(b) Derive an equation for s(x) — s, that shows the dependence on x, u, and A. 

(c) Determine the condition for s to have a maximum value inside the shock and interpret 
the physical significance of this condition. 

13.8 Continue with Problem 13.7. Do not assume constant properties or Stokes' hypothesis. 

(a) Integrate each conservation equation once. 

(b) Set the Prandtl number, defined here as (2u + A)c,/k, equal to unity and integrate 
the energy equation. 

(c) Assume a perfect gas and 4’ = 2u+ A= C,,T, where C, is a constant, and integrate 
the momentum equation. Introduce the ratio of flow speeds, u,/u,, to simplify your 
results. How would you choose the integration constant? 

13.9 Use the results and assumptions of Problems 13.7 and 13.8. Determine an algebraic 
equation for the rate of entropy production in the shock with the form 


Cy 5i, 2 (=: U2 7) 
Rp, ` Mar a 


13.10 Consider a thermally perfect gas situated above an infinite horizontal flat plate. Let z be 
a coordinate normal to the plate and include gravity with the approximation that g is a 
constant. Further, assume the gas is quiescent and that Fourier's equation holds. 

(a) Determine the governing equations. 
(b) With 


k= CT” 


where C, and @ are constants (@ > —1), determine T(z) and p(z). 
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13.11 


13.12 


13.13 
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(c) The requirement for a stable atmosphere at altitude z, is that (ds/dz), > 0. Determine 
a temperature lapse rate, (dT/dz),, condition so that the atmosphere is stable at this 
altitude. 

Start with Equations (13.6) and consider the unsteady, one-dimensional motion of a 

perfect gas. Simplify the notation by introducing © = u(x, n]. and Ww’ = 2u+ A. 

(a) Introduce Equations (13.10) with t= (¢/U.,) and obtain nondimensional equations 
that exhibit their dependence on the parameters 


$ 


U} 
M t Res p pE 


YP. uL y-1 kK. 





where the infinity subscript denotes a reference condition. 

Show that the governing equations, obtained in part (a), are invariant under a Galilean 
transformation (see Section 1.2). As a consequence, if u(x) is a stationary solution, 
such as for a standing shock wave, then u(x, f) = u(x — Ut) is a solution of the 
unsteady equations, where U is the constant speed with which the disturbance 
propagates in the direction of increasing x. 

Let u,(x), p, (x),..., be a stationary solution. Derive the first-order perturbation 
equations for u,,..., Lj, Kj, where 


(b 


— 


— 


(c 


uU = usu, = u(x—Ut)-uy(x, t) 


P = Pot Pr = P(x- Ut) + pix, t) 


What is the condition for viscous dissipation to appear in the first-order equations? 
(Although similar to Problem 2.15, this problem differs from it in that u, is not 
identically zero.) 

Parabolic coordinates &; are utilized: 


= 38-8), m= Eidrsings, x =G coső, 


These coordinates are orthogonal and the surfaces &, = constant, &, = constant are 

paraboloids of revolution about the x,-axis, while §, is the azimuthal angle about x,. 

Assume axisymmetric flow with swirl. Thus, the velocity components v; are functions 

of t, €,, and &. 

(a) Use Appendix G to obtain h, Vo, V^ 9, V A, Vx Á, dé ,/0€;,, Do/Dt, Dw/Dt, £j, 
®, and the F;. Simplify results as much as possible. 

(b) Obtain the governing viscous equations using parabolic coordinates. 

(c) Obtain the vorticity. 

Continue with Problem 13.12 but, in addition, assume a steady, inviscid flow without 

swirl of a perfect gas. 

(a) Write down the Euler equations. 

(b) Further assume the flow is irrotational and isoenergetic. Introduce a velocity poten- 
tial @ and obtain explicit equations for v,, v,, p, and p in terms of 6. 

(c) Derive the PDE for 4. 

(d) Determine under what conditions the PDE for 6 is elliptic, parabolic, or hyperbolic. 
For this evaluation, the Mach number needs to be introduced. 
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(e) Assume a uniform flow 


ES » 
w = wi|, = constant 


and derive the corresponding @ in terms of parabolic coordinates. Show that this 
0(&,, &) satisfies the PDE obtained in part (c). 

13.14 Derive the £; equations contained in Appendix G. 

13.15 Consider steady, two-dimensional or axisymmetric, compressible, viscous flow. Neglect 
body forces and assume a Newtonian/Fourier fluid, that w; is a constant when o = 0, 
and that the flow may have swirl when o = 1. Utilize the coordinate system developed 
in Section 5.6 and note that A( )/Ax; is zero, except for several 7; derivatives. 

(a) In preparation for the later analysis, develop equations for 


di; 


e 
Ox; 





V:-%, à, Vè, #, P -2V.(db, © 


and D( )/Dt of a scalar. 

(b) Derive the conservation equations starting with those given in Chapter 2. Your final result 
for momentum should be in scalar form. Utilize F : and simplify your equations as much 
as possible. 

(c) Assume inviscid, adiabatic flow and compare your conservation equations with 
Equations (5.67). Explain any differences. 

(d) For o = 1 and u = u(xj), show that Equation (5.75) satisfies the 7; momentum 
equation. 





1 4 Force and Moment Analysis 


14.1 PRELIMINARY REMARKS 


Forces and moments are important in engineering, especially in fluid dynamics and aerodynamics. 
In most textbooks, their evaluation is typically done in a piecemeal fashion, e.g., providing an 
analytical or empirical formula for the drag of a body with a particularly simple shape, such as a 
sphere or a circular cylinder. A more general approach is taken here in which a variety of topics 
is surveyed. For example, these include the apparent mass of an object and the force and moment 
components associated with supersonic flight. The range of topics encompasses incompressible to 
supersonic (or hypersonic) flows. 

The more general methods to be discussed are associated with the momentum theorem. It is derived 
from Newton’s second law in the next section. Section 14.3 evaluates the surface integral in the momen- 
tum theorem, while Section 14.4 derives the angular momentum theorem. The analysis of many of the 
subsequent topics is directly based on the momentum theorem and its angular momentum counterpart. 

Sections 14.5 through 14.9 deal with incompressible flows. In sequence, we discuss hydrostat- 
ics, simple duct flow, acyclic motion, jet-plate interaction, and a syringe with a hypodermic needle. 

A variety of approaches are presented that are applicable to a compressible flow. Some of these 
are inviscid, since pressure forces often dominate. In this circumstance, a correction for the skin 
friction can be added after the inviscid calculation is completed. Several useful methods are not 
discussed. For instance, the simplest approach, when applicable, is supersonic thin airfoil theory 
(Liepmann and Roshko, 1957, Section 4.17). In this technique, the lift and drag of a thin airfoil is 
decomposed into angle of attack, camber, and thickness contributions, which are additive. Leung 
and Emanuel (1995) provide a relatively simple method for obtaining the wave and viscous drag 
(as well as the heat transfer) for a cone and wedge, at zero incidence, in a hypersonic flow. The 
shock is attached and a laminar boundary layer is presumed. In a separate analysis (Bae and 
Emanuel, 1991), a procedure is established for the evaluation of the thrust, lift, pitching moment, 
and heat transfer associated with a special type of asymmetric nozzle that can be used with a 
scramjet engine. Other articles that deal with the application of Newtonian impact theory for a 
hypersonic flow are by Jaslow (1968) and by Pike (1974). A more comprehensive treatment of the 
forces and moments in a hypersonic flow is provided by Rasmussen (1994). The book by Nielsen 
(1988) can be consulted if the forces and moments on a missile are of interest. 

The first topic, in Section 14.10, is shock-expansion theory. This section also discusses wave 
interference. Section 14.11 is concerned with the forces that act on an aerosol particle in a 
nonuniform flow. The role of entropy production is described in Section 14.12, while the forces 
and moments on a supersonic vehicle is the topic of the last section. 

As in other chapters, the emphasis is on concepts, limitations, and the way principles, or 
concepts, are formulated. Actual engineering design studies are best performed using specially 
developed computer codes or CFD software. 


14.2 MOMENTUM THEOREM 


As indicated in Figure 14.1, a solid, impermeable, motionless object, whose surface is denoted as S,,, 
is fully immersed in a gaseous or liquid fluid. The moving fluid exerts a force f^, and a moment 
M,, that acts on the S,, surface. The overall fluid plus solid body system is enclosed by the surface 
S... As indicated in the figure, S., may be a large surface, well removed from S\,. The subsequent 
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FIGURE 14.1 Schematic of a solid body immersed in a fluid. 


derivation, however, does not require this. In fact, later sections discuss flows in which S. is in 
close proximity to, or even adjacent to, S,,. Fluid crosses S., both S,, and S. are stationary, and 
the sum of the two surfaces constitutes the control surface (CS). Thus, the control volume (CV) 
represents the moving fluid between the two surfaces. The fluid motion may be steady or unsteady, 
incompressible or compressible, inviscid or viscous, and irrotational or rotational. For instance, 
shock waves and turbulent shear layers may be present. If the fluid is a gas, it need not be perfect; 
if it is a liquid, it need not be Newtonian. 
From Chapter 2, we recall that Newton’s second law, in an inertial frame, can be written as 


mal pibdv = Í pF dv +> Šas (14.1) 
Dt V V S 


where the right-hand side represents the vector sum of the applied forces that act on the system, 
which here is the fluid inside V. The first term on the right side represents any body force that acts 
throughout V. When this is due to gravity, we set F, = g , Where g is the acceleration due to gravity. 
The rightmost term represents the applied surface force at S,, and at S. that acts on the fluid in V 


SPECIFIC FORMS FOR THE MOMENTUM THEOREM 


At a given instant of time, the volume V and bounding surface S are identified as a fixed CV and CS, 
respectively. The transport theorem, with y = pw, yields for the left side of Equation (14.1) 


D > Apw) EM 
5; Pie x es w+ pi * 8)ds (14.2) 
A simple, but effective, form for the momentum theorem can be written as 
2 o( p») EA 
Nee Í Adv ed puc + Adds (14.3) 
CV ot cs 


where the left side represents the sum of all of the applied forces that act on the fluid inside the 
control volume. 

In order to focus on the applied pressure and viscous forces that act only on the wall, Equations 
(14.1) and (14.2) are combined to yield 


> 
f HOW at pth hirs f pid $ óds (14.4) 
cv Ot CS 


CS CV 
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The stress vector provides the pressure and shear forces that act on S,,; i.e., 


2 > 
Po 4 3ds (14.5) 
S. 


w 


which is a general equation for the force on a solid surface. The minus sign stems from our interest 
in the fluid force that acts on the solid body. As previously shown, the stress vector is given by 


A n > 
ó-h- T - pf (14.6) 
where T is the viscous stress tensor. Consequently, we have 


2. ^. ^ rA 
d óds = $ (R * T- pfi)ds -Fw 
cs Sos 


(14.7) 
Since Y + A =0 on S,,, Which is stationary, we obtain for an inviscid or viscous flow 
pw? - Ajds = $ pw? - Ajds (14.8) 
cs 5. 
for the momentum flux term in Equation (14.4). This equation now reduces to 
E > » e 
È. -Í pf, - EP as - 6 [ph + pib(9 - 8$) - à P]ds (14.9) 
CV 5. 


which is a general form for the momentum theorem. The force È w is therefore provided by a volumetric 
integral plus an integral over a stationary surface. When the interior of S,, does not contain a solid 
body, Fy = 0. This form of the theorem will appear in both the incompressible and compressible 
flow sections. 

The Fw force can be decomposed into various components by dotting it with a unit vector. For 
instance, let Ù- = w..|x be the freestream velocity. The drag is then given by 


7 Die oa PÈ- fa x cA gc ceo oh As a eS ut 
f [eRe kG e$, [P Le ot 99-6 i «Las 


since . is a constant vector. 
If Fy = g, the CV integral in Equation (14.9) can be written as 


2, 9o, S pg 
J [ef z av -md-T| pia (14.10) 


CV 


where the mass of fluid in the CV is 


mE Í pdv (14.11) 
CV 
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When the flow is steady and the body force È » is negligible, we have 


pm 4 [ph + PÈ- 8) -à- ?]4s (14.12) 
S. 


Detailed flow conditions within the CV are now unnecessary; only conditions on S,, are required. 
This is a particularly useful result because these conditions can be measured, or, in certain situations, 
estimated. Note that viscous effects are not necessarily confined to the fi - € term. Moreover, the 
inviscid result is not necessarily obtained by just deleting this term. This is because the Euler and 
Navier-Stokes solutions differ for p, p, and Y» throughout the CV and S... For instance, the pressure 
and flux integrals do not have the same value for an attached inviscid solution as compared to a 
detached viscous solution. 


14.3 SURFACE INTEGRAL 


The three surface terms on the right side of Equation (14.12) are individually discussed. Two cases 
are to be distinguished. In the first, S is well removed from S,,. As will become apparent in later 
sections, situations commonly arise in which part of S., is adjacent to a solid surface. This case 
is distinguished by denoting this part of the surface as S;,. The rest of S. is not adjacent to a solid 
surface, and $, is viewed an open surface, i.e., a surface with one or more edges. For instance, 
S$, may be adjacent to the interior surface of a duct, Along with inlet and exit surfaces, S/, 
constitutes S.. Since there is no body internal to S, Fw in Equation (14.9) is zero. Of course, 
there is a fluid force on the interior surface of the duct, as discussed in Section 14.6. 


PRESSURE FORCE 


When S. is well removed from $,,, the pressure at S. can be approximated as a constant, with the result 
d p.fids = pb ids = 0 (14.13) 
S. S. 


The rightmost equality stems from the divergence theorem. It is important to note that the integral 
is not zero if a shock wave intersects S... When part of S., is adjacent to a solid surface, this part 
of the integral supplies the pressure force on $;. 


MOMENTUM FLUX FORCE 


We next discuss the flux term in Equation (14.12). On a solid stationary surface, w+ A is zero for 
both inviscid and viscous flows. On S., this term can be evaluated using a surface, such as the one 
sketched in Figure 14.2. Surface 1 is far upstream of the body and is normal to the freestream 
velocity W, as is surface 2. If the freestream flow is supersonic, surface | need not be far upstream. 





FIGURE 14.2 Solid body immersed in a large diameter streamtube. 


Force and Moment Analysis 451 


Surface 3 is chosen as a streamtube. The convenience of using a streamtube for the lateral surface 
in a steady flow is illustrated in Problems 14.11 and 14.12. If the flow is unsteady, then a lateral, 
unsteady surface consisting of streaklines is appropriate. This surface consists of particle paths that 
have originated from a fixed curve that is located in surface 1. When the unsteadiness is largely 
confined to a region near the body and its wake, then a sufficiently distant steady streamtube can 
still be used. In any case, +A =O and 


pw? + A)ds =0 (14.14) 


S3 


Consequently, we obtain 


$ PO - Ajds - | pw? - R)ds (14.15) 
S. 


Sit S, 


For instance, with a uniform freestream flow, the S, integral is given by 


PÈ(® + A)ds = -PA WW (14.16) 


Sı 


where A, is the cross-sectional area at station 1, and the minus sign stems from 
» 
ñ = -— (14.17) 


The S, integral is not as easily evaluated, since the wake shed by the body alters $ on S5. 
Nevertheless, Equation (14.15) states that the net flux of momentum through S. is just the net flux 
through S, + S,. 


Viscous FORCE 


^ 


Finally, the ñ + 7 term is examined. When S., is well removed from S,,, the velocity gradient on 
S. is orders of magnitude smaller than the gradient in a boundary-layer flow that is adjacent to a 
surface. Consequently, the viscous force on S., 


$ â- Pus (14.18) 
S 


is negligible. This result holds even in the wake region, providing the part of S, that is crossed 
by the wake is sufficiently far downstream. 

An expression is developed for f - € that will hold for a stationary solid surface, S^, or a part 
of S. that is not well removed from S,,. From the Newtonian relation for the viscous stress tensor 
in Chapter 1 


T -2u£-4 (us - u) -WI (14.19) 


we have 


A<? = uñ- £ «(n - Suyv iy (14.20) 
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where U, is the bulk viscosity. From Warsi (1993), we obtain (see Problem 14.1) 


AB = SOxAt (V+ A+ (AKV) xi (14.21) 
where the vorticity is 
à-Vx* (14.22) 


Equation (14.20) now has the form 


2 


ñ. P= ux à + (um, «Suy XR  2u(À x V) x Y (14.23) 


This relation is not limited to a solid wall, but holds at any point, in any fi direction, in a steady 
or unsteady, laminar, transitional, or turbulent flow field. It is not utilized until the final section; 
however, it is of central importance in that section. Although the velocity is zero on a stationary 
wall, this does not mean that any of the terms on the right side of Equation (14.23) are necessarily 
zero, since W appears in a derivative form. Nevertheless, we demonstrate that the two rightmost 
terms, in fact, are zero on a stationary wall in a steady flow. 


SKIN FRICTION 


The above assertion is first established for the term containing V - W. From continuity, we have 


v.ğ=-122 _ 1 (2-3 Vp) (14.242) 


=0 (14.24b) 


The evaluation on $;, of the rightmost term in Equation (14.23) starts with a form of Stokes’ 
theorem 


> > => 
d d AS Í (âx V) x Ads (14.25) 
C S 


> 
where A is an arbitrary vector and C is a simple closed curve, or curves, that bounds the open 
surface S. Let A = Y? and C' be the bounding curve, or curves, of the wall surface 57, with the result 


$ d? xÈ = | (ax V) x ids (14.26) 
Cc Sy 
Since i? = 0 on S7, we have 


Í (Vi xvde= 0 (14.27) 
" 


w 
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and the integrand is zero because Sj, is arbitrary. This relation and Equation (14.24b) yield the 
elegant result 


f à - 3d =| ux Ads (14.28) 
Sy Si, 


for the viscous force, or skin friction, on a solid surface. 
With a different version of Stokes’ theorem, we can show that (Warsi, 1993) 


(@+ âs = 0 (14.29) 


>. DEL A : du alts ; 

Hence, @ is tangent to the wall, as is (0X fi, where this cross product is aligned with the flow 
eines : > z ; aii : > 
direction. Since @ and fi are perpendicular to each other, |@ x Al has a maximum value of I] 

on $;. These observations become clearer if a two-dimensional flow 





$-ue- R2] (14.30) 


is considered, where y = 0 on a planar wall. We then have 


> (dv oduy 

O= (2 = aE (14.31a) 
>, (dv du\y 
Oxn = (¢- EJ) (14.31b) 


and with ðv/ðx equal to zero on the wall, 
f a» tas = |, $ eas (14.32) 
s, S, oy 


This is the expected result for the integrated skin friction in the x-direction. 
An alternate approach would consider the magnitude of the skin friction 








Px Í Ax Fyds (14.33) 
S, 
that acts on the S’ surface. From Equations (14.5) and (14.6), we have 
Fy = Í là x àlas (14.34) 
S 


w 


where 


AXG@=Ax(A-®) (14.35) 
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With the aid of Equation (14.23), this becomes 


^ 


AXG=MAX(@-+A) = UCA- AMÒ- OÂ] = LO (14.36) 


We therefore obtain 


A Í, ulòlas (14.37) 


w 


which is in accord with Equation (14.28). 


COMMENTS 


In the shock-free case, the surface integral in Equation (14.12) reduces to the momentum flux 
integral 


$ [pas ps3 «AAR ]ds =| pii cà * Adds (14.38) 
S, S1, 
for the type of flow sketched in Figure 14.2. As discussed in Problem 14.2, it is possible to simplify 
the CV integral in Equation (14.9) differently from that given by Equation (14.10). The result, 
however, is not an alternate form of the momentum theorem, since the Fẹ, term cancels. 
Suppose there is a shock wave inside the CV, as pictured in Figure 14.3. In this circumstance, 
is Equation (14.12) still valid? Denote by S ,, the part of S. that is upstream of the shock plus 
the surface S. , which is just upstream of the shock. Similarly, denote as S,., the CS downstream 
of the shock; this surface encloses the bullet. Inside S_.., there is a uniform freestream flow; hence, 


Pc: uide $ Sonde ud (14.392) 
Sis 
(pw) $ bsec $ ûds = 0 (14.39b) 
S S 


and Equation (14.12) reduces to an identity when S ,, is the CS. Next, we consider the CS consisting 
of S + $,, which encloses the shock wave. For this surface, 


Pos-- S (14.40) 








control surface, S% 


FIGURE 14.3 Control surfaces for a bullet in supersonic flight. 
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and the unit normal vector, fi, associated with S_ is equal and opposite to the one associated with 
$,. Equation (14.12) reduces to 


Í (pip Be Wars Í [p â+ p, V (GÀ. Ads (14.41) 
s. $, 


This relation is equivalent to the momentum jump condition for a shock. Equation (14.12) holds 
for the force on the bullet if S,. is the control surface. Since S„ equals S_.. + S}, Equation 
(14.41) means that Equation (14.12) also holds for S... 


14.4 ANGULAR MOMENTUM 


With the aid of Equation (2.14) and the transport theorem, we have 


2.2 
Í EDI ey dv = [7?xb-p7?xw(w- A)lds (14.42) 
CV ot CS 


As evident from Equation (14.5), the moment, or torque, exerted by the fluid on the body in Figures 14.1 
and 14.2 is defined as 


M, = 4 ?xéds (14.43) 
S. 


w 


With the aid of Equation (14.6), the CS integral becomes 


7 x(a» T)Jds (14.44) 


We thus obtain 


x (^ . T)]ds (14.45) 


> 
which parallels Equation (14.9). As with this equation, M, can be decomposed into various 
components, such as a pitching moment. 
For a steady flow without a fluid body force, the above equation simplifies to 


Mae 4 [pP x&« p? xB A) -? x (à - Blas (14.46) 
5. 


which parallels Equation (14.12). As with Equation (14.12), only conditions on S. are needed for 
the M,, evaluation. If the pressure is constant on S„, we obtain 


$ pr adis EX. rd Sap) Vr dem (14.47) 
S S, 
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where a form of the divergence theorem 
> > 
$ ñx Åds = Í V x Ady (14.48) 
S V 


is used, and the curl of 7 is identically zero. In this case, M, is simply given by the angular 
momentum flux and viscous terms. 

Since the value of M,, depends on the location of the origin for 7, we examine the change in 
M, when a different origin is chosen. Suppose it is moved by a distance Fo; i.e., 


E 
f 


Siy 


eer (14.49) 
> 

where 7 is the position vector from the new origin. Since the right side of Equation (14.25) is 

linear in 7, we have 


> 
M, = M. Mo (14.50) 
= > 
where the new angular momentum, M,,, is given by Equation (14.46) with ? replaced by 7. Because 


> . : : 
fo isa constant, Mo is given by 





> ns 2. (pw) 
Mo = |f. [pF |w 


ot 
-$ [pâ + pu? - &) - (f - Dias 27328 (14.51) 
S, 
We thus obtain 
> = > 2 
My = My, + rox Fy (14.52) 


Se 
The line of action for the force can be determined by evaluating Fo for the M, = 0 condition [see 
part (d) of Problem 14.8]. 


14.5 HYDROSTATICS 


This section discusses the hydrostatic force, where we have 


p = constant, »- 0, È, = g, E = 0 (14.53) 
and the fluid is not in motion. Equation (14.9) reduces to 
> À 
pgdv = $ pfi ds (14.54) 
CV 5. 


where S. is a closed surface without an interior solid body. The left side equals mg, where m is 
the mass inside the CV. Consequently, we have 


mg = $ pûds (14.55) 
S. 
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and the weight of fluid is balanced by the pressure force on S... From the divergence theorem 


$ jds = Í V ódv (14.56) 
s y 
we have 
$ pfds = Vpdv (14.57) 
S. CV 
and Equation (14.54) becomes 
Í (pd -Vp)dv = 0 (14.58) 
CV 


Since the CV is arbitrary, the well-known result is obtained as 


Vp = pg (14.59) 
for the hydrostatic pressure. 


Example 


> 
As an illustration, we evaluate the force F,, exerted on one side of the curved surface sketched in 
Figure 14.4. The hydrostatic pressure is given by 


P = Pamb * p8z (14.60) 


where the ambient pressure is at the surface. The surface integral in Equation (14.55) is written as 


$ pî ds = È, ~ Pall. ~ i. pds (14.61) 
S. Age 
V Pamb 
d, e ü 
! Z 





FIGURE 14.4 Force on a submerged curved surface. 


458 Analytical Fluid Dynamics 


where 


Pac = Pamp + DSZa (14.62) 


and A,. and A,, are the projected areas of the curved surface. We thus obtain 
> qe RA 
Fy = (mg + Pac Aac)|z + f pds (14.63) 
Abe 


where m is the mass of fluid in the abc volume. As shown by fluid mechanic textbooks, further 
simplification is certainly possible. 


14.6 FLOW IN A DUCT 


A liquid is in steady, inviscid flow through a horizontal duct, as sketched in Figure 14.5. Because 

the duct is horizontal, gravity can be neglected. We are to determine the F, and F, force components 

acting on the duct in terms of inlet conditions, p, and w,, and known geometrical parameters. 
From continuity, we readily obtain 


s fw (14.64) 
Because the flow is steady and inviscid, Bernoulli ’s equation 
pit ipi = prt zpw? (14.65a) 
applies. This can be written as 
Pr = Pit zpw i (y (14.65b) 





FIGURE 14.5 Incompressible flow inside a curved duct. 
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The dashed line in Figure 14.5 represents the CS. Since the CV does not contain a solid body, 
F, in Equation (14.9) is zero. This equation then reduces to 


j [pf + p (* - £)]ds = 0 (14.66) 
S. 


On the inner surface of the duct, w-A = 0, and the force on the wall of the duct is 


È= Í pads (14.67) 
S 
with 
Y Di 
f,=—, fA, = 2 (14.68) 
Wi W2 
Equation (14.66) becomes 
> 
piAifi, + F + p Añ, + pAw Â + pA wñ =0 (14.69a) 
or 
> ^ ^ 
É = -A,(p, + pwi)fi-As(p; + pw) fy (14.69b) 
From the figure, we have 
A,-|,=-cosa@,  A,- |) = -sina, (14.70a) 
fin + I: = COS), fy + b = -sin œ (14.70b) 
The two force components are given by 
F, = È. f, = Api pw3)cosa; — A (p, + pw) cos œ (14.71a) 
F, = È . f, = A\(p, + pw)sinos + A,(p, + pw2) sin oy (14.71b) 
Since 
1 A. 
Pr + pwr = p,*5pwi f + E (14.72) 
A» 


we obtain the result 


F, an Af .pwil, (Ar? 
— = {1+-—Jcosa, -—41+—|1+4+ (2) COS Œ (14.73a) 
Pı : A, 2p, A5 2 
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F pwi A5 pwi AN 
" =/1+ c sing, + 414 — (2) sina (14.73b) 
A ( Pı i zl 2p, rs A, : 


The nondimensional force components are thus functions of 0, 05, A,/A,, and pwi /p,,as would 
be expected from dimensional analysis. 
As a check, we consider a straight duct, where 


a=% = 0 (14.74) 

In this case, we have 
F, = (pA+pw’A), — (pA + pw’ A), (14.752) 
F.=0 (14.75b) 


y 


where pA + pw A is called the impulse function. 


14.7 ACYCLIC MOTION 


PRELIMINARY REMARKS 


An ideal fluid is incompressible and inviscid. An acyclical motion refers to an ideal fluid for which 
there is a single-valued velocity potential. In particular, we are concerned with an infinite expanse of 
fluid, with no bounding surface, that contains a finite-sized, solid body. The body is in rectilinear 
motion with a velocity W» (D), which is time-dependent, in a fluid that is otherwise quiescent. In 
contrast to the generality of the momentum theorem, the many restrictions in this subsection will 
limit our presentation to a cursory overview. An introductory discussion is contained in Panton (1984), 
while Karamcheti (1980) presents a more comprehensive, but still introductory, treatment. For an 
advanced treatment, the reader may consult the references contained in Sherwood and Stone (1997). 

In view of the velocity potential requirement, the fluid motion is irrotational. Moreover, the 
theory is not applicable to viscous flows, since these are generally rotational. The single-valued 
restriction means, e.g., that a two-dimensional flow about an infinite cylinder is not permissible. 
As we know, this type of flow may possess an arbitrary amount of circulation about a path that 
encloses the cylinder; consequently, the potential function is not single-valued. In the three- 
dimensional case, however, with a finite-sized body, the circulation about an arbitrary closed path 
is zero, and a potential function is single-valued. We also ignore the hydrostatic pressure, which 
may result in a buoyancy force that can be treated separately. 

Let m, be the mass of a solid body. A first step is to write Newton’s second law for the body as 


> 
mr zd (14.76) 


> > 
where F, is the external force that accelerates, or decelerates, the body, and F, is the pressure force 
on the body induced by its own motion. When We is independent of time, dv,/dt equals zero, and 


È, = ary (14.77) 


Force and Moment Analysis 461 


which is in accord with Newton’s third law, which states that for every action (force) there is an 
equal and opposite reaction. From the point of view of the body, the flow is steady, and the pressure 
force in a steady, potential flow is zero. Hence, both F, and F, are zero. When d wp /dt is nonzero, 
however, the flow is unsteady, and Bernoulli’s equation, Equation (5.19), now contains an unsteady 
term. In this case, the pressure force F, is nonzero, and F, is similarly nonzero. Physically, P, 
represents the force on the body that is required to accelerate it and the fluid that is adjacent to the 
body. As noted, this force is zero only when the fluid motion is steady. 


FLOW ABOUT A SPHERE 


The simplest case is that of a sphere of radius a (Karamcheti, 1980). In this case, we obtain the 
pressure force from an unsteady potential flow solution 


Yo c. 1 dws 
Fy = 75 Pat (14.78) 
where the volume of the sphere is 
V, = Sna’ (14.79) 
Let 
mend 
m = 5 VP (14.80) 
and Equation (14.76) becomes 
> 
fos (m, +m’) (14.81) 


If the magnitude of d [dt is positive, then F » is the force acting on the sphere in order for it to 
accelerate. In part, this force also overcomes the unsteady drag of the sphere. The component of 
F, associated with m’ is the force required to accelerate the fluid that is adjacent to the sphere. 
This component stems from the unsteady pressure force. 

The m’ mass is called the apparent mass; it is also referred to as the added or virtual mass. 
For a sphere, and only for a sphere, m’ equals half of the volume of the sphere times the density 
of the surrounding fluid. Hence, for a sphere in water, the apparent mass force is important. On 
the other hand, for a dense solid body in air, the force is quite negligible (see Problem 14.6). For 
a body with an arbitrary shape, m’ generalizes to a symmetric second-order tensor, called the 
induced-mass tensor. 


14.8 JET-PLATE INTERACTION 


We evaluate the force È w Of a jet that impinges on a plate; see Figure 14.6. Aside from incom- 
pressibility, the jet flow is assumed to be steady, inviscid, two-dimensional, and independent of 
gravity. The pressure outside the jet, in regions I, II, and III, is a constant, p... Bernoulli ’s equation 
holds and, consequently, the flow speed, on the surface of the jet that is exposed to pa, is Wa. 
The jet bifurcates along the stagnation streamline with part of the flow crossing station 1 and the 
remainder crossing station 2. At these stations, which are far removed from the plate, the flow has 
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FIGURE 14.6 Schematic of a jet-plate interaction. 


a uniform speed of w.. At these two asymptotic stations, the flow angles 0; and the plate angles 
at points e and f are respectively equal only when the plate is of infinite lateral extent. The control 
surface is taken as abc...gha. 

By continuity, the b values are related by 


b. = bi+b, (14.82) 


In this analysis, it is simpler to use Equation (14.3) for the momentum theorem with the unsteady 
term deleted. Since the pressure in regions I, II, and III is p. , the only applied force is due to the 
plate; i.e., 


> > ^ ^ 
by zo, mpm (14.83) 


where the minus signs stem from the definition of È w as the fluid force exerted on the plate. 
Equation (14.3) reduces to 


-FA.- FA = p> [a - f) ds (14.84) 


99,1,2 


The various factors inside the integral are given by 


Da = Wels (P +f). = -W> Í ds = b. 
wi = w_(cos 0, |, + sin6,|y), (P fA), = Ww, [^ =b, 
1 
È, = w_(cosd,],— sino), (B.A), = w,, Í ds = b, 
2 
with the result 
-F..- -pw2b., + pw2b,cos 0, + pw2bscos 0; 


-F.,- —pw2b, sin, — pwŻbzsin 0, 


wy 
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These relations can be written in terms of nondimensional force component coefficients 





= b b 

Fyy = Pes 22 (1 —~— cos 0, - — cos e.) (14.85a) 
1 2 b b 
5PW- b, oo E 

= F b b 

Fog SD (z sinÓ, — — sin 6.) (14.85b) 
50 W..b.. bo bo 


per unit width. 
If the flow field is symmetric about the x-axis, then 


bi =b, ==b,, 0=0=90 (14.86a) 
and 
Fyx = 2(1-cos@),  Fw=0 (14.86b) 


For an infinite flat plate, 0 = z/2 and Fwx = 2. This force just equals the momentum flux, 
w..(pw..)b.., of the jet. 

More generally, the force coefficients depend on b; and 6,, which, in turn, depend on the shape 
and location, relative to the jet, of the plate. These parameters can be found from experiment or 
computationally determined. In the latter case, the hodograph transformation (Chow et al., 1995) can 
be used. As discussed in Chapter 7, the independent variables are w and the flow angle 0, while a 
stream function is the dependent variable. An explicit shape for the control surface boundary in the 
hodograph plane, however, requires a flat plate, in contrast to the curved one sketched in Figure 14.6. 
Nevertheless, this approach is useful in the analysis of flaps and thrust reversers (Chow et al., 1995). 
The stream function is governed by a second-order, linear PDE, which is readily solved with a 
centered finite difference scheme. To obtain the solution in the physical plane, the transformation 
equations are then numerically integrated. The force on the plate can be obtained by integrating 
the pressure on the plate, which is obtained with the aid of Bernoulli’s equation. Hence, the 
momentum theorem provides a useful check on the computational analysis. 


14.9 SYRINGE WITH A HYPODERMIC NEEDLE 


The last incompressible example evaluates the force required by a plunger in a syringe; see 
Figure 14.7. The plunger, or piston, is moving into a liquid-filled cylinder at a constant speed w,. 
(The analysis is readily modified for a plunger moving in the opposite direction.) The plunger 
forces the liquid through a slender needle with an inside diameter d. The flow inside the needle 
and cylinder is (quasi-) steady and laminar; i.e., the Reynolds numbers for the needle and cylinder 
are assumed to be below about 2300. The length 4 is considered to be appreciably larger than the 
entrance length; i.e., entrance length effects are neglected. Frictional losses in the cylinder and at 
the entrance to the needle are neglected. Thus, only the friction loss inside the needle is evaluated. Many 
of these assumptions are unnecessary; however, they both clarify and simplify the analysis. Moreover, 
our results are realistic, since the wall shear in the needle is the dominant loss mechanism. Our 
goal is to evaluate the needle drag, or skin friction, F}, and the magnitude of the force F, required 
by the plunger. 
From continuity, we readily obtain 


(14.87) 


=| 
Il 
= 
Il 
sl 
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FIGURE 14.7 Sketch of a syringe with a hypodermic needle. 


for the average flow speed 
=a | 
wl Í idà (14.88) 
A A 


in the needle. A standard energy equation between stations 2 and 3 is 


py d Sa 2 P3 l1 2 
7 + z%W = 8 + 5 OW + gh, (14.89) 
where a is the kinetic energy correction factor 
a= —, [ waa (14.90) 
AW “A 


and h, is the head loss. The device is assumed to be horizontal; hence, any (very minor) gravitational 
force can be neglected. The velocity profile at the needle's entrance, station 2, is taken to be uniform, 
while at station 3 it is assumed to be a fully developed parabolic profile. Hence, the œ; in Equation 
(14.89) are 


and the pressure drop in the needle is given by 


] 2 
Apa = pa- ps = 5pW + pgh, (14.91) 


For laminar pipe flow, the head loss can be written as 


N 


64 Cw 
gh, = y a2 (14.92) 
where the Reynolds number has its usual definition 
Ree (14.93) 
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and 64/Re is the friction factor. With a fully developed flow between stations 2 and 3, the drag force is 


F, = ntdt,, = etd (esos) (14.94) 


Bernoulli's equation holds between stations 1 and 2, 





Pı, l 2_ PpP t 
B * ap = B + 2" (14.952) 
Since w >> w,, we have 
1.2 
Pi-P2 = zPY (14.95b) 
The force on the plunger is 
T 
F, = A CPi- Pan) = ZAPI Pi * Pa~ Paw) (14.96a) 
With p, = Pamp, this becomes 
F, = Ta (50 + Ap.) (14.96) 
With the aid of Equations (14.91) and (14.92), we obtain 
mw 2(1 -2 64 € 
F, = 4 d, (sov Je t Re £) (14.96c) 
Equations (14.94) and (14.96c) achieve the stated objective. 
The ratio of the two forces provides the interesting result 
p , 9t 
d d Red 
Le pc (14.97) 
ig Cae 
p p 2+ 5 


As suggested by Problem 14.7, (64/Re)(4/d) typically exceeds unity, and the rightmost factor is 
then near unity. On the other hand, (d/d,)? is exceedingly small, and consequently F, >> Fy. 
Although the drag force inside the needle is negligible compared to F, its inclusion in the analysis 
is crucial. It corresponds to the large pressure drop, Ap,, across the needle. In turn, this results in 
a relatively high pressure inside the cylinder and, therefore, a sizable plunger force F,. Alternatively, 
the plunger force is required to accelerate the fluid in the cylinder that passes through the needle. 
This is a sizable acceleration, since the flow speed goes from w, to a much larger value of iv in 
the needle. 

The validity of a uniform flow at station 2 might be questioned. This approximation corresponds 
to a, = 1, as compared, e.g., to a parabolic profile with œ = 2. The chosen value for c, leads to 
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the 2 that appears in the 2 + (64/Re)(€/d) term. We observe that the choice of a value for œ, is not 
significant as long as (64/Re)(€/d) is large compared to unity. 
The pressure 


= kl w(i+ 25) 
P2 = P3 3P Red 


can be viewed as an estimate of the average pressure that acts on the contraction between the 
cylinder and needle. The ratio 





64 £ 

p-p, _ | * Rea 
Pı- P3 64 € 
2t gd 


thus describes how the pressure varies in the syringe; its value is typically close to 1/2. An estimate 
for the force on the contraction 


T 
a (45 - dp; 


is quite unnecessary for the preceding analysis. 

The discussion in this section can be contrasted with an inviscid analysis of steady flow through 
a sudden contraction. In this case, w >>w, should not be used, and a quite different result is 
obtained (p, — p4)/( p, — ps) (see Problem 14.16). 


14.10 SHOCK-EXPANSION THEORY 


This theory assumes steady, inviscid, supersonic, two-dimensional flow. Although not essential, a 
perfect gas is usually assumed. In its simplest form, it utilizes a mixture of planar, oblique, attached 
shock waves and centered Prandtl-Meyer expansions. For instance, Figure 14.8(a) shows a quadri- 
lateral airfoil in which the bow and tail shocks are attached and the Mach numbers M, and M; 
are supersonic. The theory actually requires these conditions. We have uniform flow in regions 1 
through 4 with a constant pressure along the wall in each of these regions. The lift and drag 
coefficients are thus easily calculated. Note that this evaluation does not involve any tail shock or 
slipstream calculations. 

The assumption of uniform flow along the four planar surfaces of Figure 14.8(a) is not always 
correct. For instance, if surface 1 is relatively short, as sketched in Figure 14.8(b), the wave reflected 
from the upper shock may impinge on surface 2, thereby altering the pressure along the downstream 
part of this surface. (The interaction of an expansion with a planar shock is discussed in detail in 
Chapter 11, while Problem 14.14 deals with the possible impingement of the reflected wave on 
surface 2.) The reflected wave, however, is generally quite weak (Eggers et al., 1955). Consequently, 
in its simplest form, the theory ignores the effect of reflected waves (see Section 6.3). 

The presence of shocks guarantees a positive drag for any configuration. Physically, this is 
apparent for the airfoil sketched in Figure 14.8(a) from the relatively high pressure on surfaces 1 
and 3 and the relatively low pressure on surfaces 2 and 4. On the other hand, the lift may be positive 
or negative. Although not apparent in the analysis, there is a downwash velocity component 
whenever the lift is positive. This holds for any freestream speed, including hypersonic, and is a 
direct requirement of Newton's third law. 

As with supersonic thin airfoil theory, the method ignores contributions caused by a viscous 
boundary layer. These contributions are in the form of skin friction and a boundary-layer displacement 
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FIGURE 14.8 Shock-expansion sketches for a quadrilateral airfoil. 


thickness that alters the location and strength of the shock and expansion waves. Generally, the 
effect of the boundary layer is quite small; e.g., the skin friction contribution to the drag is much 
less than that of the pressure. There are, however, two situations when the effect of the boundary 
layer is important and cannot be ignored. If boundary-layer separation occurs on one of the surfaces, 
the inviscid flow sketched in Figure 14.8(a) is inappropriate. As in subsonic flow, separation is 
most likely to occur at a relatively large angle of attack. Secondly, if the airfoil is slender (i.e., its 
maximum thickness to chord length is small), the strengths of the shock and expansion waves are 
also small. (A small angle of attack is again assumed.) On the other hand, the integrated skin 
friction contribution, especially if most of the boundary layer is turbulent, may become significant. 
These comments apply equally well to thin airfoil theory. 


Lirr AND DRAG COEFFICIENTS OF A QUADRILATERAL AIRFOIL 


Emanuel (1986), Appendix G, provides general lift and drag relations for the quadrilateral airfoil 
pictured in Figure 14.8(c) when the reflected waves are weak or do not intersect the airfoil. The 
relevant coefficients, per unit span, are defined as 


24 2d 
c 


P E (14.98) 
(pw ).c (PW )«c 


Ce 
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where 4 and d are the lift and drag, c is the chord length, and 


(pw^). = yp.M. (14.99) 


Since a constant value is presumed for the ratio of specific heats y, a perfect gas is assumed. The 
overall lift and drag are written as 


f= Şe, d = Ya (14.100) 
i=1 


i=1 


where, for instance, for surface 1 we have 


. sin by 
f£, = —p,L,cos(@, — a), d, = p,L,sin($, — o), L, = —————c 14.101 
1 Pity (6, ) 1 piL,sin($, ) 1 sin(, + Q) ( ) 
Here, L is the length of surface 1 and a is the angle of attack. We thus obtain 
cC = ze ugs n ocos - o) P4 + sing, cos(@, + rd 
yYM. sin($ + $7) Po D. 
+ STE sin ecos(g, + a) 23 + sin @,cos(@4— or | (14.102) 
sin( 3 + $4) Po Po . 
Bae STH sindesin(g — o)? — sind, sin (Q + e 
yM; | Sin(¢, + $2) Po Po 
1 P i P3 ^ $ | 
+ ————__| sing, sin(@3 — ©) — — sin@3sin( od, — 6) — 14.103 
dn (gj iino- a) — sinó,sin($, = 0) Ë | (14.103) 


Evaluation of the two coefficients requires a knowledge of y, M.., Œ, @,, and p;/p,, for i = 
1,...,4. The pressure ratios, of course, are determined by shock and Prandtl-Meyer formulas. When 
the chord is defined as passing through the leading and trailing edges of the airfoil, as in Figure 
14.8(c), the lift coefficient may not be zero when o = 0. In fact, it may be positive or negative. 
With («2 0, there is an attached shock upstream of surface 1 when 6$, > œ; otherwise, there is a 
Prandtl-Meyer expansion. A similar statement holds for surface 3. Problem 14.8 develops the 
corresponding equation for the pitching moment. 


COMMENTS 


Shock-expansion theory is applicable to airfoils with curved surfaces, as sketched in Figure 14.9. 
The lift and drag coefficients are obtained as integrals over the surface that involve the appropriate 
components of the pressure force. The bow shock must be attached; hence, the sharp leading edge, 
and the effect of reflected waves, should be considered for a relatively thick airfoil. Generally, 
shock-expansion theory provides results in good accord with more exact inviscid method-of- 
characteristic calculations. Further discussion can be found in the papers by Eggers et al. (1955) 
and Mahony (1955), and in the report by Waldman and Probstein (1957). 
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FIGURE 14.9 Shock-expansion schematic for a lens-shaped airfoil. 


INTERFERENCE 


We utilize simple shock-expansion theory to obtain the drag for a quadrilateral airfoil that is symmetric 
about the x-axis. In view of symmetry and a zero incidence, there is no lift, and only wave drag is 
present. As we shall see, the magnitude of the drag is strongly influenced by interference, or an 
interaction, between the expansion and the shock waves. The interaction stems from the shape of the 
wave-generating body and may occur at some distance from the surface. Nevertheless, this interaction 
is associated with the pressure force on the surface. It is not necessary, however, to analyze the 
complicated interference flow field, as is done in Chapter 11, when shock-expansion theory can directly 
provide the surface pressure force. In this case, the wave drag can be associated with the airfoil’s 
thickness. Problem 14.17 investigates the simpler case of the wave drag of a symmetric wedge, where 
there is no interference. The results of this problem show a strong dependence on the freestream Mach 
number and a faster-than-linear increase with the half-angle, which represents the wedge’s thickness. 

An introductory discussion of interference can be found in Liepmann and Roshko (1957, Section 
4.19), which examines the interference that occurs with a Busemann biplane. A weak wave 
approximation is used for the internal flow between the two symmetric, triangular-shaped airfoils. 
When there is wave cancellation, i.e., favorable interference, the wave drag goes to zero in the 
weak wave approximation. The drag, however, is sensitive to the ratio of the gap between airfoils 
to the chord length. 

The illustrative example considered here is for an external flow. It is more realistic than that for a 
Busemann biplane, in part because the weak wave approximation is not utilized. For simplicity, the 
presentation is limited to steady, supersonic, inviscid, two-dimensional flow of a perfect gas. These 
assumptions similarly apply to the analysis of the Busemann biplane. As before, we assume the tail 
shocks are attached and the Mach number, M, behind the attached bow shock is supersonic. As we 
shall see, the attached tail shock condition is important. The centered expansion waves interact with 
both the bow and tail shocks. The strength and nature (i.e., favorable or unfavorable interference) of the 
interaction depends on the relative strengths of the waves and their locations with respect to each other. 

Figure 14.10 shows a sketch of the upper half of the symmetric airfoil. Its geometry is controlled 
by the thickness parameter 


a 2h (14.104) 
C 


and the half angle $,. The planform area, projected frontal area, and cross-sectional area are all fixed 
once T and the chord length are specified. We thus examine the dependence of c, on $, with 
fixed values for M. and 7. This is equivalent to moving the shoulder that separates regions 1 and 2 
along a line parallel to the x-axis. 

With the symmetry values 


a=0, 63 = $i, a = tr, P3 = Pi, P4 = pa (14.105) 
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FIGURE 14.10 Symmetric quadrilateral airfoil at zero incidence; only the upper half is shown. 


Equation (14.103) reduces to 





_ 4 sin, sing, ( p, A) 
uoo oes decns 
The oblique shock and isentropic relations 
P - zs (yi sin’B, = A (14.1072) 
Pr y- 1 2 W(y-1) 
pop Pi o n|itz M (14.107b) 
Po Pi Po “Pol 1 iM? l 
Po 2 
then yield 
j i 1 +i my? Y/Y — 1) 
T ee EN te (vut sip, - 151) poem (14.106b) 
y(y* DM sin(ó; + 05) 2 1e 15i 
From Figure 14.10, we obtain 
T tan 
Se cm nf 3 (14.108) 
e 


for the half angle @,. The maximum allowable $, value occurs when M, = 1. For example, with 
y = 14, ġ (M, = 1) is 22.5? when M„ = 2 and is 38.5? when M., = 4. At the other extreme, @, 
is a minimum, ia, when the tail shocks detach. With given values for y, M.., and 7, the angle 
Q, is computationally increased from its $,, value but terminates well before the M, = 1 condition 
is reached. 

With y, M.. and @, known, Appendix C is used to evaluate f, while M, is given by the oblique 
shock relation 


1/2 
1 1+ L7 M} sin h, 
M em ets OES (14.109) 
jak : =. 
sin ($; 91) yM? sin, = Lr 
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With 7 specified, the angle à, is next determined by Equation (14.108), after which M, is found 
by iteratively solving 


v(M,) = v(Mi) + 6i * & (14.110) 
where v is the Prandtl-Meyer function. At this point, c; is provided by Equation (14.106b). The 


minimum value for $, is found iteratively using the above, starting with Equation (14.108), in 
conjunction with the detachment equations for the tail shocks. These are 





1/2 1/2 
sinf,, (es p - s pte E 1 ] (14.1112) 


AyM; 1 y*1 y+1 


2.2 
tang, = — Lfübsinf,-1) — (14.1112) 


2(M;sin'B,,- 1) - t [ +H- sin") Mi tan By, 


The last equation is obtained by eliminating tan@,, from Equation (14.108) and the oblique shock 
relation 


M3sin'f,,-1 


caa cie at os Ga es (14.112) 
tan By, [ + (he - in aA 


tano», = 


Figures 14.11(a-c) show results* for y = 1.4, M. = 2, 3, 4, and T = 0.05, 0.1, 0.15, 0.2. A 
comparison of the three panels indicates that c; decreases with increasing M. for given values 
of Tand $,. The actual drag, however, which is proportional to M s Cg, increases. The general trend 
that a thicker airfoil has a larger drag is readily evident. 

For a given curve, the smallest @, value shown is for tail shock detachment, while the largest 
@, value is well below where M, equals unity. The angle @,, depends strongly on T but very weakly 
on M... Thus, when T= 0.05, $,, is approximately 1.47°, while $,,z 6.4? when t= 0.2 for M., 
values in the 2 to 4 range. The airfoil is diamond shaped when @, = $, = $,,, or 


tan Qam = T (14.113) 


For the curves shown, the airfoil is diamond-shaped when 


T Pam 
0.05 2.862° 
0.10 5.711° 
0.15 8.531° 
0.20 11.31° 


Roughly, $,, is about twice $,,. The difference between @,,, and $,, is small for a thin airfoil; 
e.g., Qam — ia = 1.4? when t= 0.05. 





* T am indebted to Mr. T.-L. Ho, who performed the calculations and generated the figure. 
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FIGURE 14.11 The drag coefficient vs. $, when y= 1.4; (a) M. = 2, (b) M. = 3, (c) M. = 4. 
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The strength of the expansion and shock waves varies with $,. For instance, when @, is large, 
e.g., well above @,,,, the bow shocks are relatively strong, while the tail shocks are weak. Similarly, 
when 6, is near $,,, the tail shocks are relatively strong, and the bow shocks are weak. In these 
two extremes, the centered expansion is closer to the stronger shock and can preferentially weaken it. 
When ó$, = 4», the bow and tail shocks are roughly of comparable strength. 

The strength of the expansion, measured by (p, — p2)/p,, only depends on M, and 46, + $». 
This strength has a modest variation with $,, except when c, shows a rapid increase near $,;. This 
increase is prominent at all Mach numbers when 7 is small. In this circumstance, as $, decreases 
toward $,,, à; — and therefore $, + ¢, — increases rapidly. In turn, this results in a small value 
for p,, relative to p,, and a rapidly increasing value for c4. 

Overall, the effect of interference is significant. It is most pronounced when 7 is small, where 
a change in $, can result in a substantial change in c4. For small 7, c; has a minimum value 
slightly above $,,. This condition, however, occurs at a $, value close to where the rapid rise in 
c, takes place. A thin component, such as a fin or strut, may be sensitive to this effect. 

Interference is still important at moderate or large 7 values. For a moderate value of 7, the drag 
coefficient has a minimum value when $, is between @,, and @,,,. At a large T value, c; is a 
minimum at, or near, $,,. In this case, the airfoil has an arrowhead cross-sectional shape. Again, 
the solution is sensitive to $;. Should $, be below 6$,, the tail shocks are no longer attached and 
shock-expansion theory is invalid. In this circumstance, the tail shocks would intersect the airfoil, 
downstream of the expansions, and probably cause boundary-layer separation. 

As is evident, the analysis does not consider the reflection of the expansion wave from the bow 
shock wave. The weak reflected wave may possibly impinge on surface 2 when @, > $4,. As 
indicated in Chapter 11, if impingement does occur, it will be with an expansion wave that will 
increase the drag coefficient. 


14.11 FORCES ON A PARTICLE 


PRELIMINARY REMARKS 


In this chapter, so far, only rather simple examples have been used, such as incompressible flow 
in a duct or supersonic flow over a quadrilateral airfoil. Flow fields of practical interest are generally 
much more complicated, and their analysis with a large computer code is often necessary. For 
instance, consider the still relatively simple case of uniform flow about a smooth sphere or circular 
cylinder. Suppose the Reynolds number is such that the boundary layer on the forward part of the 
sphere or cylinder is laminar and the early part of the wake is also laminar. The downstream wake, 
however, can be transitional and then become turbulent. The flow is thus inherently unsteady, even 
though all boundary conditions are steady. Only when the Reynolds number is relatively small is 
the flow steady and without a wake. At the other extreme in flow speed, a supersonic flow often 
contains a complicated shock wave system with regions of separated flow. Nevertheless, the study 
of simple flow fields is essential for developing solution techniques and understanding the concepts 
involved, but these flows may be of limited practical interest. 

An approach analogous to what is discussed in this section is sometimes appropriate for flows 
encountered in practice. We undertake the inverse task of establishing the motion of a particle 
subject to known forces. This inverse approach is of practical relevance. A similar procedure is 
used in Chapter 12 when discussing internal ballistics. In both cases, the analysis is directly based 
on Newton's second law. 

There are many situations when a gas flow contains liquid or solid particles. A common occurrence 
is with liquid droplets or ice crystals inside a cloud or when they fall to earth. Another example is 
a solid rocket propulsion engine, which frequently contains small amounts of a metal additive, usually 
aluminum or boron, in the otherwise rubber-like propellant. The highly exothermic oxidation of 
the metal additive increases the specific thrust of the engine. When the engine is firing, small 
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micron-size aluminum or boron oxide particles form in the hot gas inside the plenum chamber. 
These particles may hit and erode the wall of the nozzle, especially at the throat where ablative 
inserts are sometimes used. Other applications include the atomized mist of a liquid fuel (e.g., 
diesel fuel) in a combustion chamber, centrifuge operation as in a cyclone separator, or in a seeded 
turbulent flow, where the motion of the small seed particles is monitored by laser beams. 

For simplicity, the equation of motion is obtained for a single, spherical, aerosol-type particle. 
(Surface tension results in a spherical shape for a small liquid droplet.) The effect of the particle on 
the gas flow is ignored. In fact, the gas flow is viewed as if the particle is not present. These assumptions 
hold for small particles whose number density in the flow is not too large. The gas flow itself may 
be steady or unsteady and subsonic or supersonic. Actually, what is relevant is the velocity of the 
particle relative to the adjacent gas flow. This relative velocity is typically much smaller than the gas 
velocity. Our discussion is primarily based on Hinze (1959) and Hourng and Emanuel (1987), 
which can be consulted for additional references. 


DRAG Force 


We consider a sphere, or particle, of diameter d, with a velocity v p. At first, the particle is assumed 
to be in a flow with uniform upstream conditions, denoted by an infinity subscript. A coordinate 
system fixed to the sphere allows us to introduce a conventional drag coefficient 


> 

s 712 NN d ; (14.114) 
P..(W..— w,) (id,/4) 

where p., is the freestream fluid density, Vos Èp is the relative velocity, and nd, /4 is the projected 

frontal area of the particle. In a uniform flow, the drag, F4 , on the particle is aligned with the relative 

velocity. For a particle with a small diameter and with a small relative speed, the drag coefficient 

depends on a particle Reynolds number 


l3 p..d i. 5. 


Re, "a 


(14.115) 


where the density and viscosity are evaluated in the uniform upstream flow. When Re, is less than 
unity, we have Stokes flow in which the pressure and viscous forces dominate. In this type of flow, 
the drag coefficient is approximately 


go (14.116) 


= Re, 


and, since Re, < 1, it is quite large. In this regime, the flow is laminar and the fluid does not separate 
from the surface of the sphere, except at the downstream stagnation point. The particle thus induces 
a nonuniform pressure field in its vicinity in an otherwise globally uniform pressure field. In Stokes 
flow, 1/3 of the drag is due to the induced pressure field; the balance of the drag is viscous. 

Of interest, however, is a flow where the particle Reynolds number may be below or above unity, 
up to about 107; consequently, Equation (14.116) requires considerable modification. At a Reynolds 
number near 20, separation occurs and there is a wake downstream of the sphere. Once a wake is 
present, the pressure force starts to become more prominent, since the downstream wake region, near 
the body, has a relatively low pressure. For instance, by the time the Reynolds number is 10?, the 
forward part of the sphere has a laminar boundary layer and the form (or pressure) drag, associated 
with the separated flow, dominates the now quite small viscous drag. 
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In view of our interest in a Reynolds number that may exceed unity, the drag force in 
Equation (14.112) is written as 


zy 


2 
] zd, 


2 2 
Fa = zP g VY) Cp 





> 
E = Spdplsgn(w — w,)](w - wp) (9 - Èp) Cp (14.117) 


-È 


zy 


where the sgn function is the sign of its argument. Thus, if w — w, is negative, its sgn is -1. Formulas 
for Cp are provided shortly. Typically, the flow of interest may not have a nice uniform upstream 
state. Consequently, p and W now refer to the fluid density and velocity at the center of the sphere 
as if the sphere were not present. Equation (14.117) is thus approximate. 

If the relative velocity is small compared to the speed of sound, there is little error in replacing 
p. with p. However, if this velocity is large, say supersonic, then the error can be significant. 
Equation (14.117) provides the force on a sphere when it is in a steady, uniform flow. When this 
is not the case, correction terms, discussed shortly, are required. 


NEWTON's SECOND Law 


Suppose the particle is subject to an imposed pressure gradient, distinct from the one induced by 
the particle when it is in a uniform flow. The imposed pressure on the surface of the sphere is 
generally not uniform or symmetric. From Equation (14.57), we see that the pressure gradient force 
can be written as 


> 
É, = -—"Vp (14.118) 


where the volume of the sphere is nd, /6. Since the effect of the induced pressure field is accounted 
for in Fa, Fp is only associated with the imposed pressure field. 
There is an apparent mass force on the sphere, given by 





"= 36 lb Di dem 


3 

> _ Ind, (25 2) 

This relation is in accord with the earlier discussion, where the sphere was in a quiescent fluid; 
hence, the acceleration term of the fluid, DWIDI, was not present. 

When the flow is unsteady, the flow pattern near the particle deviates from that of a steady 
flow. This gives rise to a history-dependent so-called Basset force 


> > , 
ER: in) (14.120) 
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t 
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2 0 
If the flow is steady, or if the particle is not highly accelerated relative to the flow, this term can 
be neglected. The relative acceleration can become significant for a small, high-density particle in 
an unsteady gas flow. 
Finally, if a particle is in a shear flow with a uniform pressure, there is a lift force that is normal 
to the relative velocity and is in the direction of the shear with an increasing flow speed. This 
direction is denoted with the unit vector ê. We thus have 


1/2 


2 2 1/24 
F, = 0.5314(pu) "zd,(w—-w,)k è (14.121) 
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where Kis the magnitude of the linear velocity gradient, i.e., the shear, and 0.514 is a nondimensional 
constant. (For an updated discussion on this topic, see Legendre and Magnaudet, 1997.) 
Newton’s second law for the particle now has the form 


3 > 
nd, Dwy 


6 P" Di 


NL 


> 2 E 
= Fa+Fp+Fat Feat 





(14.122) 


The left side is referred to as the inertia force. If this were the only force present, Èp would be a 
constant, and the particle would move in a straight line in accord with Newton’s first law. The first 
part of the apparent mass force can be incorporated with the pressure gradient force, while the 
second part can be included with the inertia force. A buoyancy force has not been included, since 
it was found to be inconsequential in the centrifuge study, described shortly. 

The right side of Equation (14.122) represents the vector sum of the applied forces that act on 
the sphere. These forces should be physically independent of each other. To examine this point, let us 
compare them with the drag, Fa. Remember that this force is associated with a motionless sphere 
in a steady, uniform flow. Clearly, the buoyancy force and unsteady Basset force differ from the 
drag. The apparent mass force accelerates the surrounding fluid and also differs from the drag. 
Finally, the pressure gradient and lift forces can be viewed as correction terms that account for the 
nonuniform flow conditions that may be imposed on the sphere. 


DRAG COEFFICIENT 


Over the years, a number of measurements of the drag coefficient of a sphere in a uniform flow 
have been performed (Morsi and Alexander, 1972). Here, we prefer the empirical correlation of 
Henderson (1976, 1977), which compares well with experiment and covers the continuum, slip, 
transition, and molecular flow regimes. It is valid up to a Reynolds number Re, of about 200 when 
the wake of the sphere starts to transition from laminar to turbulent. The correlation depends on the 
ratio of specific heats y, the particle Reynolds number, the particle-to-gas temperature ratio T,/T, 
and a particle Mach number 
è- Ww 
M,= (14.123) 


E a 





where a is the speed of sound in the gas. For M, <1, the drag coefficient is 


1/2 1/2 d 
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4 0.6 (2) M, 1 — exp (x) (14.1242) 


Note that when M, is zero, we recover Equation (14.116) plus a positive correction term that only 
depends on Re,. For M, 2 1.75, it is given by 
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In the M, region between 1 and 1.75, the coefficient is linearly interpolated using the relation 
Cp(M,, Re,) = Cp(1.0, Re,) + (4/3)(M, — D[C5(1.75, Re,) — Cp(1.0, Re,)] (14.124c) 


where Cj(1.0, Re,) is calculated using Equation (14.1242) with M, = 1.0, and Cp(1.75, Re,) is 
calculated using Equation (14.124b) with M, = 1.75. When M, exceeds unity, the flow is supersonic 
relative to the particle and there is a detached bow shock wave upstream of the sphere. In this 
circumstance, part of the drag is wave drag. For instance, if we set 


T, 
y = 14, T -], M, = 1.75, Re, = 1 


p 


we obtain 
Cp = 2.71 


which is significantly smaller than its Stokes flow counterpart. As pointed out earlier, the (w. — w n 
normalization, however, would be significantly larger in the supersonic case. 


SUPERSONIC VORTEX CENTRIFUGE 


Hourng (1986) and Hourng and Emanuel (1987) examined the feasibility of using a supersonic 
potential vortex as a centrifuge. This is a two-dimensional, homentropic flow where the streamlines 
are concentric circular arcs. On a streamline, fluid properties are constant; e.g., we have 


wr = constant (14.125) 


where w is the flow speed and r is the distance from the symmetry axis. There is a minimum radius 
r,, on which w has a finite maximum value and the Mach number is infinite. As r increases, w and 
M decrease, while the pressure increases. At a radius r', the Mach number equals unity; beyond 
this radius the flow is subsonic. Only the supersonic region is explored, since particle separation 
efficiency increases with Mach number. 

If only the inertia force is present, a particle would travel in a straight line and soon leave the vortex 
flow. It would be collected in a constant pressure region, which bounds the outer edge of the jet. Thus, 
the other forces typically try to keep the particle inside the vortex flow. For instance, the viscous force 
does this by trying to minimize the relative velocity. Similarly, the pressure gradient force is radially 
inward, toward the symmetry axis. 

A supersonic potential vortex is generated by a curved subsonic-supersonic nozzle. (Problem 
14.9 deals with the analysis of a potential vortex.) The design of the nozzle is based on characteristic 
theory (Hourng, 1986). A schematic is shown as Figure 14.12, where r, > r,, and r' > r, The 
nozzle/vortex combination can also be used as an aerodynamic window for the transmission of a 
high-power laser beam (Emanuel, 1986, Chapter 18). 

Of particular interest is the particle trajectory of a micron-sized sphere. Parametric calculations 
(Hourng and Emanuel, 1987) were performed that included all of the above forces except for the 
Basset force, since the flow is steady. These calculations revealed that the effect on the trajectory 
of the temperature of the particle was inconsequential, and that M, was quite subsonic. A compar- 
ative analysis of the forces on the right side of Equation (14.122) showed that the viscous drag 
force was clearly dominant for the large range of cases that were examined. (The calculation would 
have been greatly simplified had this been known beforehand.) As previously noted, the buoyancy 
force is negligible. Thus, the trajectory of a particle stems from a balance of the inertia and drag forces. 
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FIGURE 14.12 Asymmetric nozzle schematic in planar view. 


When written in scalar form with unsteady terms and È g deleted, Equation (14.122) provides 
the trajectory of a small, spherical particle, where Equation (14.124a) provides the drag coefficient. 
The equations are nondimensionalized and conveniently written with cylindrical polar coordinates. 
Two coupled, first-order PDEs are thereby obtained. This system of equations turns out to be 
hyperbolic, where the characteristic lines are the twice-repeated path lines of the particle. As a 
consequence, the equations reduce to three first-order ODEs, where one ODE is the equation for 
the path of the particle. These equations, with appropriate initial conditions, are readily solved 
using a fourth-order Runge-Kutta numerical scheme. 


14.12 ENTROPY GENERATION 


PRELIMINARY REMARKS 


The concept of wave drag is associated with the entropy production caused by shock waves. For 
example, if the airfoil pictured in Figure 14.8(a) were in a subsonic, potential flow, it would have 
no drag and any lift would require circulation about the airfoil. The strength of the circulation is 
determined by the Kutta trailing-edge condition. By way of contrast, in a supersonic flow with 
an attached bow shock, there is no Kutta condition or a corresponding circulation, and the airfoil 
has drag. 

As mentioned earlier in this chapter, the drag of a supersonic thin airfoil can be decomposed 
into angle of attack, camber, and thickness contributions. None of these geometric effects, however, 
is explicitly related to the wave drag. What then is the relationship between shock wave and 
boundary-layer entropy production and the drag? Another question that arises is whether or not the 
tail shocks sketched in Figure 14.8(a) contribute to the drag. Since they do not enter into the shock- 
expansion lift and drag computations, we might anticipate that the attached tail shocks do not 
contribute to the drag. 

These questions are addressed by a result published by Oswatitsch (1980), which is an English 
translation of an earlier article. A generalization of this analysis is presented. 


ASSUMPTIONS AND RESTRICTIONS 


A steady, viscous flow of a gas about a finite-sized body is assumed, as sketched in Figure 14.1. Far 
upstream of the body there is a uniform flow and the surface S., is (temporarily) well-removed from 
the surface S,, of the solid body. The F, force is negligible, and the S,, surface is adiabatic. The 
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wake downstream of the body may be turbulent, but with steady mean values. It is worth noting 
that the analysis, for some time, will not assume a perfect gas. 

Aside from drag, the lift and a side force are also discussed. More importantly, the analysis 
accounts for all dissipative or entropy-producing processes, including boundary layers and the wave 
phenomenon associated with a base region, as occurs on bullets, waveriders, and missiles. The total 
drag for a supersonic vehicle can be subdivided into viscous, wave, form, and the drag due to lift. 
All these are accounted for, and the analysis also applies when the flow is subsonic and shock 
waves are not present. 

The disturbance caused by a moving solid body decays with distance when measured from the 
body. The rate of decay is more rapid in a subsonic flow than in a supersonic flow, since the rate 
of decay of shock waves is relatively slow. (This is evident from the ground-level sonic boom of 
a high-flying, supersonic aircraft.) Nevertheless, because of the finite size of the body, shock waves 
ultimately do decay. In contrast to a semi-infinite cone or wedge, a finite-sized body in a supersonic 
flow always produces expansion waves. As discussed earlier, these waves interact with the shock 
waves and help to gradually weaken them until they become acoustic waves. 

Our basic approach is to utilize the momentum theorem in conjunction with several integral 
relations that stem from Chapters 2 and 3. The only thermodynamic variables that directly appear 
in the mass, momentum, and energy equations are the density, pressure, and enthalpy. To introduce 
the entropy, 5, the enthalpy is replaced with the second law equation 


dp 


dh = Td$ + (14.126) 


The same enthalpy replacement procedure is used when deriving Crocco's relation in Chapter 5. 


SMALL PERTURBATION ANALYSIS 


We presume the 5S., surface is sufficiently far removed from the body such that conditions on it 
are a small perturbation of freestream conditions. On S., we thus write 


p-2p-p. fp-2p-p.  sz2$-S. —. (14.1272) 
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Ww 


= -Ù (14.127b) 
where a prime denotes a small perturbation value. The S, and S, surfaces are not perturbed. 
We can be somewhat more precise about the location of S.. For instance, consider the flow 
field about a supersonic bullet, as sketched in Figure 14.13. For axisymmetric flow, the principal 
features are a curved, detached bow shock, subsonic flow in a region adjacent to the nose of the 
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FIGURE 14.13 Flow field about a bullet in supersonic flight. Only the upper half of the axisymmetric flow 
is shown. 
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bullet, a relatively weak expansion that starts near the bullet’s base, a recompression shock wave, 
and a turbulent wake that gradually spreads and decays downstream of its neck. The S. surface 
is shown as a dashed line. It is chosen such that the viscous force term, £i T, is negligible on it, 
and the relative magnitude of the perturbation variables (p’/p..,...,u’/w..) is small compared to 
unity. Note that perturbation values are zero on the part of S.. upstream of the bow shock. Also 
observe that S,, is extended in the downstream direction in order to allow the wake sufficient time 
to decay. This particular choice for S., is not unique. For instance, if a larger $., surface is used, 
the decrease in the magnitude of the perturbation is compensated for by the increase in the surface 
area of the integral. As we shall later see, a simpler choice for $., is advisable. 
It is convenient to introduce a Cartesian basis such that 


we = wol: (14.128a) 


W = ulvi twi: (14.128b) 


where the z-coordinate velocity component w’ should not be confused with ra . The drag, lift, 
and side force then are 


ke uper (14.129) 








We also need 
2 2 2 2 2 
w^ =(witu’) +v +w” = wz-2w.,u' + HOT 


where HOT stands for higher-order terms. 
The momentum theorem now has the form 


Pe 4 [pf p? (Go - A)lds (14.130) 
5. 


Flow conditions on S„ are assumed to be steady and inviscid. Consequently, continuity and the 
energy equation can be written in integral form [see Problem 14.15 for Equation (14.131b)] 


$ pb “Ads - 0, $ gh; b N, (14.131a,b) 
Ss Soo 


Note that the mass integral is not zero if the addition of engine fuel is considered and the energy 
integral is not zero if the wall of the body is not adiabatic or if hot engine exhaust gas is considered. 
The continuity relation becomes 


$ (pit p Gb. ^) eade 0 (14.132) 
S. 


or 


$ (p. * Â+ pL. - hi ph - hie p^. -Ajds = 0 (14.133) 
Ses 
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where the higher-order term, pw + fi, can be neglected. The first term is evaluated as 
f PE dE EE $ Ady = 0 (14.134) 
We thus obtain the first-order perturbation result 
$ (p. + â+ p'W. * )ds = 0 (14.135) 


for continuity. 
Similarly, the energy equation, which assumes an adiabatic wall, becomes 


$ (Pa +P) h,..+ h’)(b. + A+?’ - f)ds = 0 (14.136) 
5. 
As before, higher-order terms are neglected and 
$ psu Ads 2 p E x) ûds = 0 (14.137) 
Sa S., 


Equation (14.136) reduces to 


$ (p.h’, V, + Ahi {PW + A+ p’w. + A})ds = 0 (14.138) 
S. 


where the integral of the term in braces is zero by virtue of Equation (14.135). With h, defined by 


— 1 2 
h,=h+ 2" 
we have 
h, = h'* w,u' + HOT (14.139) 
Equation (14.126) can be written as 
$ ipa A 1 ^ 
h-T.u- FX (14.140) 


By combining the above, Equation (14.138) yields 


$ (PT.3 +p + pwu’) + Ads) = 0 (14.141) 
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> 2 4 
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Next, Equation (14.130) is written as 





P, 4 (po + p)R + (Pat p) bs - W^)(9s + RW + A)]ds (14.142a) 
S. 


which simplifies to 


fe 4 (ph puw 3|, - A+ Bul pa’ « A p^. - Ads (14.142b) 
Sa 


where, again, the term in braces integrates to zero. We thus have 


2 ^A >T ^ 
Fy = 4 (p'R  p.w.W'|. + f)ds (14.142c) 
So 


for the net force exerted by the fluid on S,,. 
The drag is now written as 


D= -$ (p' + p.w.u'), - Ads (14.143a) 
S. 


With the aid of Equation (14.141), this simplifies to 


pe p-T-$ sL 545 (14.143b) 


Soo 


where i * f is the cosine of the included angle between these two unit vectors. Hence, the drag 
is related to the entropy production within S„, which, in turn, determines $^ on S,,. This funda- 
mental relation also can be written as 


= ptf sl, + Ads - p..à.]. + P Ads 
5. 


5. 


- pT. a «Ads (14.143c) 
S. 


Observe that if the entropy is a constant on $., the drag is then zero. In other words, a steady, 
inviscid, homentropic flow is drag-free. This is expected for what is, in effect, a potential flow. 
This relation clarifies the aerodynamic effect of shock waves. Regardless of location, any shock 
wave inside S., contributes to the vehicle's drag. Consequently, the tail shocks in Figure 14.8(a), 
in fact, contribute to the wave drag. This point is also evident from the previous interference 
discussion. 

Earlier, the location of S, was discussed in a somewhat heuristic manner. Suppose a second 
surface SZ, is considered, where S7, is larger than S,,. The value for the drag should be the same 
for each surface; hence, 


ET: jadis. ET: ads (14.144) 
s, s 


With the aid of the divergence theorem, we observe that Vs is zero in the region between the two 
surfaces. This means that there is negligible entropy production outside of S.. Ultimately, this 
requirement could be used to determine an approximate minimum size for S... 
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We compute the lift and side forces as follows: 


L--$ (pf: i+ paowaw'|s - ds (14.145) 


Soo 


Y=- ql A+ powavh + Ads (14.146) 
Soo 


In contrast to the drag analysis, Equation (14.141) does not simplify either relation. We note, 
however, that the sum of the force components equals 


D+L+Y = -P Ip] -a+ pwu ev e w^]. Alds (14.147) 


So 


where 


S a ie oe 
I2 kelt lk (14.148) 


COMMENTS 


The form of the equations for D, L, and Y suggests that a rectangular parallelpiped might be used 
for S. with the body at the origin; see Figure 14.14. The six planar surfaces are labeled S,_, 
S,_,.--,.5,4, and on these surfaces, we have: 


j}-A=-1, [,-a=0, f,-A=0, S- 
j-a=1, [,-a=0, f,-A=0, Sa 
ba =0, f- à 5 Iean, S- macro 
L:&-0 fesl, [,-A=0, s, 
lh:820 / [,-a=0, f[,-A=-1, S 
L.à20, DPB.A-s0 [,-A=1, Sa 





Sy. 


FIGURE 14.14 5..as a parallelpiped surface. 
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Consequently, the force components simplify to 


Dp. Í Jav +PT. Í [raves (14.150a) 
Sx- Sx 
L- Í foia - Í [rase +P Ww, Í frasz -P W, Í Jon: (14.150b) 
Sg S. S, Syy 


Y= Í [rase - | [rao + D. Wo Í IDE — DW. Í Jon: (14.150c) 
Sy. Sy Sc Sey 


These equations hold for all Mach numbers. For the lift, w’ is conceptually similar to the downwash, 
or upwash, velocity component. From Equation (14.140), observe that the p’ can be replaced with 


p = p. -p.T.3’ = SE pol -pT (14.151) 


where R is the gas constant. 
Equations (14.150) further simplify if, at a supersonic Mach number, the disturbance only 
intersects the S,, downstream surface. In this circumstance, we have 


Dept: Í [yas (14.1522) 
Su 

L = -p.w. Í [won (14.152b) 
Su 

Y = =p. Í Jos (14.152c) 
S 


and the body may still have roll and yaw angles, as well as an incidence angle. Observe that 5^ is 
nonnegative on $,,; hence, D is positive. For positive lift, w’ is negative, as expected. These 
relations clarify the fundamental difference between drag and the other forces. Drag is associated 
with entropy production; the lift and side forces are associated with momentum transfer. 

Despite its generality and elegance, Oswatitsch's (1980) method does not appear to have resulted 
in its application to practical flows. Undoubtedly, determining perturbation quantities on S„ is a 
formidable task. While Equations (14.152) are elegant in their simplicity, an obvious detriment is 
that $,, must be sufficiently far downstream of the body for a perturbation solution to hold. This 
large separation distance, made larger by the presence of shock waves, is a serious difficulty for 
CFD codes. In the next section, however, formulas are derived for the force and moment components 
on a supersonic vehicle that avoids this difficulty. 

One exception is the transonic analysis of Inger (1993), where the drag of a supercritical airfoil 
in inviscid flow is evaluated. Figure 14.15 is a sketch showing the principal features of the flow 
field in which the freestream Mach number has a high subsonic value. Note that the shock is 
normal to the wall at the wall and has zero strength where it intersects the sonic line. Because the 
shock is curved, the flow downstream of it is rotational. 
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FIGURE 14.15 Sketch of a supercritical airfoil in transonic flow. 


14.13 FORCES AND MOMENTS ON A SUPERSONIC VEHICLE 


INTRODUCTORY REMARKS 


There has been an effort over many decades to analyze wind tunnel wake data for the lift and drag 
and to decompose the drag into profile, induced, vortex, entropy, enthalpy, etc. components. More 
recent contributions (e.g., see Chatterjee and Janus, 1995; Cummings et al., 1996; Hunt et al., 1997; 
Nikfetrat et al., 1992; van Dam and Nikfetrat, 1992; and Wu et al., 1979) have increased our under- 
standing of drag and our CFD capabilities. Nevertheless, Takahashi (1997) has discussed several 
difficulties inherent in this approach. Historically, drag has been analyzed by decomposing it into 
somewhat arbitrary components. This is often done by introducing a potential function, stream function, 
and the vorticity, and analyzing the flow in a wake or cross-flow plane downstream of the vehicle. This 
is generally preferable to a difficult integration of the pressure and skin friction over the vehicle’s 
surface. In turn, a mean steady flow is required when there is turbulence, whose analysis still requires 
an ad hoc treatment. Moreover, these studies typically only deal with subsonic and/or transonic flows. 

Our discussion is an outgrowth of the above references and the preceding section. Major 
differences are that a perturbation procedure is not utilized; all force components, not just the drag, 
and the moment of momentum are evaluated; the flow may be unsteady; and the viscous force is 
treated differently. The analysis is thus a generalization of previous work. By not using a perturbation 
procedure, the downstream surface can be relocated in close proximity to the vehicle, which may 
be an aircraft or a missile. As with Equations (14.152), a near-field solution is required that 
encompasses this plane, which we now rename the cross-flow plane, S,; see Figure 14.16. In a 
supersonic flow, a solution is only required over that portion of S, enclosed by the curve C,. This 
curve is generated by the intersection of the bow shock and the cross-flow plane. The volumetric 
extent of an Euler or Navier-Stokes solution is thereby limited, and its generation is now practical. 
Although the discussion presumes a CFD solution, cross-flow plane experimental data may also 
be used. If the data in this plane are for a viscous flow, the total drag contains wave, lift, form, and 
viscous contributions, as in the preceding section. These contributions, of course, also include 
interference effects. 

In order to focus the discussion, a supersonic vehicle in steady flight is assumed. The flow field 
downstream of the bow shock, however, may be unsteady, e.g., in the wake. Thus, the bow shock and 
cross-flow plane are steady and in fixed positions relative to the vehicle. For purposes of simplicity, the 
presence of engines is ignored. This is often done in preliminary aerodynamic studies. Engines can be 
modeled, e.g., by placing mass, momentum, and energy sources at their location (Cummings et al., 1996). 

The drag is not subdivided into the components mentioned earlier, which, from a CFD view- 
point, would represent a misplaced emphasis. Instead, the focus is on the use of primitive variables, 
such as the pressure, density, and velocity, rather than on a stream function, potential function, or 
the vorticity. This is also convenient from a CFD viewpoint, which generally provides a near-field 
solution in terms of primitive variables. As a consequence, the cross-flow plane and near-field 
solution match in the choice of dependent and independent variables. As a practical matter, the two 
computations should have a compatible grid structure. We also note that the cross-flow plane 
approach is free of singularities, inconsistencies, and paradoxes to the extent that the near-field 
solution is also free of these difficulties. 
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FIGURE 14.16 Supersonic aircraft with a control surface; (a) side view, (b) rear view. 


Since the boundary layer and the wake will involve turbulent flow, either some type of Reynolds 
averaging or a Direct Numerical Simulation (DNS) is required for the near-field solution. The DNS 
approach (Moin and Mahesh, 1998) utilizes the unsteady Navier-Stokes equations, thereby avoiding 
the closure problem that is associated with any averaging procedure. As long as the solution in the 
cross-flow plane, and, if necessary, in the control volume, is physically correct, we are not concerned 
with how turbulence is modeled. This aspect is therefore not discussed. 

A Cartesian coordinate system, sketched in Figure 14.16, is used in which the x-axis is parallel 
to Ùe, and g is opposite to the positive z-axis. The control surface consists, in part, of the S, and 
S, planes, where S, is upstream of the bow shock. The lateral surface, S, is a streamtube that passes 
through C,. The S, and S, surfaces could be replaced with one just upstream of the bow shock. 
The current approach, however, is analytically simpler. In particular, the shape of the bow shock, 
except for its intersection with the cross-flow plane, is not required. In this regard, shock waves 
may occur inside the control volume. These shocks may intersect with the bow shock, the vehicle, 
or the cross-flow plane. 

Our goal is to reduce the equations for the components of the force and for the components 
of the moment of momentum to a practical computational form, akin to what is done when 
developing a panel method code. 


Force COMPONENTS 


Because of the simplicity of S.., Equation (14.9) can be written as 


= 


> 
È, = -f Ay eb [pi - piv id «m + Ss (14.1532) 
CV ot S. 
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The unsteady integrand can be replaced with one that is free of unsteady terms. The derivation 
utilizes continuity to eliminate dp/dt and a viscous form of Crocco's equation to eliminate delat. 
The complicated result, however, is not worth pursuing. With the Cartesian coordinate system in 
Figure 14.16, we obtain 


> T A ] DE A 3 
Be poA dec pe |, nane own |. [ole oit -h v) J, 596 
A A, cy 


(14.153b) 


where A, is the area in the cross-flow plane enclosed by C,. It is also the S, area. Since 


$ ûds = 0 (14.154a) 
5. 
implies 
Í ûds = 0 (14.154b) 
5, 
we have 
2 2, 4 n 21 9 pw) 
Fy = A.(p+ pw e-f [pf + puw — |. - las- | "o dh (14.153c) 
A, cv 
where 


È = uk+ vi +w: (14.155) 


The first term on the right side is recognized as the impulse function for the freestream flow through A,. 
Equation (14.23), with ñ = as is used for the evaluation of the |x - € term. We thus obtain 


L-?=AL+4+4], (14.156) 
where (see Problem 14.10) 
EUR PEE 
A, = (u - Suv wt 207. (14.1572) 
_ (du ov 
A, = (F + 2) (14.157b) 


du | 9 :) (14.157€) 


A, = (25s 
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Note that all of the terms in the area integral in Equation (14.153c) are evaluated at x = x, and over 
the A, area, where ds = dydz. The numerical values for p, the components of Y , and the derivatives 
of these components, evaluated in the cross-flow plane, come from a numerical near-field solution 
of the Navier-Stokes or Euler equations. Similarly, the volumetric integral can be written as 





Ape), rf Apu), rtf Apv), pf Apw) 
Pay = on P as z as] Pray (14.158) 


CV 


These integrals extend from the bow shock to the S, surface, exclusive of the vehicle itself. The 
right side of Equation (14.153c) is evaluated at a given instant of time. At that time, part of the 
flow in the cross-flow plane may be laminar, transitional, or turbulent. Remember that Equation 
(14.23) is a general viscous relation. If a steady, mean, viscous flow is utilized, then the volumetric 
integrals are zero, but a Reynolds stress term needs to be incorporated. 

With Equations (14.129), the force components have the computationally convenient form 


D = (pps A - [| pe pé -Agdyaz- | WPa (14.1592) 
A, cy ot 
L= -Í (puw — A,)dydz— Í pw) jy (14.159b) 
A, cy ot 
Y= -| (puv — A,)dydz - Í Xpv) 5, (14.159c) 
A, cy ot 


In the drag formula, 
(p+ pw’). = (Y+ Dp.M. (14.160) 


and the right-hand side consists of a difference of impulse functions, a viscous term, and an unsteady 
term. 


DISCUSSION 


If the flow is steady and incompressible, the drag simplifies to 
2 2 ou 
D = (pt+pw) A.-] (p*pu)dydz-2| pU=dydz 
A, A, ox 


Thus, D is given by an impulse function difference and a viscous term, which would not be present 
in a Euler calculation. More generally, there is a wake momentum deficit, which appears as a 
reduced value for p + pu?. When the cross-flow plane is far downstream of the vehicle, the deficit 
appears as a reduced value for pu?. In any case, a sharply reduced value for p + pu? means a large 
drag. It is important to note that the shear layers in the wake, which stem from separated boundary 
layers, are a contributor to the momentum deficit. Viscous effects, therefore, are not solely confined 
to the A, term. 
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The bulk viscosity only appears in A,. As in shock wave structure studies, L1, is important here 
and the correct value for it should be used. This is not provided by Stokes’ hypothesis, i.e., u, = 0. 
For air at room temperature, U, is approximately equal to 21/3, and A, is dominated by the 2u x 
Ou/ox term. At significantly higher temperatures, such as about 800 K, u, for air should start to 
greatly exceed u (Emanuel, 1998), and the divergence term becomes important. Temperatures in 
excess of 800 K occur in hypersonic boundary and shear layer flows. As discussed in Chapter 13, 
there is a rapid increase with temperature in 4, relative to u when the vibrational modes of O, and 
N, become active. The importance of u, for the drag, however, does not necessarily extend to a 
near-field Navier-Stokes solution, even at elevated temperatures. Generally, the terms in the com- 
pressible Navier-Stokes equations that contain U, have a negligible impact on the solution 
(Van Dyke, 1962). 

In the lift equation, the puw term represents the downwash when w is negative. Downwash, 
of course, contributes a positive lift force. There is a coupling between drag and the lift through the 
p+ pi? and puw terms. This coupling is referred to as lift-induced drag. A positive lift can be generated 
by the unsteady term, as caused, e.g., by an oscillating wing. For this, asymmetry inside the control 
volume in the z direction is required. This type of lift is also coupled to the drag, since A(pw)/dt 
and O(pu)/dt are not independent of each other. When the flow field and vehicle are symmetric 
about the x, z plane, the side force is zero. This stems from the symmetry properties about the x,z 
plane of p,u,v,..., which causes each term in Y to integrate to zero. 

The integrands in Equations (14.159) can be used for diagnostic purposes. For example, suppose 
the profile of the (p + pw? — A,) integrand in the cross-flow plane exhibits a steep minimum, which 
would correspond to a large drag contribution. Streamlines from this region of the cross-flow plane 
can be extended in the upstream direction to where they encounter that portion of the vehicle 
responsible for the drag contribution. A redesign might reduce the drag. This approach requires 
modification if the drag increase is caused by shock waves internal to the control volume. Never- 
theless, a systematic analysis of integrand profiles in the cross-flow plane and the o( pw)/at profiles 
in the control volume should assist in the analysis and possible improvement of aerodynamic 
performance. 


MOMENT COMPONENTS 


With 


$ p.Pxids=0, (+ A)s,= 0, (Ps, = (Bs, = 0 (14.161) 
S, 


Equation (14.45) becomes 
> 2.44 2 2.44 >_> 
it, = -f (p - p.) f x |.ds* (pw . Pxhas- f pur x wds 
A, A, A, 


2.2 
+] 7 (I e)a- f erR y (14.162) 
A, cv dt 


where A, has the same area as A, but is located in the S, plane. We also utilize 


7 = xl + yly + zl. KE X A= hs ds = dydz (14.163) 
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to assist in obtaining 


? x]. = zy-yle (14.164a) 
?x = (yw — zv)l + (zu- x,w), t(xv- yu)]. (14.164b) 
Ex (i, 2) = (YA, -zA fk + (ZA, - x, AJ + (Ay - A9. (14.164c) 
Í Payde = (xde + yeh + zech) A. (14.164d) 
A, 
where the centroid of the A, surface is 
- xl dyd =<] dyd (14.164e) 
Yee x A, d y Z, Ze = A, i y Z s 


With the foregoing relations, the moment of momentum can be written as 


M = Mj. « Mj Mj. (14.165) 


where 


M, = Í [(zv-yw)pu + yA, — zA,]dydz + f E = A? ay (14.166a) 
A, cv 


M, = (p+ pw). Az. + J [-pz + (x.w — zu) pu + zA,— x, A, ]dydz 
A. 


pw) _Apu) 
AME üt ^ p. |w (14.166b) 


M, = (D+ pw Aet | [py + (yu —x,v) pu + xA, - yA,ldydz 
A 


2 


o(pu) Apv) 
jb nr c Je (14.166c) 


The pitching moment is M,, and its downwash contribution is provided by the (puw)x, term. For 
positive lift, on average w is negative, and the downwash moment contribution is also negative 
when x, is positive. Note the constant contribution to M, and M, that is proportional to (y + 1) 
pM PAG. If the bounding curve C, in the cross-flow plane is symmetric, e.g., with respect to the 
z-axis, then y,, is zero. 


COMMENTS 


The computation of the force and moment components has been reduced to several integrations in 
a cross-flow plane and a control volume. The same information can be obtained by performing a 
variety of integrations over the surface of a vehicle, after a CFD solution has been obtained. There 
may be some inherent advantage, however, to using our approach. It is global, in which the data 
can be conveniently stored for later retrieval and processing. Additional information, such as obtaining 
stability derivatives, may be possible. 
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A possible application would be to use this approach as a link between a near-field CFD solution 
and an optimization code, such as a multidisciplinary design optimization or multicriteria optimi- 
zation code. Geometric and weight, etc., constraints can be imposed. The optimization, e.g., may 
be for maximum range or minimum drag. An iterative procedure between the CFD, cross-flow 
plane, and optimization routines could be used to alter the configuration, thereby generating a 
vehicle with improved performance. 
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PROBLEMS 


14.1 
14.2 


14.3 


14.4 


14.5 


Use an orthonormal basis to verify Equation (14.21). 

Evaluate the CV integral in Equation (14.9) using the divergence theorem and the 
differential form of the momentum equation. What happens when this relation is substi- 
tuted into Equation (14.9)? Can you demonstrate that this result is an identity? 
Assume steady, inviscid flow, without an F, force, and a uniform freestream velocity. 
Also assume that S., does not contain a solid body but that there may be a solid body 
adjacent to part of S... Derive the relations 


M 
o 


$ [(p— p-)â + pÈ -È-)È - A)]ds 


Il 
© 


$ [(p - p.)? XA+ p? x (b - A)]ds 
S 


Show why ? x Y, in the second equation, cannot be written as 7x GP - We). 

There is steady, compressible flow inside a duct with a straight axis. The gas need not 

be perfect, the cross-sectional area A(x) may vary smoothly with x and need not be 

circular, the flow may be viscous with heat transfer, and shock waves may be present. 

(a) Denote flow conditions in a cross-sectional plane with a tilde; e.g., p (x,y,z) and 
W (x,y,z) = fy + », +%,],, where y and z are Cartesian coordinates in the cross- 
sectional plane. How are averaged (one-dimensional) values for p(x), p(x), and w(x) 
to be obtained? 

(b) Assume average values are known, via the part (a) procedure, at the inlet and exit 
planes of the duct. Inside the duct, the flow may be viscous, with shock waves, etc. 
Use the momentum theorem to show that the force on the inside wall of the duct is 
F,, = F,—F,, where F is the impulse function and the 1 and 2 subscripts denote 
average conditions at the inlet and exit planes, respectively. This result is especially 
useful for Fanno and Rayleigh flows. 

The drag coefficient Cp for a sphere in a steady, incompressible, laminar flow is about 

0.4 for the Reynolds number range 


3 _ 2apw 


10°< Re <2x10° 


where a is the radius of the sphere. For potential flow about a sphere, the pressure 
coefficient on the surface of the sphere is 


2(p— 
C,- 2(p - p-) Pe) = 1 -sin'e 
DW. 


where 0 is measured from the positive x-axis; i.e., 0 equals 7 at the upstream stagnation 
point. Laminar flow measurements are in rough accord with this C, over the forward 
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part of the sphere. Downstream of separation, however, C, varies with 0 from —0.6 to 
about —0.35. (This is a relatively small variation.) Obtain a crude, single-number estimate 
for a downstream C, value by modeling the pressure on the forward-facing part of the 
sphere as if it were in potential flow and assuming a constant pressure p,, on the aft 
part. Utilize the above 0.4 drag coefficient value. 

14.6 A large, spherical, hot air balloon rises vertically from the ground. Assume the diameter 
d of the balloon and its internal hot air temperature T',, are constants. For simplicity, also 
assume the surrounding atmosphere has a constant sea-level pressure p. and temperature 
T., where T,,» T, and (Pra = Po). Let m, be the mass of the balloon (including 
its passengers and gondola, but excluding the hot air) and m,, be the hot air mass; both 
masses are assumed constant. 

(a) Write Newton's second law for the balloon. Include gravity, buoyancy, and the 
apparent mass. Simplify your result and determine, as functions of time, the altitude 
Zp, Vertical speed w,, and the magnitude of the acceleration a, of the balloon. 

(b) Determine a; (f) with and without the apparent mass contribution, for the following data: 


d 2 15m, m, = 200kg, T, = 127?C, p. = 1.01 x 10? Pa, 
1.22 kg/m", u. = 1.78 x 10° kg/m-s 


Pu» 


~ 
e 
< 


Evaluate the Reynolds number for the balloon, including the effect of apparent mass 
on its flow speed, as a function of time. After one second of flight, is the flow about 
the balloon laminar or turbulent? (Use the data in part b.) Redo Newton’s second 
law of part (a), but now include a drag coefficient term. This term has viscous and 
pressure (form drag) contributions. Is the pressure contribution redundant with that 
from the apparent mass? Explain. 
14.7 A syringe with a hypodermic needle contains water (p = 10° kg/m?, u = 1.13 x 10? Pa-s). 
The diameters are d = 0.3 mm and d, = 8 mm, while the length of the needle is 5 cm. 
For a volumetric flow rate of 4 x 1077 m?/s, determine w,, w, and the Reynolds numbers 
for the needle and the cylinder, in order to verify that the flow is laminar. Check that the 
entrance length, f,, given by €, = 0.06 Red, is smaller than €. Determine Ap; F4, and F,. 
14.8 Consider a quadrilateral airfoil whose lift and drag coefficients are given by Equations 
(14.102) and (14.103). Introduce a Cartesian coordinate system whose origin is at the 
leading edge of the airfoil and where the x-axis is aligned with the freestream velocity. 
(a) Develop an equation for the force F , per unit span, on the airfoil in terms of c; and c4. 
(b) For visualization purposes only, assume ¢, > œ 0. Develop an equation for the pitching 
moment M,,, per unit span, about the leading edge. Use the convention that a nose-up 
moment is positive, and remember that the unit normal vector f? is into the airfoil. 
(c) Write this result as a pitching moment coefficient 


2M, 
(pw^), c? 


C 
mpg 


The c,,,, equation should be similar in appearance to Equations (14.102) and (14.103). 

(d) Determine the vector Fo that is perpendicular to the line along which F acts. Your 
answer should be in terms of c, cy, and Cm, 

14.9 Use planar cylindrical coordinates, r and 0, to obtain algebraic equations for a perfect 

gas potential vortex. The equations should be for p, p, T, u, and 0, where v and u are the 

r and 0 components of the velocity, respectively. Assume M, and r, are known; see 

Figure 14.12. Your answer should be in terms of stagnation conditions, y, r,/r, and u,,, where 

r,, is the radius where u has its maximum value u,,. Determine equations for r„ and u,,. 
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14.10 (a) Start with Equation (14.23) and derive Equations (14.156) and (14.157). 
(b) Derive Equation (14.164d). 

14.11 Consider steady, incompressible, two-dimensional y 
flow past a symmetric (with respect to the 
x-axis) cylinder. The pressure at stations 1 and 
2 is the same. Use the momentum theorem 








to derive formulas for the drag, d, assuming x 
(a) the lateral surface is a streamtube and b u 

(b) the lateral surface is parallel to the freestream U 

velocity. 1 


14.12 Continue with Problem 14.11 when the wake 
velocity profile has the simple shape shown in the 
sketch. The parameter c is a function of y„/L. 
Write the drag as a drag coefficient, per unit depth, 


d U 
1 2 





C4 = 











and determine c, as a function of c and y,,/L. 

14.13 A pitched baseball (m = 0.1453 kg, d = 7.378 x 10? m) initially travels at 40.23 m/s 
(90 mph) in air (p = 1.177 kg/m’, u = 1.846 x 10 Pa-s). 

(a) Determine the initial value for the Reynolds number. 

(b) Determine the time, 1;,, it takes the baseball to travel 18.3 m (60 ft) in free flight; 
i.e., no external forces act on the moving baseball. 

(c) Neglect the effects of rotation and of gravity and assume laminar flow with a drag 
coefficient of about 0.45, which is approximately correct for a smooth sphere at the 
Reynolds number of part (a). Determine the flight time, tam- 

(d) Assume turbulent flow with a drag coefficient of about 0.15, and determine the time 
of flight, ¢,,,,. How significant is the difference between tym and tup? 

14.14 The sketch shows the leading and trailing edges of 
the expansion and the right-running C character- 
istic that starts where the LE and shock intersect. 
Additional notation is provided by Figure 14.10. 
If point e is downstream of point c, then the 
reflected wave does not alter the pressure distri- 
bution on the surface of the quadrilateral. 

(a) Establish gas dynamic equations, in the 
proper sequence, for determining M, and M,. Assume use of a chart for the shock 
wave angle f, and a normal shock table. 

(b) Establish equations for x,/c, y,/c, x,/c, and y,/c in terms of known parameters, such 
as T, Q,..... 

(c) The equation for the coordinates, r,1], of a point on the C_ characteristic inside the 
expansion is 








(y+ D/(O- 1) 
1/2 z 
YEI y-1Mi-1 
2X, 2 X 
1/2 


MCN E e 


1/2 
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where v, = v(M,) is the Prandtl-Meyer function. Derive this equation. Use this result 
to obtain an equation for r;/c. Determine equations for x,/c and y,/c. 

(d) Establish an equation for x,/c. 

(e) With 


oo 


y= 1.4, M,, = 3, Q = 12°, T=0.15 
determine values for: 
xc, Yale, xjc, yye, Xgle, yale, xc 


Repeat the above calculation with M, = 2. 

14.15 Show the equivalence of Equation (14.131b) and Dh,/Dt = 0. 

14.16 Consider steady, inviscid, incompressible flow through a sudden contraction (see Figure 
14.7). Assume the inlet and exit areas, A, and A,, are known, along with p, w,, and p,(= 
Pamp). The cross-sectional areas need not be circular. Determine the normalized magnitude 
of the force F,/(p,A,) on the contraction and the pressure ratio (p,— p) (p,— P2), where 
p.is an estimate of the average pressure on the contraction and does not equal the ambient 
pressure. 

14.17 The wave drag is to be evaluated for a symmetric wedge of half-angle 0 when the two 
shocks are attached and planar. Ignore viscous effects and the base drag. 
(a) Derive an equation for the drag coefficient that only depends on y, M., 0, and f. 
(b) For the values 


y214 M.-22,46, @=2°(2°)22° 


determine f and c, in tabular form and plot c, vs. 0 for the three freestream Mach 
numbers. 


PART IV 


Exact Solutions for a Viscous Flow 





Outline of Part IV 


The study of viscous flow is largely a product of the 20th century. Of course, selected results were 
known at the turn of the century, like the Navier-Stokes equations, Hagen-Poiseuille flow, and 
Rayleigh flow; however, these were isolated results. Nothing in the way of a systematic, consistent 
theory existed. Equally important, what was known often had no bearing on any technology. The 
one relevant technology was hydraulics, which was primarily empirical. Starting with Prandtl and 
his discovery of the boundary layer, viscous flow has become a major component of fluid dynamics. 

The three short chapters in Part IV are limited to large Reynolds number laminar flows. Low 
Reynolds number flows are interesting but are limited in application to tribology and aerosol 
aerodynamics. 

As we have seen, the governing equations are coupled and nonlinear. Consequently, no general 
solution is possible. Exact solutions exist only for special cases and these frequently require an 
incompressible flow with constant fluid properties. However, the primary simplification is usually 
a reduction in the number of independent variables. Chapters 15 through 17, therefore, consider 
flows that are independent of at least two of the x, y, z, and t variables. 

The term “exact solution" is used rather loosely. For instance, if the partial differential equations 
can be reduced to ordinary differential equations, we consider the problem as solved even though 
the ordinary differential equations may require numerical integration. A second caveat is that the 
solution may be exact only in a limited region of the flow, such as in the immediate vicinity of a 
stagnation point. Finally, the exact designation does not necessarily extend to the solution of the 
energy equation. 

It is not possible, or useful, to attempt to survey all known exact solutions. Instead, we 
concentrate on three that are the most physically interesting examples. Chapter 15 considers 
Rayleigh flow, also known as Stokes’ first problem. It is the only unsteady one among the examples. 
Since the fluid is incompressible, the energy equation is decoupled from the others. Nevertheless, 
we shall solve the energy equation, thereby determining the temperature field. 

The second exact solution is for Couette flow, Chapter 16. Strictly speaking, this flow is 
incompressible, since the density is constant along a streamline. In our approach, however, the 
density varies from streamline to streamline, thereby resulting in a variable property flow. Here too, 
we solve the energy equation. A different approach would be followed if the density were a constant 
everywhere. 

The last example, in Chapter 17, is for incompressible two-dimensional or axisymmetric stagna- 
tion point flow. For this flow, the solution for the pressure and velocity is limited to the immediate 
vicinity of the stagnation point. Additional assumptions are required for the solution of the energy 
equation for the temperature field. 
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1 5 Rayleigh Flow 


15.1 PRELIMINARY REMARKS 


Initially, there is a quiescent incompressible fluid in the half space above an infinite, smooth flat 
plate. At time f = 0, the plate impulsively moves parallel to itself at a constant speed U, as sketched 
in Figure 15.1. Because of viscosity, the fluid adjacent to the plate also moves with speed U. With 
increasing distance above the plate, the speed gradually decreases to zero. We choose the x-axis to 
be in the direction of motion and the y-axis to be perpendicular to the plate. 

An infinity subscript is used to denote constant conditions as y — œ. Before any motion, the 
plate and fluid have a uniform temperature, 7... After t = 0, we assume an adiabatic wall; other 
wall temperature assumptions are possible, such as a constant value T... 

Because of its conceptual simplicity, a number of Rayleigh flow generalizations have been 
investigated. For example, the case of incompressible turbulent flow has been studied (Crow, 1968). 
A second category is provided by bodies that impulsively move in a laminar incompressible fluid 
in a direction perpendicular to their cross section (Batchelor, 1954; Wu and Wu, 1964), such as a 
circular or rectangular cylinder that impulsively moves along its axis. In each of these cases, the 
flow inside and outside the cylinder has been determined. Another example would be a wedge 
consisting of two semi-finite planar walls that move parallel to the intersection line where the walls 
meet. Àn additional example is provided by Problem 15.4. A third category allows the fluid to be 
compressible (Van Dyke, 1952) (see Problem 15.1). Viscous dissipation then heats the fluid, which 
induces a velocity component normal to the wall that results in a shock wave motion that is directed 
away from the wall. 

The above extensions are all mathematically quite complicated. We, thus, focus on the classical 
problem outlined in the opening two paragraphs. From this description, the following simplifications 
are self-evident: 


—=—=0, w = 0 (the z component of v?) 


Thus, y and ¢ are the only independent variables. The continuity equation is 


9p , 9pv _ 
a oe 7.9 
y, 
u 
— X 
U 


FIGURE 15.1 Rayleigh flow schematic. 
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and if the flow were compressible, v would not be zero. However, for an incompressible flow, 
V = 0 and the x-momentum and energy equations reduce to 


Qu . 9 (Hu du 

ot a F) ee) 
9 _ 9(k9T) u(2uY 
Qc i 2 3) 550) de) 


All variables are dimensional, and the rightmost term in the energy equation is the viscous dissi- 
pation function divided by p. 
We are to obtain a solution when 


subject to the initial and boundary conditions 


u(y,0) 20, u(0,t)=U, u(~,t) 20 


15.3 
T(y, 0) x T s (0, t) = 0, T (9, t) = T. ( ) 


The above equations and associated conditions are sufficient only for determining u and T. To 
eliminate the enthalpy, we set 


h = c,T, c 


p p constant 


Since the pressure does not appear in Equation (15.1), we can set it equal to p,, and replace Equation 
(15.2) with 


where 
œ = thermal diffusivity = —- (15.5a) 
Cpp 
v = kinematic viscosity = s (15.5b) 


To effect a simple solution, we further assume v and œ are constants. This uncouples the momen- 
tum equation from the energy equation and further simplifies both equations. In the next section, the 
solution for u is first obtained, after which the temperature solution is found. The section concludes 
by discussing vorticity and viscous dissipation. 
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15.2 SOLUTION 
SOLUTION OF THE MOMENTUM EQUATION 


The momentum equation, which is linear, 


ðu du 
Ot = "ay. (15.6) 


is transformed into an ordinary differential equation (ODE) by the substitution 


pees W s 15.7 
n= ome pO (15.7) 


where 7) is a nondimensional similarity variable. The resulting equation is 
f"+2nf’ = 0 (15.8a) 
where a prime denotes differentiation with respect to 7. The boundary conditions are 
Ju m d. SSO (15.8b) 


which are consistent with those for u(y, t). By means of a similarity substitution, we reduced the 
PDE for u and its boundary and initial conditions into an ODE problem. As we will see, this method 
of solution is frequently encountered in viscous flows. The similarity solution of Equation (15.8) is 


7 = f(n) = 1-erfn (15.9) 
where the error function is defined by 
2p us 
erf 1] UM) e” dz (15.10) 
m Jo 


and z is a dummy integration variable. 

As r] increases, the error function approaches unity, as is evident in Figure 15.2. There is thus 
a viscous layer whose thickness is of order n = 2, since erf(2) = 0.995. We denote the thickness 
of the layer as 6, in which case 


200^ — 
or 
ó = 4(vt)? (15.11) 


This thickness increases as "^ as more of the fluid is brought under the influence of the moving wall. 
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L- - 
0 0.5 1.0 


FIGURE 15.2 Flow speed and temperature profiles. 

The skin friction is given by 
E -u($) TAEL (£) wei 
is oy), (vr) ? Nd, (av 


while the skin-friction coefficient is 





1/2 
Qu c 2(=) (15.12) 


Thus, both 7, and c, are infinite at t= 0 and decrease as t". If we utilize Equation (15.11) to 
eliminate t, we have 


ô (Uh) 


T 





2 (3 4y! 8/7! 


Hence, c; varies inversely with the Reynolds number U6/v. 
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SOLUTION OF THE ENERGY EQUATION 


We attempt to reduce Equation (15.4) to an ordinary differential equation by introducing the 
similarity variable 7. We, therefore, use 


puit 

T. 
2_ M23 1 y 2_ n2 
ot ot on 22, peð  2tən 
9 opo _ 1 2 
dy dy on Ave ON 
2 -1 cg. 1 ð 


ay 20)” dy an vt gg 


to obtain 





n, oT To T v V (45) 
ey Em ASAN 
c, 4vt\dn 


cu "ag e an? dn 


However, we have 











df | 2 6j 
so that 
pil e ET, US A uy 
Tm 2v dn? 2c,T.. T 
which simplifies to 
2 n * A 
“ r + 2Prn = -f Pree" (15.13) 


where the Eckert number E is U^/ C,T... This Eckert number is similar to the square of a Mach 
number and must be small compared to unity for the incompressible assumption to be valid. In 
this equation, the second derivative term represents conduction, the first derivative term represents 
convection, and the inhomogeneous term on the right side represents viscous dissipation. This term 
is negligible when E is near zero. As n increases, it rapidly decreases in magnitude to zero from 
its wall value of —4PrE/z. The boundary conditions are 


dT Att 
dn © = 0; T (ce) = 1 (15.14) 


Thus, the similarity substitution also reduces the energy equation to an ODE problem. 


506 Analytical Fluid Dynamics 


To simplify the subsequent analysis, we assume the Prandtl number is unity, which does not 
alter the physics of the problem. (Problem 15.3 considers a nonunity Prandtl number.) With this 
alteration, the left side of the energy equation is identical in form to the momentum equation; 
hence, we have two linearly independent solutions for the homogeneous part of Equation (15.13): 


Ti = efn,  T,-21 


The method of variation of parameters can be used for the particular solution of the inhomogeneous 
equation that will satisfy Equations (15.14). We thus have 


" T] 2 n ES 
T = 0+ 5 ({ e erf z dicet nf e az) 
T 0 0 


where c is a constant and again z is a dummy integration variable. Since 
7] 2 1/2 
z T 
Í e” dz = —erf n 
? 2 
and 
n 2 1/2 
2 T 
Í e” erf z dz = - (et ny 


0 


we obtain 


* 


T = c- Arf ny 


The error function satisfies 





n n=0 
erf 1] = 
1, mne 
Consequently, when 7 — ee, we have 
E 
214-2 
c + 5 
with the final result for the temperature 
T-T. E 2 
TE zl! — (erf 1)] (15.15) 


oo 


The derivative of temperature with respect to 7 yields 


2 
LULT AE erf n 


T. dn n” 


and satisfies the adiabatic wall condition. Hence, the Nusselt and Stanton numbers are zero. 
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As with u, the decrease in temperature with increasing n is rapid (see Figure 15.2); e.g., for 
n = 2, we have 


T-T 
T 





= = 934x 10 (E/2) 


oo 


Hence, both the velocity and thermal layers on the plate have thickness on the order of r] = 2. Since 
the velocity layer varies as erf 1], while the thermal layer varies as (erf ny , the thermal layer is 
slightly thicker than the velocity layer, as is evident in Figure 15.2. 


VoRriciTY AND ENTROPY PRODUCTION 


Because of the incompressible assumption, the similarity solution is valid, provided the Eckert 
number £ is small compared to unity. Inasmuch as the Prandtl number is unity, E is the only free 
parameter in the problem. We thus evaluate the behavior of the vorticity and entropy production 
in terms of E, with E being small. For the vorticity, we have 





A 24 C T.E 1/2 24 
È = Vibe Mee TIE ) el, (15.16) 
Tvt 
For the entropy production, we need 
oT~ Ure at nN 
VT = |) Sa ly 
dy c(t) ~~ 
and 
® = u(y 2 pU* an 
oy mt 
Equation (3.17b) then becomes 
2 
pré, = pU? aj , KUE" (ert mÀ 
ur Tt 2 
cpnvtT 
which results in 
2 
Sir Ee f p Efm (15.17) 
c 1 +4[1 - (erf m)? 
ni} +41 cot | a 


where Pr = 1 and Equation (15.15) are utilized. 
Since 


1/2 


ves E E N° 
Tc 
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2 2 
the quantities u/U, T/T.., @, and S; all decay as e ^. or e?" as 7 decreases. This rapid exponential 
decay is typical of both steady and unsteady high Reynolds number boundary layers. Within the 


viscous layer, the ordering with respect to a small value for E is seen to be 





u 
U = O(1) 

m = O(E) 
TI O(E'”) 
Sirr = O(E) 


Actually, the part 5;,, due to viscous dissipation is O(E), while the heat conduction part is smaller, 
since it is of O(E’). (It is worth noting that both contributions to 5;, are positive, in accord with 
the second law.) Hence, the entropy production is primarily due to viscous dissipation in an 
incompressible Rayleigh flow. 
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PROBLEMS 


15.1 Derive the governing equations for compressible Rayleigh flow of a perfect gas and 
establish appropriate initial and boundary conditions. 

15.2 Verify Equation (13.9) for the Rayleigh flow solution of Section 15.2. 

15.3 Assume a constant Prandtl number, where 0 « Pr € 2 and T (0, t) = l for t 2 0. 
(a) Determine 


T = T'(m Pr, E) 
where your solution will involve a quadrature defined by 


T] 


2.2. 
I(n;a,b) = Í e * * erf(bz) dz 


0 


and where a and b are constants. 
(b) Determine the heat transfer to the wall q,,. 

15.4 Consider incompressible Rayleigh flow in which the lower wall impulsively moves with 
a constant speed U,. There is an upper wall, at a distance € from the lower wall, that 
impulsively moves in the same direction and starts at the same time as the lower wall 
but with a constant speed U,. 
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(a) Determine the solution for u(y, f) when 0 < y < £ and t 2 0. (Hint: use Carslaw and 
Jaeger, 1959). 
(b) Determine the vorticity cy, f) and use this result to determine the skin-friction 





coefficients 
21^ 2T, 
Cy, = — Cu = 
fa 2? fb 2 
p U, P U, 


To simplify the c;, and cg, results, introduce the theta function 


03(B; T) = 1+ 2 6" * Teos(2nB) 
n-i 


where T is a variable, not the temperature. 





1 6 Couette Flow 


16.1 PRELIMINARY REMARKS 


Consider two infinite planar, parallel smooth walls separated by a distance €, as sketched in 
Figure 16.1. The upper wall moves with a constant speed U., relative to the lower wall. As shown, 
an x, y coordinate system is used, where x is in the direction of motion of the upper wall. The walls 
are at temperatures T, and T.. We emphasize the similarity with a boundary layer by utilizing a 
wall and freestream notation that is common in boundary-layer analysis. Couette flow is sometimes 
viewed as a simple model for a laminar boundary layer. 
In contrast to Rayleigh flow, we assume a gas with the properties 
Hu T K 


c, = constant, TA =7> xm a (16.1) 


Hence, the Prandtl number is a constant, although not necessarily unity. Although more realistic, 
the case where u and x are proportional to T®, with œ constant, is appreciably more complicated 


and is not considered. 
For this steady flow, we have the simplifications 


—-—-2—-0, w= 0 (thez component of i?) 


From continuity 





we conclude that v = 0, since the density is not constant with y. Thus, the flow speed u and density 
are functions only of y, and the continuity equation is identically satisfied. 
The only nonzero components of the rate-of-deformation tensor are 


Ey = £y, = 


Nie 
S| 
<1 


and, furthermore, 


2 
DS SD. Ware o= u( 5) 


Consequently, the second viscosity coefficient does not enter into the formulation. [This would not 
be the case if the problem were generalized to include blowing and suction on opposite walls (Gonzalez 
amd Emanuel, 1993).] Because 
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FIGURE 16.1 Couette flow schematic. 


the flow is, by definition, incompressible, although the density varies from streamline to streamline; 
we refer to this example as a variable property flow, since u and x also vary with y. 
In the next section, we obtain a solution for u(y) and 7(y) subject to the conditions 


T(0) = T,, T(€) = T., u(0) = 0, u(t) = U. 


Consequently, there is heat transfer at both walls given by 


I E 
ioi gae Www dy )., 


where a negative value for q means the heat transfer is in the negative y direction. At this time, q,, 
and q., may have either sign; however, the net heat transfer at the walls must balance the heat 
generated in the gas by viscous dissipation. In addition, we derive the skin-friction coefficient, 
Stanton number, and Reynolds analogy. (Still other Couette flow properties are found in Problems 
3.3, and 16.2 through 16.5.) The final section deals with an adiabatic lower wall, where the recovery 
temperature and the recovery factor for this wall are derived. 


16.2 SOLUTION 
The F; are given by 


5 d du s s 
F, = > |u F,-F,- 
t dy (x A) ? p 


and the momentum equation in the x direction reduces to 


4 (dt) = 0 
dy Boy B 


Since the only nonzero shear stress is 


we obtain 


utbs (u 2) (16.2) 


Couette Flow 513 


Hence, the shear stress is a constant throughout the flow. This relation will be integrated later, after 
a relation for the temperature is found. Of course, if u is assumed constant, then u varies linearly with y: 


na 

U., £ 
For the y momentum equation, we have 

P o 

dy 


and the pressure is constant and can be set equal to p... 
Equation (13.6c) for energy reduces to 


o-v.d 
or 
duy dq | d(_dT 
Mi) "3 > "a as) S 


Since the leftmost term is positive, we see that g, which may be positive or negative, increases 
with y. Since u du/dy is a constant, we can write 


(Se) = a(S) +o (whe) (nt) 
ED) 7 Play dy" dy) ~ dy" ay 


In combination with Equation (16.3), we obtain 


L (E) uZ) 
dy o) o dy) 


l 
[e] 


which integrates to 


dT ude? dT 
Zae SE n — |) 2- 16.4 
KT s (S). d. (16.4) 
This relation can be written as 
q a uttq, = UTy + Uy 


which exhibits the balance between heat generated by viscous dissipation, ut, and lateral conductive 
heat transfer. Since uT is nonnegative, this relation further verifies that q increases with y, reaching 
a value of U..t,,+q,, at the upper wall. 

To aid in the integration of Equation (16.4), we utilize Equations (16.1), multiply Equation 
(16.4) by c,, and introduce the Prandtl number, to obtain 





d(c,T) d (i ? Prq,, 
— {=p =e 
di TN jPru ü 
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This relation is integrated from the lower wall: 


24 dy' 


1 2 
c,(T -T,,)+>5 Pru = —Prq,, ; 
a 2 J, HOP) 


where a prime indicates a dummy integration variable. However, from Equation (16.2), we have 


[g.jm-z 
o. H o Ow Tw 


which result in 


P 
c,(T-T,)+ sPrue E uy (16.5) 





Thus, T varies quadratically with u. There is a corresponding quadratic relation associated with a 
laminar boundary layer that is due to Crocco. 


NONDIMENSIONALIZATION AND REYNOLDS’ ANALOGY 


At this time it is convenient to introduce nondimensional parameters and variables. For the variables, 
we use 





Note that the 0 transformation cannot be used if T., = T,,. In this case it would be replaced with 
0 = (T/T..). At the two walls, we have 


V(0020, 600-20 


(16.6) 
V(1) = 1, 0(1)21 
With the assumption of a perfect gas, we utilize y, Pr, and 
— U. 
ORT)” 
£ 
Re, = ED 
d 16.7 
ot, (16.7) 
C, = —— 
f p. Ui 
4w 
pa x 
2 PoC pU..AT 


These are the principal nondimensional parameters for Couette flow and for a compressible boundary 
layer. Except for the Stanton number definitions, they were previously encountered in Chapter 13. 
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In the Stanton number, there are three possible choices for AT, which can be written as 


AT = T,-T, 
AT, = T,- T, (16.8) 
AT EUST. 


The first of these is the simplest; it coincides with the film coefficient definition, Equation (13.15). 
However, when AT. = 0, as can happen, this Stanton number is infinite, unless q,, = 0. Thus, the 
first of the above AT., choices is rejected. 

In AT, the recovery temperature T, is used, which will be defined in the next section. We thus 
base the Stanton number definition on AT,, where T, and T,» are the stagnation temperatures at 
the respective walls. In particular, T, is the stagnation temperature of the fluid that is adjacent 
to the upper wall; i.e., 


T= r.(1 + tM.) (16.9) 


There is one dominant reason for this choice; it coincides with the Stanton number definition used 
for a compressible boundary layer. In addition, this Stanton number is well defined when AT. = 0. 
It is also convenient to define the parameters 


, T 
a= Lp, bl 


oo 





With these definitions, the g,,/t,, ratio that appears in Equation (16.5) can be written as 


qv _ [0 - D)Pr * a]U. st 


T a e (16.10) 
and Equation (16.5) becomes 
(1-b)@+aV = [(1=b)Pr+ al v (16.11) 
Equations (16.6) now yield, at the upper wall, 
€; | (1-D)Pr*a (16.12) 


281  l-b+a 


where the ratio on the left side is called Reynolds’ analogy; it represents a skin friction to heat 
transfer ratio. We have shifted from considering 7, and q, as the key unknown parameters to c, and 
St. In the incompressible limit, M. = 0, and when Pr = 1, or when T. = T, , this ratio is unity. 
Since a = 0, the ratio may be less than unity. Observe that the Reynolds number does not appear 
in this equation; it will appear in the analysis shortly. 


SKIN-FRICTION COEFFICIENT AND STANTON NUMBER 


Equation (16.11) provides one equation for c, and St. For a second equation, we need V as a 
function of Y, or vice versa. With 


T 
H = Hop = Hold *(1-5)0] 


oo 
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and a similar relation for x, Equation (16.4) is converted to 


Ber) «a- ner T) eu b+ a -00v va 
= es Ja - Pr « als: 
which simplifies to 
(1- b) 2a yV = U-b)Prta pest 


dY b+(1-b)0 
We eliminate 0 with the aid of Equation (16.11), to obtain 


dV _(-b)Pr+a_ Rest — — 
dY l-b+a b4+(1-b+a)V-aV 


This equation is easily integrated, from the lower wall, with the result 


l-b+a V 
TS d-BPERS[^'0-59v-$v] 


With the aid of Equations (16.6), we now have 


(1-b+a(1+b+$) 


Re,St = I —b)Pr+al_ (16.13) 


and the Y = Y(V) equation simplifies to 


2 


1 a2 
ERR A e PR VN 16.14 
TIT dae b 4a) zy? (16.14) 


Similarly, Equations (16.11) and (16.12) become 


0 = Vll -b+a- aV) (16.15) 
1+b+$ 
Cr = T Ras (16.16) 


Equations (16.14) and (16.15) implicitly provide the velocity and temperature profiles, while 
Equations (16.13) and (16.16) provide the Stanton number and skin-friction coefficient. These 
later equations provide C, and St in terms of y, Pr, M.,, Re., and T,,/T.., or in terms of a, b, Pr, 
and Re... All these parameters are nonnegative, with y2 1. Observe that both c, and St decrease 
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with the Reynolds number as 1/Re... (For a laminar boundary layer, the dependence for both 
parameters is 1/Re"?. However, for a boundary layer, the Reynolds number is based on the length 
along the wall. Consequently, the comparison is not really appropriate.) Both c, and St increase 
with a or with (y — DA. The skin-friction coefficient also increases with 5; thus, a cold wall 
minimizes the skin-friction coefficient. The variation of St with b is more complicated, as discussed 
in Problem 16.2. 


16.3 ADIABATIC WALL 


We now replace 7(0) = T, with the (dT /dy) = 0 condition at the lower wall. From Equation (16.13) 
with St = 0, we obtain 


l+a=b (16.17) 


as the condition for an adiabatic lower wall. The temperature of the gas, T,, that is adjacent to the 
adiabatic wall is obtained from this relation by setting T,, = T,, with the result 


T, . =l Bae 
T ^ 1+ 2 PrM. = |+a (16.18) 


o0 





As noted in conjunction with Equations (16.8), T, is referred to as the recovery temperature (of the 
gas) or the adiabatic wall temperature. When Pr > 1, T, exceeds the stagnation temperature of the 
gas, T,.., at the upper wall. When Pr < 1, T, is less than T,..; T, equals T,., when Pr is unity. For 
many gases, Pr is near 0.7. Recall that the temperature is a balance between conduction and the 
heat generated by viscous dissipation. Since Pr = c,u/K, the balance favors conduction when Pr < 
1, thereby resulting in a reduced gas temperature at the lower wall. 

We next obtain the adiabatic wall temperature distribution from Equation (16.15) as 


= 1+a(1-V’) (16.19) 


We utilize Equations (16.1) and write Equation (16.2) as 





T dV 
T. dY = T. (16.20) 


where the r subscript, hereafter, denotes an adiabatic lower wall. In combination with Equation 
(16.19), we integrate this equation, to obtain 


Re.c,Y = 2(1a)V - av? (16.21) 


This relation is evaluated at the upper wall, which yields the skin-friction coefficient for the lower 
wall 


_ 2(1-4a/3) 


Re (16.22) 


oo 
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(Since Equation (16.16) is not based on an adiabatic wall condition, Equation (16.22) is not obtained 
by combining Equations (16.16) and (16.17).) An adiabatic wall condition is possible only when 


Che 0 


or 


AIO 


If a exceeds 3/4, the heat produced by viscous dissipation is too large to permit the lower wall to 
remain adiabatic in a steady flow. 

The adiabatic wall parameters, 7, and T,, can be viewed as reference quantities and used when 
the lower wall is not adiabatic. For instance, the parameter r 


T,-T 
mio ree 16.2 
r T. —T. (16.23) 


is called the recovery factor. With Equation (16.18) we have 


T T. Pr (13 zT 
fom o———————————— = Pr (16.24) 
T uaque LM. E 


for Couette flow. 
Starting with Equations (16.10) and (16.18), we obtain 


_ £ptw 
dw = U.Pr 





QD T (16.25) 


w 


for a wall with heat transfer, where the (c,T,)/( U. Pr) coefficient is positive. The intuitive presump- 
tion that the lower wall heats the gas if T, > Tp- or if T, > T., is therefore incorrect. No heat 
transfer occurs when T, = T.. Of course, if Pr = 1, then T, — T,- and q, can be written as 





Coty Ty 
= To-To) = —(h,-h 16.2 
du = Ge" Du ~ Toe) = Go Mow ~ how) (16.26) 


and the lower wall heats the gas if T, > T,» 
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PROBLEMS 


16.1 Derive: 
(a) Equation (16.11), starting from Equation (16.5). 
(b) Equation (16.21) and (16.22), starting from Equation (16.20). 
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16.2 (a) Use Equation (16.13) to determine the behavior of Re. St in terms of a, b, and Pr. 
(b) Determine an equation for b*, which is the value when Re. St is an extremum (a 
maximum, minimum, or horizontal inflection point) with respect to b. 
Consider three separate cases: a — 0, Pr — 1, and Pr » 1. What type of extremum 
do we have for a = 0 and Pr = 1? What can you say for Pr > 1? 
(d) Draw a sketch of Re, St vs. b when a = 3, Pr = 0.5. Label all significant points, 
such as the zero values of Re, St. 
16.3 (a) In the diabatic wall case, can the temperature have a maximum or minimum value 
inthe 0 «Y « 1 range? 
(b) If the answer is yes, can the temperature have either a maximum or a minimum value? 
16.4 For a diabatic lower wall, tabulate Y and 0 vs. V for V = 0(0.2)1. For the parameters, utilize 


(c 


— 


y = 1.4, Pr 207, M. = 0.1,1,10, b = 0,1/2,1,2 


Also, tabulate Re,c;, Re.,St, and c,/(2S?). 
16.5 Show that the viscous dissipation ® and entropy production s,,, have minimum values at 


2 
phe icio pend 


Oa Des 6a 


where 0 < Y" «1 when b is in the range 1— a < b < 1 + a. Can you explain these results? 
16.6 Consider an extension of planar Couette flow 
in which a perfect gas is confined to a region 
between two concentric circular cylinders, as 
shown in the sketch. The inner cylinder is 
fixed, while the outer cylinder has a constant 
speed U... 
(a) With the aid of Section 5.6, write the 
governing equations for this problem. 
(b) With the following variables and parameters 


—— M Uo 











r-ri u T-T; 
R= E. V =, 0 = i 
Fo- rj U.. T.-T; 

b= zo pd 

T. Y 


derive Equation (16.12). 
(c) Use Equations (16.1) to derive the cylinder equivalent of Equation (16.14). 
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17.1 PRELIMINARY REMARKS 


We will obtain the solution for a two-dimensional or axisymmetric (without swirl) stagnation point in 
a steady, incompressible flow. This flow is also known as Hiemenz flow, since Hiemenz first inves- 
tigated it in 1911. In conjunction with the incompressible assumption, we also assume that c,, U, 
and K are constants. Furthermore, we later assume that the kinematic viscosity, v is small; i.e., the 
flow is at a large Reynolds number. As shown in Figure 17.1, there is uniform flow far upstream 
of the stagnation point. The location of the inviscid stagnation point is the origin of the coordinate 
system, where x is a radial coordinate in the axisymmetric case. 

The incompressible assumption is often reasonable even in a compressible flow. To illustrate 
this, let us consider a blunt body in hypersonic flow in air. A sketch of the flow field is shown in 
Figure 17.2. Point d denotes the location just downstream of the normal part of the bow shock 
wave. The streamline through this point wets the body. Between point d and the stagnation point, viscous 
and heat transfer effects are negligible, except in a thin boundary layer on the body. Hence, the 
flow external to the boundary layer between these two points is isentropic. In the M., > œ limit, 
we obtain for the stagnation point density p, 


2 x 1/771) 
Po ( yi ) gu YED 
Po T M = |= = 1.073 
Pa 2f 4y 


where the Mach number at point d, M4, equals [(y — 1)/(27)] ba Consequently, when y = 7/5 there 
is only a 7% change in the density along the streamline from point d to the inviscid stagnation point. 

In contrast to Rayleigh and Couette flows, stagnation point flow is of considerable practical 
importance. It serves as the starting solution for the boundary layer downstream of a stagnation 
point. It is also of interest in its own right, since a knowledge of conditions at a stagnation point 
is often essential. This is especially true for heat transfer, since the peak heat transfer frequently 
occurs at the stagnation point. An exception to this occurs when shock wave interference is present. 
A second exception occurs when there is a shoulder with a small radius of curvature. This latter 
configuration is discussed in Section 21.6. 

In the next section, we formulate the problem and provide the inviscid solution. The following two 
sections, respectively, provide the viscous solution for the velocity components and for the temperature. 
The solution for the components requires a numerical solution of an ordinary differential equation. 





FIGURE 17.1 Schematic for a stagnation point flow; x is a radial coordinate when the flow is axisymmetric. 
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shock 


Ml «— Stagnation point 





FIGURE 17.2 Blunt body in a hypersonic flow. 


(Tabulated results are provided in Section 21.8.) On the other hand, the solution for the temperature 
is in terms of a quadrature. 


17.2 FORMULATION 


With the foregoing assumptions, including no dependence on the azimuthal angle, the governing 
equations for incompressible, axisymmetric flow have the form 


O(xu) (xv) . 
2 + xs =0 (17.1a) 
du, ou _ lop 2 u 
u J% +v Jy = 7p EM tV (Vis 5) (17.1b) 
dv, ov _ lop 2 
u Jx +v Jy = p ay + vV.V (17.1c) 


OT ƏT\_ 0p Op i (25) i (2) 
pe) edere (a oa ay 
du ovy 
+u Jy T Ay (17.1d) 
where the axisymmetric form for the Laplacian operator is 


d 


1 
es 
X 


dx oy x 


y? 9^. g 


By introducing o (see Equation (5.65)), these equations can be written as 


a(x u) ax v) . 
E c yO (17.22) 


í,26,,25 Lop, ux "à (17.2b) 
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wv, Ov _ lð 2, 0 ov 
Ha Mag, = sm*v(Vv« 2a) (17.2c) 
OT , OT) = tfu yP) (yp 0 9T 
e (no ty LE AC A e$. a Tor ) 
429 (2) ««(£) u (S wy 
Ox (s x) (17.3) 


where the two-dimensional Laplacian operator in Equations (17.2) and (17.3) is 


2 2 
Vv? La + 2 
ox” oy 
Equations (17.2) and (17.3) hold for both two-dimensional and axisymmetric flow. Because p and 


LL are constants, the continuity and momentum equations are uncoupled from the energy equation. 


STREAM FUNCTION FORMULATION 


The continuity equation is satisfied by introducing a stream function defined by 
] 9 1 1 
duse o = —y,, y 2 ——W, (17.4) 
x7 x x 


We introduce y into the momentum equations and eliminate p by cross differentiation to obtain, 
after some algebra, 


ð ð 
(w3.- vx Jv" yr 2-5. 2W,V,, * Wy += HA 





= Vy ov [- 2V 'y+3(4% J (17.5) 
d. 
where 
4 4 4 
yt = 2 49 g A 
Ox Ox dy oy 
and 


3 9 (V. 
3 Wy Was - 2V, M, V. Vy + WW = E v|- -2v* y- Vk Gels v. 


Consequently, the three partial differential equations are reduced to a single fourth-order equation 
for the stream function. 

After a stream function solution is found that is consistent with the boundary conditions, the 
velocity components u and v are determined by Equations (17.4). The pressure is then found by 
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integrating both scalar momentum equations, written as 


Do. = —HuWuy,—VUy,t V a + o2- 5) 
p X x 
(17.6) 
1, = —HV.— VV, (vv + 2) 
p x 


Remember that Bernoulli's equation, which is much simpler, cannot be used when a flow is viscous. 
A consistent solution can be obtained from Equations (17.6), because we have used 


Pxy = Pyx 


in deriving Equation (17.5). In other words, dp is an exact differential. 

Once u, v, and p are known, the skin friction and pressure force can be computed. Recall that 
the drag (associated with the pressure force) is zero in a two-dimensional potential flow but is not 
zero in a viscous flow. In the last section, the temperature field is found by solving the energy 
equation. After this, the heat transfer to the wall is determined. 


POTENTIAL FLOW SOLUTION 


Before embarking on a viscous flow analysis, it is necessary to examine the two-dimensional, 
potential (or inviscid) flow solution for the flow around a circular cylinder. With o = v = 0, Equation 
(17.5) simplifies to 


o o 
(wx- vex )viv -0 
Or 
Vy, = 0 (17.7) 


where the 7 subscript denotes an inviscid flow. For flow around a cylinder of radius R and without 
circulation, we have 


- Ry 
y; = u.(s = 2) 
X +y 


where the x,y coordinates are defined in Figure 17.3. The first term on the right side represents a 
uniform flow which prevails far upstream; the second term is a doublet at the origin. Here we 
merely quote results, since this flow is a familiar one. We transform to the body-oriented x,y 








stagnation point 


FIGURE 17.3 Inviscid flow about a circular cylinder. 
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coordinates of Figure 17.3 by means of the substitution 


X 


SE 
Sb N x = RO = -Rtan (y/x) 





YS 
or its inverse 
E X E . xX 
= —(y+R = = (y+R = 
x (y )cos z> y=(y )sing 
to obtain 


2 
Sa TR E (17.8) 


E M R 


Since we are only interested in the flow in the vicinity of the stagnation point, we expand this 
relation for large R to obtain 


U 
Y= MU = axy (17.9) 


where a has the value of 2U.,/R. This is a simple but approximate potential flow solution in the 
vicinity of a two-dimensional stagnation point when the upstream flow is uniform. Equation (17.9) 
actually does not satisfy the upstream uniform flow condition, whereas that given by Equation (17.8) 
exactly satisfies this condition. 

The sketch in Figure 17.1 is somewhat deceptive. If the wall were truly planar and infinite, 
there would not be a single stagnation point; in fact, we would have $-0 everywhere. For a 
single stagnation point to occur at a fixed location, the wall should have a finite radius of curvature 
R at the stagnation point; hence, there is a unique value for a. 

The generalization of Equation (17.9) to include axially symmetric flow about a sphere of 
radius R yields 


= a l+o 
y; = EF a y (17.10) 


where a is still 2U.,/R. We thus obtain for the inviscid velocity components 





1% a, 
I yo oy 1+0 
(17.11) 
1 OY; 
Vp SS Se eS 
x? OX 


where u; is nonnegative and v; is nonpositive, in accordance with Figure 17.1. Observe that v; is 
zero on the wall, whereas u; is not, as expected for an inviscid flow. From Bernoulli's equation 


Po 


] 99) D8 Di 
z(u; +v;)+= = 
2 Pp P 


where p, is the inviscid pressure at the stagnation point, we have 





1+0 


2 
Pi = p,- 5p ( r ) ro (17.12) 


for the pressure. 
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17.3 VELOCITY SOLUTION 


We are now in a position to attempt a solution for the viscous flow. Let us surmise that the inviscid 
streamlines are approximately correct. The main effect of viscosity is to deflect the streamlines 
slightly outward away from the wall. Hence, we try a solution, based on Equation (17.10), of the 
form 


a l+o 


et FO) (17.13) 





y = 


for the viscous flow. This is substituted into Equation (17.5), which yields the ordinary differential 
equation 


FU’ + SENS n (o- 1) SEU m 0 (17.14) 


where a prime denotes differentiation with respect to y. We also have for the velocity components 


a 


Ls F’ 
ito” 


1 
“= Wy 
X 


v= -Ly, = -aF 
x 


On the body, where y = 0, the no-slip condition results in 


and a nonzero wall shear 





ECCE RN 
Ty = “($F + z) = oth (17.15) 


where F% #0. Away from the stagnation point, we require that 
V- Vi as aces 
In accordance with Equation (17.10), this is equivalent to 
F(y) œ as yoo 
or 
F’(cc) = 1 
Since F varies as y for a large y, we also have 


F®(%) = 0, n= 2,3,... (17.16) 
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for the higher-order derivatives, a result which will be needed shortly. While the viscous solution 
exactly satisfies the governing equations and the no-slip condition, it only satisfies the approximate 
freestream condition provided by Equation (17.10). In this regard the solution is a local one, valid 
only in the vicinity of the stagnation point. 

We can integrate Equation (17.14) once by first writing it as 


dF” FAE + (o - 1)F’dF’] = 0 


since a 1/dy factor cancels. The middle term is integrated by parts: 





[rae - FF” - | P'ar" = FF" —3F” 
u = F, dv = dF’ 
du = F’dy, v =F" = gE 
dy 


where udv represents the first integrand. Hence, we obtain 
F" 4 a (re- 5p? o-1 p I 
V 2 2 


where c is an integration constant. Since o is either zero or one, the coefficient F of becomes 


gOS Ue 0-9 ix 
2 


NI = 


and we have 


p^ (re I p =c 
v l+o 


We utilize Equation (17.16) and evaluate the left side as y — ©, to obtain 


eae 
^ l+tov 


The equation 


7] a 7] 1 72 _ 
F +o] FF +r (l-F )| = 0 (17.17) 
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and its boundary conditions 

F, = EF = 0, F’(co) = 1 
determine F. The solution depends on the a/v and o parameters. 


DERIVATION OF THE FALKNER-SKAN EQUATION 


In the foregoing, neither F nor y is nondimensional. It is, therefore, desirable to introduce new 
dimensionless variables, 7] and f, as follows: 


ACE 
rr 


paw aA pay (17.18) 











where a prime now denotes differentiation with respect to 7, and 7] is proportional to y, while f is 
similarly proportional to F. We, thus, obtain in place of Equation (17.17) 


iti rer] 


which simplifies to 


f” + ff i (1- f^) 20 (17.192) 


with the boundary conditions 


fv =f =0,  f(e-21 (17.19b) 


Equations (17.19) now depend on only one parameter, o. The equations represent a two-point 
boundary value problem where the solution can be numerically obtained. For this integration a 
value must be guessed for f;. The integration proceeds from 7 = O and must be performed 
repetitively until the condition f'(c») = 1 is satisfied. This equation with the definition 


2 
b= 55 (17.20) 


is known as the Falkner-Skan equation. It is further discussed in Chapter 21, where tabulated results 
are provided. 


Stagnation Point Flow 529 


DISCUSSION 


The corresponding stream function and velocity components are 





(av)? 1+0 
v= ee up 
_lay_lawdn__a_,, 
TCI Jy a0 dy Io 
ype ae y, = -(av) f (17.21) 
X 


Observe that u can be written as 


It is customary to use the 99% value for u/u; to evaluate a velocity thickness 6 of the viscous 
layer. The 6 thickness is arbitrary, since the 99% value is arbitrary. The resulting thickness, however, 
is not sensitive to this value, providing it is not chosen as 100%. With a 99% value for u/u;, t] is 


e 240, o 
1] = |- ô = 
V 2.75, O=1 


Since 6 is independent of x, we have the important result that the viscous boundary layer has a 
constant finite thickness in the stagnation point region. By introducing a = 2U „/R,we obtain 


Il 
© 


5 _ 24+0.350 (17222) 
R (2Re,)? 


where 
Re, = U,R/v 


Equation (17.222) holds even if the Reynolds number is not large, e.g., the flow of oil about a 
circular cylinder. If Re. is large, however, then ó/R is small relative to unity. We are, in effect, 
dealing with a thin laminar boundary layer. Hereafter, we shall presume the Reynolds number to 
be large or v to be small and, consequently, v is much smaller than u. 

It is convenient in boundary-layer theory to normalize 6 by x, with the result 


1/2 
6 _ 2440.35 «t R 7.228) 


x (Re,) 12 \2x 
which is, in terms of a local Reynolds number, 


Re, = U.xlv 
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By utilizing Equations (17.6) and (17.21), we obtain for the 7 pressure gradient, which is 
equivalent to the y pressure gradient, 


-Ó 


pois WF” + SF) 


With the aid of Equation (17.19a), we have for the x pressure gradient 


2 











1 m ^" 2). a 
"EET. vU + ffs") = ae 
Since v is small, we have 
1 
—p,=0 
p? 


To a first approximation, the pressure does not vary laterally across the viscous layer. We can 
readily integrate these equations, to obtain 





" 1 GY 
p = pe-z (1e) (17.23) 


which matches the inviscid pressure, Equation (17.12), at the wall. 
The wall shear stress is given by Equation (17.15) as 


1/2 


Tw = o” pxf 





Hence, the skin-friction coefficient is 











21, 2 1 1/2 7] 1+ 2R ds n” 
ey = 2 ES ax X2 TE a v) px fs = 1/2 SS (45) fo (17.24) 
pui P (ex: a z) (Re,) 


where the rightmost term has a form consistent with Equation (17.22b). It is customary to use u;, 
the inviscid speed external to the boundary layer, rather than U. for the normalization in cp. Also 
note that c, is infinite at the stagnation point even though 7, is zero. This is a result of the 
normalization with u;. 


17.4 TEMPERATURE SOLUTION 


We now consider Equation (17.3) for the temperature. We introduce n, f, and Equation (17.23) for 
the pressure, to obtain 


perite" trt e OST 
esr teen] 
ts] 
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which rearranges to 


ƏT TA. c 
ers f ZIF) Pr 





GS) i Um To 


2 

am 

ee 2T +22) puer 
+ f 





x Ox 1+0 (17.25) 


This equation consists of four types of terms: (i) convective terms on the left side, (ii) an x2’ 
work term, (iii) the 1/Pr heat conduction terms, and (iv) two viscous dissipation terms. As a first 
approximation that is in accordance with the pressure, all terms proportional to v are ignored. 

Observe that T can be a function only of 7 providing the terms proportional to (ax)? are 
neglected. This customary approximation further limits the region of validity of the solution to 
small x values. We thus assume a similarity solution of the form, T = T(n), which eliminates the 
OT Ox terms, to obtain in place of Equation (17.25) 


DE gato (17.26) 


Only convection, given by the rightmost term, and conduction are represented in this equation. In the 
vicinity of a stagnation point viscous dissipation, the work term and all gradients in the x direction 
are small. The equation is a linear one that will be solved after considering boundary conditions. 

This equation requires that the boundary conditions at the wall and external to the thermal layer 
satisfy the similarity assumption. These conditions cannot depend on x. If the wall is made of a 
poorly conducting material, then T,, = constant or g,, = O are appropriate. On the other hand, if 
the wall is made of a highly conductive material, such as oxygen-free copper, then a constant wall 
temperature with x may be restricted to a narrow region in the immediate vicinity of the stagnation 
point. In any case, we assume a constant wall temperature. Consequently, the region of validity of 
the solution for the temperature may be less than that for the velocity components. It is worth noting 
in this context that fis an exact solution of the continuity and momentum equations. (Earlier, when 
dealing with the momentum equations, p, was set equal to zero. However, this is a matter of 
convenience, not of necessity, as shown by Problem 17.3.) As a result of approximating the boundary 
conditions and neglecting numerous terms, the temperature solution is an approximate one. 

For the external inviscid flow, we assume 


T = T, = constant, ] — œ 


This is justified by the incompressible, constant property assumptions, and the small flow speed in 
the vicinity of the stagnation point. It is thus convenient to introduce 


0 = i (17.27) 





and observe that 0 is a function only of 7, since both T. and T„ are constant. (If T, = T., then 
T/T,, would be used for 0.) As a result, Equation (17.26) becomes 


2 
Lx Prim -0 (17.28a) 
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with the boundary conditions 


6,=0, (0) =1 (17.28b) 


w 


[If an adiabatic wall is assumed, then (d0/dn),, = 0 and O(n) = 1 is the solution.] A first integral 
is readily obtained as 





d0 
i (<2) 
To = -Prfdn 
n 
n 
s - ciexp(-Pr f far dr) 


where c, is an integration constant. A second integration results in 


n n” 
0=c&+c Í exp (-Pr f fan’ an’ 
0 0 


where 7)’ and n” are dummy integration variables. Evaluation with the boundary conditions finally 
yields 


n n" 
0- af exp(-Pr Í fan Jan’ (17.29a) 
0 0 


where the two constants are 


-1 


" 
exp| -P d a " 
»( rf ranen (17.29b) 


[fh 


0 


C2 


Observe that 0 and c, depend not only on Pr but also, through f, on the dimensionality parameter o. 
The wall heat flux is given by 


aT aY^ (40 
s e (3), a n). 


However, d@/dn at the wall is c,, which results in 


_ 2e pU. 


Ec e (T, -T 
dw Pr(Re,)? c1( w P) 


In terms of a film coefficient, we have 


Aw = hT,- T.) 
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which yields 


1/2 


2 c,pU. 
h = p 
f Pr(Re,)!? e 


The Stanton and Nusselt numbers are then given by 





h guta 

= f = 1 
RoS pc,U.  Pr(Re.)'? Comm 
Nu = StPrRe, = c,(2Re..)” (17.30b) 


Problem 21.15 shows that c, = G;, with the additional Chapter 21 assumption of Pr = 1. The 
quantity G;, is a nondimensional stagnation temperature gradient at the wall and is given later in 
Table 21.7. It depends on (= 1/2 for o = 1 and 1 for o = 0) and a temperature parameter, g,,, 
which here equals 7,,/T... 
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PROBLEMS 


17.1 


17.2 
17.3 


17.4 
17.5 


Derive Equation (17.5) for steady, incompressible, two-dimensional or axisymmetric 
flow. In terms of y, v, and o, determine equations p,, p,, and @ Simplify your results 
as much as possible. 

Derive Equation (17.14), starting with Equations (17.15) and (17.13). 

For stagnation point flow, derive an exact result for the pressure with the form 


2(p,— p) 
pU = fel Pg Re) 


Show that Equation (17.10) with o = 1 satisfies Equation (17.5). 
The simplest relation for f(n) that satisfies the f,,, fs, and f; the wall condition is 


alien 
fof 


where f; is 1.2326 for a two-dimensional flow and 0.9277 for an axisymmetric flow. 

(a) Use this approximation to obtain the dependence of Rel? St on Pr for both a two- 
dimensional and an axisymmetric flow. 

(b) Explain why the above f can be used even though the feo) = 1 condition is not 
satisfied. 
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17.6 Consider two-dimensional stagnation point flow in es y 
which the freestream speed has an angle œ with y 3 AY 


respect to the wall. 


(a) 


(b) 
(c) 


(d) 
(e 


— 


(f) 


oo 


Show that 


u = a(x+2y cota), v = -ay 





satisfies the freestream orientation angle œ and 
Equations (17.2). Determine p (x,y). Note that 
u, v, and p correspond to inviscid values even though they satisfy the Navier-Stokes 
equations. 

Derive the counterpart to Equations (17.9). 

Utilize a generalization y;; i.e., use 


0 x, u 


y = axF(y)+2aG(y)cota 


along with Equations (17.5) to determine equations for F and G. 

Determine wall and freestream boundary conditions for F and G. In addition, 
establish the condition that the wall attachment point is located at x = 0. 

Integrate the F and G equations once. Perform a second integration of the G 
equation by setting G = G’, where ( )’ = d( )/dy. 

Transform the G(y) and F(y) equations to g(1]) and f(n) as is done by Equations (17.18) 
for F. Is g(r]) nondimensional? 


PART V 


Laminar Boundary-Layer Theory 
for Steady Two-Dimensional 
or Axisymmetric Flow 





Outline of Part V 


The vast majority of flows, both gas and liquid, have a large Reynolds number because is very 
small for most common fluids. As a consequence, viscosity plays no role in the bulk of the flow 
field, which can then be determined by potential flow theory for an irrotational flow or the Euler 
equations if the flow is rotational. The Euler equations are simply obtained by setting Re > in 
the dimensionless momentum and energy equations. This limit does not affect the continuity 
equation but does decrease the differential order by one of the momentum and energy equations. 
Consequently, the no-slip and temperature wall conditions can no longer be satisfied. The resolution 
of this dilemma was theoretically discovered by Prandtl in 1904. His discovery is called boundary- 
layer theory; it is the principal topic of Part V. It is worth noting that direct experimental verification 
of laminar, incompressible boundary-layer flow over a flat plate first occurred in 1924 (Van der 
Hegge-Zijnen, 1924), two decades after its conception. During the next 20 years, however, a number 
of experimentalists have reconfirmed the theory. 

Overall, the subject matter of Part V represents the results of about 90 years of intensive research 
by fluid dynamicists. In fact, for the first four decades the research effort focused almost exclusively 
on incompressible flows. During much of this time span, laminar boundary-layer theory was the pre- 
eminent research topic in fluid dynamics, despite the fact that viscous flows often do not fall into this 
category. However, there are several sound reasons, which are still relevant, for this emphasis. 

First, the idea of a thin viscous wall region, for both laminar and turbulent layers, provided a 
conceptual and analytical framework for simplifying the otherwise intractable governing 
(Navier-Stokes) equations. The resulting laminar boundary-layer equations are still nonlinear but, 
nevertheless, are amenable to analysis. Consequently, some exact and a number of approximate 
methods of solution were developed for these equations. Second, the concept led to a wide variety 
of experiments verifying the laminar theory. An approach thereby developed in which theory and 
experiment went hand-in-hand and were successfully compared with each other. Third, the concept 
and techniques of the theory became the cornerstone for research in other areas. For instance, the 
use of integral methods for turbulent boundary layers was first initiated in the laminar theory 
(Pohlhausen, 1921). The subject matter of Part V is the basis of much of fluid dynamics as well 
as other diverse subjects. 

In addition to the assumptions first discussed in Part I, we now assume a steady, laminar two- 
dimensional or axisymmetric flow of a perfect gas or an incompressible fluid. Even these limitations 
are insufficient. Thus, Part V does not consider wall suction or blowing or interaction phenomena, 
which would occur with a shock wave or in hypersonic flow. Of course, three-dimensional boundary 
layers and shock wave interaction are important, but these subjects are not elementary and fall 
outside the scope of Part V. 

Although our mode of presentation is not a historical one, the subject matter of Chapter 18 
represents the beginning of the theory as originally conceived by Prandtl in the first decade of the 
20th century. This chapter, therefore, considers incompressible flow over a semi-infinite flat plate. 
Chapter 19 briefly discusses boundary layers from the viewpoint of matched asymptotic expansions. 
This sets the stage for a more formal presentation, in Chapter 20, of the first-order incompressible 
theory. Chapter 21 continues with an extensive account of the corresponding first-order compressible 
theory. A variety of flows are discussed in Chapter 22 for which the Chapter 21 theory is applied. 
The presentation concludes in Chapter 23 with a discussion of second-order, compressible bound- 
ary-layer theory. 
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A number of books on viscous flow are listed in the references below. Of these, the one by 
Schlichting is the best known. Its first edition, which appeared in the early 1950s, was an important 
contribution to the subsequent development of the subject, since it was an authoritative monograph 
on the subject. The book is in its seventh edition and is still used both as a text and perhaps more 
often as a primary reference, since it contained a comprehensive treatment of the subject at the 
time of its publication. This edition should be the last one, as H. Schlichting died in 1982. 
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1 8 Incompressible Flow 
over a Flat Plate 


18.1 PRELIMINARY REMARKS 


In this chapter, we analyze the most elementary of all boundary-layer flows, in which the fluid is 
incompressible, has constant properties, and has a constant freestream speed U... It flows over a 
semi-infinite planar wall of zero thickness that is aligned with the freestream velocity. Consequently, 
the flow is two-dimensional, as shown in Figure 18.1. The leading edge of the plate is at the origin 
of the coordinate system and is infinitely sharp, and only the flow over the upper surface needs to 
be considered. In the region away from the wall, the flow is essentially inviscid. However, because 
of the no-slip wall boundary condition, there is a viscous layer adjacent to the wall, which is the 
subject of our discussion. 

In the next section, a derivation of the flat plate boundary-layer equations is given that is 
reminiscent of Prandtl’s original derivation (Prandtl, 1928). The last section provides a similarity 
solution of the boundary-layer equations. 


18.2 DERIVATION OF THE BOUNDARY-LAYER EQUATIONS 


Because the flow is incompressible and the fluid properties are constant, the energy equation is 
decoupled from the continuity and momentum equations and need not be considered (see Problem 18.3). 
We begin with the appropriate dimensional governing equations that appear at the start of Section 13.2. 
After the foregoing assumptions are introduced, we have 


au, o 

ox oy . 

(evo) = -Bs (224 2n. a) 
PX dy) | ox H x! gy Axdy 
(ui +) = opa. (Z: Ju +22) 
PMO dy) ð H dx) 9xoy oy 


The viscous terms are simplified by utilizing continuity, as follows: 








ox oy 





++ = 
ax gy 9x g 


„2u du, av = Fu Pu, 9 (Qu 27) Iu, 2n 
oy’ ax\dx dy) ~ 


ox oy 


dx Axy ð oy 





dv gd'u,.,9'v əv ðv ð (2 z) _ ðv 9v 
+ +2 — += + = + 
oy dy\ax ody 
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viscous layer 





7 7 7 zT 7 —— Xu 


FIGURE 18.1 Flow over a flat plate. 


After dividing by p, the momentum equations become 


12H 42H = 2 (B) v (Èe e) 
ox ody ax \p ox oy 


le E -2 (p). v (25.23) 
ox dy dy \p ax dy” 


Along with continuity, these are the Navier-Stokes equations for the problem at hand. These 
equations are subject to wall and freestream conditions given by 


u(x,0) = 0, v(x,0) =0, x20 
u(x, œ) = Us, = v(x,) = 0 


We nondimensionalize the variables, as was done in Equations (13.10), to obtain 


du” ov" 
+ 


ox” oy" 








= 0 (18.1) 


ac E es SUP Nee (18.2) 
ox" oy gx Re 


u 


Dp ^y (18.3) 








u'(x,0 20, v(x,0-20, x20 











u(x",°) = 1, v(x,e)20 (18.4) 
where 
U £ 2 2 
pie 2p Re = Pet y- o 2 o 
pu. V ox? dy"? 


Thus, only one parameter, a Reynolds number, appears in the nondimensional problem. This 
parameter, however, is an artificial one, since the distance € is arbitrary. In fact, we could have 
normalized x and y in such a way that a Reynolds number would not appear in the equations. 
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Typical values for the constants in a Reynolds number for air would be 
U.~1m/s, €~1.5m, v= 15x10" m/s 


Hence, 1/Re is about 10°. Thus, the V?^u' and V^v' viscous terms are very small, except in a thin 
layer adjacent to the wall where they are significant. Away from the wall, the Euler equations 
accurately hold. For this flow, the solution to the Euler equations is simple: 


u“ = 1, v 2 0, p = ka = constant (18.5) 


As shown in Figure 18.1, we consider the thin viscous layer to have a thickness of 6, in which 
case we expect € >> 6. With the foregoing discussion in mind, we can estimate the magnitude of the 
individual terms in the governing equations. (A more formal derivation is provided in Chapter 20.) We set 


4-000 x20) y = O(68) 


and obtain from Equation (18.1) 


so that 


v = O(6) 


As expected, the velocity component perpendicular to the wall is small. 
We next examine Equation (18.3), with the result 


o(1) 209 4 o(59 (0 = eso rl 


O(1) O(0 y RelO) (8) 








which simplifies to 





- -2 Lof} 
Dg 2: Res) 


Since we expect the transverse pressure gradient to be small, in accordance with Equations (18.5), 
we obtain 


Res o(-.). oP = 0(8) 
dy 
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We now examine Equation (18.2), which yields 











O(1) OU) | op 2. |O(1) O(1) 
pe MALE e M SAT 
T PTT as ou e E an 
or 
O(1) = -9P gu) 


In other words, ðp*/ðx* is of O(1). Observe that the O'u'ldx" term is much smaller than the 
9^ w'I3y" term. 
With the result that Rez» 1, Equations (18.1) to (18.3) simplify to 














ou’. ov 
— + =0 
ox oy 
«Ou , «du dp 1 au 
Wy e— e Wu 
ox" oy" dx' Re gy? 
Op _ 
oy” 


Thus, the pressure depends only on x* and is obtained from a solution of the Euler equations. For 
a flat plate, however, the pressure is constant. The flat plate boundary-layer equations finally become 


gu' ov" 
I 


=0 (18.6) 
ox oy" 





* 
Ou" «Ou = 


1 9^w 
+v = > 
dx gy Re gy? 





(18.7) 


u 








These are two equations for u* and v" subject to boundary conditions [Equations (18.4)]. 

Observe that no simplification occurred in continuity; all of it transpired in the momentum 
equations. Furthermore, no further simplification can be made, since all retained terms are of O(1) 
in the viscous region. In this region, the left side of Equation (18.7) represents the convective 
momentum of the fluid, which is retarded by the viscous stress term on the right side. Notice that 
the number of second-order derivative terms in the x-momentum equation has decreased from two 
to one. Consequently, the equation has changed type, going from elliptic to parabolic. This is a 
general result; i.e., the elliptic Navier-Stokes equations are simplified to parabolic boundary-layer 
equations. In this regard, numerical methods that are suitable for the Navier-Stokes equations may 
not be suitable for the boundary-layer equations, and vice versa. 


18.3 SIMILARITY SOLUTION 


The length € that appears in the Reynolds number represents an arbitrary distance measured 
from the tip to a fixed point on the plate. Since the foregoing ordering requires Re-»1, the 
boundary-layer equations are not valid in the vicinity of the plate's tip. In particular, the 
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assumption that v is small compared to u does not hold near the tip. In this region the full governing 
equations are required. We thus imagine we are at a station well downstream of the tip. 

We actually do not know the location of this station; it might be at an x* of 20 or 2x 10°. In 
either case, the solution would appear to be the same. In other words, we expect u” to be a function 
only of y*/d(x*). This motivates us to try the following transformation: 


* 


£x, neat, ysoxf(n) (18.8) 
X 





where c,, c;, m, and n are constants that are to be determined. (Notice that this transformation 
also holds for the stagnation point flow of Chapter 17 with m = 0 and n = 1 + o.) Although the 
stream function y is constant on streamlines, it is introduced in order to satisfy the continuity 
equation. Thus, only the momentum equation will require further consideration. As will be apparent 
shortly, it is convenient to replace y with a different stream function. Despite its name, the new 
function, f, is not constant on streamlines. 

The subsequent analysis is expedited by introducing the following derivative transformation: 





9 . 06 0 M3 | da cmy 9 | 9 mm 9 
xt ax 96 gc on 96 yve0n ð é ON 


9 09 0p 9 «9 








dy ay 3È ayn gom 
2 odo 


ay? E” ar? (18.9) 
The velocity components now become 


* oy a Cy oy = cc E" ff 








yt = md 2 _oy mn x = c,£ (—nf +mn f) 


du Ou. 9^ 
ax” dy dy” 








which are determined as follows: 


* 








Ou = ciet ai mf -mnf] 
Ox 
du 2 n-2m e» 
7 = CC 
Jy 12 f 
Ou 





*2 = cic é” pP 
dy 
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After insertion of the above into Equation (18.7), we have 


3 
C1Co 


n-3m pm 
RB 4 


cioe t pr mf -mnf f] + eiie n (Conf mnff^) = 


which simplifies to 


Cy 


A MONT cd +nff"+ (m — n) f? = 0 


C 2R e 
For a similarity solution this equation cannot depend on &. We thereby require 
m+n= 1 


In the formulation, there are more free constants than are needed. Hence, without loss of generality, 
we can set 


c, = conRe 
m-n = 0 
thereby obtaining the equation 
f" -ff"-0 (18.10) 


which was first deduced by Blasius (1908). This equation is identical to Equation (17.192) when 
B is set equal to zero. Of course, flow over a flat plate is not the same as stagnation point flow; 
nevertheless, the similarity in the physical processes results in analogous mathematics. 

The above analysis results in 


c, = zc,Re 


2 


t3I— 


where c; is still arbitrary. We now require y to be independent of the arbitrary length £. Since the 
only other length scale in the problem is v/U.., we replace € with this quantity, which is equivalent 
to setting Re = 1. (A different Reynolds number, large compared to unity, is introduced in the next 
equation.) We thereby obtain 


2U.x 1/2 
y = (==) fm = Qne^f (18.11) 
where we have set 
c = 21? 
T 
Re, = Ux 


x 


V 
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thus obtaining for c, and 7 


do BEE = y - (£^ (18.12) 
51? (x €)? (2x€)'" 


2vx 
If we view 1] as y/ó(x), we have a first rough estimate, given by 1] = 1, of the boundary-layer 


thickness 
2vx 1/2 
óz (+) 
U., 


or, in nondimensional form, 





4 ( 2 i (18.13) 


x Re, 


For the velocity components, with € = v/U.,, we have 


u U.C i, } 
U. = ji, f-f (18.14) 
and 
Y ol 2" (c-r nf’) = nf’ -f (18.15) 
U. x 2 (2Re,)” Y 


Since both u and v are zero on the wall, where y and r] are zero, we obtain 
f(0) = f(0) = 0 (18.162) 
Away from the wall y and, thus, 7] become infinite, resulting in 
f(e)21 (18.16b) 


DISCUSSION 


A solution of the Blasius equation, subject to Equations (18.16), is numerically obtained. Tables 
of f, f’, and f" vs. ņ can be found in many viscous flow textbooks. From such tables we obtain 
the velocity boundary-layer thickness 6, defined as the y value where f^ = 0.99 . This value occurs 
at the viscous edge of the boundary layer, where Ne, = 3.472 or 


ze (18.172) 
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"4 








wom Lh 





FIGURE 18.2 Velocity profile schematically showing 6 and ó. 


An alternate form for this relation is 


122 = 4910 (18.17b) 


X 


Re 


where this relation replaces the approximate result, Equation (18.13). 
An equally important boundary-layer thickness, the displacement thickness 6, is defined with 
reference to Figure 18.2. The mass flux across any x-station can be written as 


Í pu dy = Í pU. dy-pU.,ó 
0 0 
where the rightmost term represents the shaded area in the figure. This relation becomes 


SG) = ine = it Jay (18.18) 


where x is held fixed inside the integral. However, with 


u_» 
pf 
and 
1/2 
s Gro 

we obtain 

F : 2 V. 1/2 2 vy. 1/2 P 

5 = f a-o) an = (FE) tu; - tre - ron 
or 


* 


? (E) -Pho 
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It can be shown that 


f=n-C, mno (18.19) 


where the velocity parameter, C,, is a constant. (When an incompressible flow has a pressure 
gradient, as in Chapter 20, C, depends on the pressure gradient parameter. For a compressible 
flow, as in Chapter 21, it also depends on a stagnation temperature ratio.) Here it equals 














C, = 1.217 
so that 
2 E PAL (18.20) 
€x 
Thus, the displacement thickness is about 1/3 of the velocity thickness. 
Finally, the wall shear stress is 
ðu af’ 2n ^ (5 K 
Baia — = [I ES U IL 
ty = (SZ) = uU 51) = wor (s 
which results in a local skin-friction coefficient 
2T. 2 V? a» 0.6641 
€; = 247 (s ) fw = 12 (18.21) 
pU. €x Re 


x 


where the wall shear is f; = f"(0) = 0.4696. 
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PROBLEMS 


18.1 Consider air at 300 K moving over a flat plate at 50 m/s. Determine 6 and c, at a point 
on the plate 1 m from the leading edge. Determine v/U., at this station at the 99% edge 
of the boundary layer. 

18.2 (a) Determine the vorticity @and dissipation ® using boundary-layer variables for the 

boundary-layer flow of this chapter. 
(b) Simplify your result so that only the dominant term appears in Ò and in Q. 
18.3 (a) Derive the energy equation in similarity form using T(n) as the dependent variable. 
Assume constant properties, unity Prandtl number, and c,T for h. 
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18.4 (a) 


(b) 
(c) 
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Transform to 0(1)), where 
h,- hoy B 1 2 
d= ho E h, =h+ 7“ 


and establish the boundary conditions for 0. 

Determine the solution for 0 for a diabatic wall. Rewrite this solution for(T — T„)/ 
(T..—T,,), where this ratio is a function of f' and the Eckert number U~/ 
[c (T... — T,,)]. Note that this number can be large in an incompressible flow when 
T., — T, is small. 

Use results from the preceding two problems to obtain the boundary-layer approxi- 
mation for the rate of entropy production in the form 


XS inp = F( - E =) 
eU. = n; > T, 


Evaluate xs;,,/(c,U..) at the wall and at the outer edge of the boundary layer. 
Rederive the part (a) result when T, = T... 
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19.1 PRELIMINARY REMARKS 


In the subsequent discussion we assume a fluid where c, and Pr are of order unity, but where 
UL is very small compared to unity. Thus, 4, A, and « all have very small values of a comparable 
magnitude. In the limit of these transport properties becoming zero, the governing equations 
become the Euler equations. In our discussion, the energy equation is to be included in both sets 
of equations. Since the Euler equations are first-order, partial differential equations (PDEs), the no- 
slip and wall temperature conditions cannot be satisfied. The decrease in order of the momentum 
and energy equations means the problem is singular for both equations. 

In the next section, we discuss matched asymptotic expansions for a viscous flow. This method 
provides a mathematical formalism for treating singular perturbation problems. The last section 
provides the conservation equations in an orthogonal, body-oriented coordinate system. This form 
for the equations is an essential first step in developing boundary-layer theory. Thus, the function 
of this chapter is to provide background for the discussion in later chapters. 

Before embarking on a discussion of matched asymptotic expansions for a boundary layer, it 
is instructive to first consider several elementary perturbation examples. In order to contrast a 
regular perturbation problem with a singular one, the first example briefly focuses on the former. 
We then proceed to discuss several slightly different singular perturbation problems. 


Illustrative Example 1 


A perturbation problem requires a small positive parameter, £, where the placement of the parameter 
in the equation is all-important. For instance, suppose we have the differential equation 


Cy _ gy =0 (19.1) 


subject to the boundary conditions 
y(0) = 1, y(1) = 0 (19.2) 


This is a two-point boundary value problem. Observe that as € — 0 the resultant ordinary differ- 
ential equation (ODE) remains second-order and can still satisfy both boundary conditions. This 
property classifies it as a regular perturbation problem. 

The exact solution of the above equations is readily shown to equal 


explet - x)] - expLex - 1)] (19.3) 


Q9) = expé — exp(—£) 
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If this solution is expanded for a small value of €, we obtain 


| +e(1—x) e 581-3) + sj [17e -3 +30 -3* - | 


2 1.2 12 
[i+e *5€ + )-(1-e+3e -) 
Dece(1- x) ++ 
eg eres er 
1*6 Te 


[x sexu -x)x-2)4O(e) 


(19.4) 


Thus, the solution has a straightforward expansion in powers of £). This results also can be obtained 
by assuming an expansion of the form 


y(x, €) = x (GO + y(x) + y(x) + (19.5) 


This series is then substituted into Equations (19.1) and (19.2). Equating like powers of g yields 
the following sequence of problems: 


dy 

p E y(0)=1,  y()50 
X 

d'y 

23 = y(x), w40)20,  y(1)=0 
X 

d'y 

EX = sta. y,(0) = 0,  yx()20 
X 


[Had the series expansion, Equation (19.5), included odd powers of €, we would find the associated 
yx) to be identically equal to zero.] The solution of these problems, when substituted into 
Equation (19.5), results in Equation (19.4). Thus, y, equals 1 — x, etc. 


Illustrative Example 2 
Suppose we retain Equations (19.2) but move the € to the derivative term in Equation (19.1); i.e., 


€ PE = 0 (19.6) 


We again have a two-point boundary value problem, but the highest-order derivative is now 
multiplied by a small parameter. The exact solution is given by 


. exp[(1 —x)/2e] - exp[(x - 1)/E] 
dm exp(1/€) - exp(- 1/6) doen 


For 0 « £ « 1, the solution is sketched in Figure 19.1, and y undergoes a rapid decrease when x 
is near the origin. In contrast to Equation (19.1), Equation (19.6) becomes y = 0 when € —> 0, and 
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FIGURE 19.1 Solution of the singular perturbation example. 


the y(0) = 1 boundary condition cannot be satisfied. Thus, a single expansion of the form of Equation 
(19.5) cannot be used, and we have a singular perturbation problem. 

The method of matched asymptotic (or inner and outer) expansions is used for this type of 
problem. Instead of a single expansion, such as Equation (19.5), two expansions are required. One 
of these, called the outer expansion, will hold where the variation in y(x) is small or moderate. The 
inner expansion will hold where the variation in y(x) is extreme; this is the region near the origin 
in Figure 19.1. These expansions are referred to as solutions. Moreover, we typically obtain only 
the first term in each of the expansions; these are nevertheless also called solutions. Because each 
of the expansions is an asymptotic expansion that holds in the € > 0 limit, the leading, or first- 
order, terms are the dominant ones and generally provide an excellent approximation to the exact 
solution, when such a solution is known. This dominance increases, and the approximation 
improves, as € becomes smaller. 

The term “order” has two distinct meanings. The order of an ODE or PDE refers to the number 
of derivatives in the term with the largest number. In addition, an approximation is referred to as first- 
order, second-order, etc., depending on the number of terms retained. The definition to be used is 
clear from the context. 

Let x,,y, replace x,y after the €— 0 limit is applied to Equations (19.2) and (19.6). Thus, 
X,,y, are the outer region variables. As indicated earlier, we have 


yo(x,) = 0 


for the outer solution, which only satisfies the y,(1) = 0 boundary condition. 
The structure of the inner layer that is adjacent to x = 0 is obtained by expanding this region 
with the transformation 


X= xl, yy 
d id Ë 14 
dx gdx — dX d¥ (19.8) 


where n is to be determined, and x,y are called the inner variables. By dividing x with £", where 
n > 0, we enlarge the region near the origin so that x is of O(1) in this region. Since y has not 
been written in a form such as Equation (19.5), we are only obtaining the first (dominant) term of 
the inner expansion. 

With this transformation, Equation (19.6) becomes 


D» 
gü-»dy. 


dx gem 
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It is necessary to set n = 1 in order to retain the highest-order derivative term. The boundary 
conditions now have the form 


y(0) = 1, y(1/e) = 0 
We next take the €— 0 limit, which normally simplifies the equation, although in this case no 


change occurs. The x = 1 boundary condition, however, becomes y(%) = 0. It is easy to see that 
the differential equation 


|S 
N 
al 
l 
al 
Il 
[e 


has the solution 
y = exp(-3) 
that satisfies both y boundary conditions. In terms of the original variables, we have 
y = exp(—x/£) (19.9) 


for the inner layer. Hence, there is an inner solution and an outer one, given by y = 0. The two 
solutions asymptotically approximate the exact solution. In this case, a uniformly valid composite 
solution is just Equation (19.9). This composite solution can also be obtained by expanding the 
exact solution for small &, with the result 


exp[(1 — x)/&] 


exp(1/&£) EERE HE) 


y= 


We observe that the essence of this approach is to rescale the dependent and independent vari- 
ables so that the structure of the inner layer is obtained. Generally, the original variables are satisfac- 
tory for the region outside this layer. This outer solution is often relatively simple because of the 
reduced order of the governing equations. In this example, for instance, it is given by y = 0. 


Illustrative Example 3 


In the next example, Equation (19.6) is modified to 
E at ML (19.10) 


and Equations (19.2) are retained as the boundary conditions. The exact solution is found as 





_ exp[-m_(1—x)]-exp[-m,(1 - x)] 
x exp(m..) - exp(-m,) 


where 


m, = E 14(1 £48)" 
2€ 
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For the first term of the outer expansion, we set 
Xo =X, Yo =Y 
and take the € — 0 limit to obtain 


dy, 
dx, 





-y, = 0 


The single boundary condition for this equation is y,(1) = 0, which yields 
Yo(Xo) = 0 


as was the case in the preceding example. 
The earlier transformation, Equations (19.8), is applied to Equation (19.10), with the result 


Du. = 
2-2n d'y + -n dy 


€ € 


We now take the € — 0 limit, which yields the first-order, inner-layer equation 


2- L 
"m ae = 20 (19.11) 
X 


Thus, the addition of the dy/dx term to Equation (19.6) alters the value of n as well as the form of 
the equation for the inner layer. This equation satisfies the boundary conditions 


y0)21 
y=) = Y(X), x,-20 (19.12) 


The y(ee) condition is expressed somewhat differently from that used in the previous example in 
order to introduce the concept of matching two asymptotic expansions. Equation (19.12) is a 
matching condition and can be expressed as follows: The outer limit of the inner expansion, y(co), 
equals the inner limit of the outer expansion, y,(x,). Observe that the x = 1 point has become 
x = ( lle’) — co, while the x, = 0 point remains x = 0 when € — 0. Equation (19.12) provides 
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what otherwise would be a missing boundary condition for Equation (19.11) and, moreover, ensures 
that, at least to first order, the two expansions overlap. For the specific case under consideration, 
Equation (19.12) becomes y(%) = 0. 

Equation (19.11), along with its boundary conditions, yields 


-x 


y=e 
or in terms of the original variables 
axle 
y ce 


Although this result closely resembles the one in the preceding example, the dependence on £ is 
different; i.e., the inner layer here is much thinner. Since this result also approximates the exact 
solution in the outer region, it is a uniformly valid approximate solution. For instance, it differs 
from the y(1) = 0 condition by an exponentially small amount, exp( -1/ E. 


Illustrative Example 4 


As a final example, we address a question of uniqueness that is raised in Chapter 23. A generic 
differential equation is utilized as the starting point: 


2 
(a+ bx)? * +a,(a+ bx) 2 + any zd (19.13) 
X 


where a, a>, a, and b are constants, and Equations (19.2) still provide the boundary conditions. 
Incidentally, this ODE is referred to as Legendre's linear equation (Murphy, 1960). 

Suppose a term, such as (1 + ex)”, is a coefficient of the dy/dx or y terms, where n is a positive 
integer. The question to be examined is whether or not it makes any difference if the asymptotic 
expansions are first performed with (1 + £x) " removed by cross-multiplication or by the expansion 


1 


——— = 1|-nex+ O(&€) 
(1 + ex)" 


Any difference between the two approaches, however, does not appear until second-order terms 
are considered. Hence, the inner and outer expansions must be developed, at least, to second order. 

As an illustrative example, unfortunately, it is easy to generate cases of overwhelming comlexity 
when starting from Equation (19.13). For example, suppose the constants are chosen as 


a-£g^", a =0, a=1, b-2g^ 


thus yielding 


e—2+—~ = 0 (19.14) 
dx (1+2€x) 


which certainly is simple in appearance. We seek a real solution to this linear equation that satisfies 
Equations (19.2). Toward this end, the substitution (Rainville, 1943) 


1 
z= 5,0 + 2€x) 
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yields an equation 
2 
Ey gg dy Ly =0 
dz dz 
with the constant coefficients. As usual, the solution is obtained by setting y = e"*. Hence, the 
exact solution to Equations (19.2) and (19.14) is obtained as 


sin(yi— X) 


y = (14+ 2€x) sae 


(19.15) 


where 


a apy? 
x(x) = ee + 2€x) 


daz) 
xi = X0) = aa In( 26) 


For a small positive €, we obtain the expansions 


(Leg 1 2 1 3⁄2 
Ce ee, e eo es — 2g Tee 


2g"? F 4 
In(1+2ex) = 2ex - 28€ x +- 


In(14 26) = 2e-2& +- 


X 1/2 
X= mme X Tee 
€ 


_ 1 1/2 
un = = TE Tee 
€ 


Thus, as € — 0, sin y, oscillates with increasing rapidity between —1 and +1. The sin(y; — 7) 
factor similarly oscillates when 0 « x € 1. The two oscillations are not in phase, and, consequently, 
y oscillates wildly between —ee and +œ as € — 0 for all x in the range, 0 < x € 1. (In the £0 
limit, Equation (19.15) is a space-filling curve.) 

A case much more amenable to analysis stems from the choice 


2 
a-e, a,-]1, aq=0, b=eE 


which yields 


dy 1 dy. 


© de 1+ex dx | 





(19.16) 


The balance of this section focuses on this equation. To obtain its exact solution, we write it as 


dy’ 1 d(1+éx) = 


+ 
y e l+ex 
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where the notation y’ = (dy/dx) is introduced. A first integration results in 


ci 
Ve 
(1 + £x) 
where c, is an integration constant. A second integration and application of the boundary conditions 
yields the exact solution 


1 Gee o 
y= a-eyg pe a-eyg (19.17) 
1-(1+6) (1 + £x) 
To expand this for small €, we write 
NA 
A coa s 
and 
jg ie 








InA = ——In(1+ex) = (e- $6) Ep D Dt 
E € 


We thus have 


2 2. 2 
(1 ex) "= g* "e" 14+ o(g)] 


-1/2 lle 


(Gea Or oie roc 


and Equation (19.17) can be simplified to 


2 
-1/2 lg -(1-x)/2 (1-x)/e 
* 1 1-£ £ dendi ior itae 
Am -1/2 Me| ^ = -1/2 Me 
=g e =E e 


2 
-x [2 xl& 
1 € € 1 





Note that this approximation still satisfies Equations (19.2). For x in the range O€ x « 1 and with 
€ — 0, the eU? and e" ^ factors become infinite. Hence, to all orders in £", n 2 0, we have 


pee te (19.18) 


This result demonstrates the presence of a single boundary layer, which is located at x = 0. It 
satisfies the conditions 


y(0) = 1 
y(1)50, e750 


We now write Equation (19.16) two ways, i.e., as 


e(1+ex)y”’+y’ = 0 (19.19a) 


Large Reynolds Number Flow 557 


denoted hereafter as case I, and as 


ey’ c (1- exe ex —-)y = 0 (19.19b) 


denoted as case II, but with the O(&) terms deleted. We obtain, to second order, the outer and 
matching inner expansions for both cases. For this, it is convenient to introduce the type of notation 
later utilized in Chapter 23. 

We thus write the outer expansion as 


y(x, €) - Y (x) + €"Y,(x) +, m20 (19.20) 
where the tilde means asymptotic to ..., when € — 0. For case I, we have 
eV +E xY? (He UYTwg "XY + Yi + eY, = 0 (19.21) 


where still higher-order terms on the left side are not shown. Examination of this relation yields, 
with & — 0, 


Y =0_ Y,(1)20 (19.22a) 
or Y,(x) = 0. The Y, equation becomes 
EY? +e xY 4 Y, = 0 
with m being arbitrary. By setting € — 0, we have 
Y} = 0, Y,(1) = 0 (19.22b) 


or Y,(x) = O. The fact that m is arbitrary indicates that it can be set equal to zero, and the Y, 
term is irrelevant. Hence, the case I outer expansion is 


y(x, €)~0 (19.23) 


to all orders in €". 
The substitution of Equation (19.20) into Equation (19.19b) yields 


lem 


EY% «eg "y; e(1- exe ex (Y, + 8" Y,) = 0 
We readily obtain Equations (19.22) and, therefore, Equation (19.23) is the outer expansion for 
both cases. 

For the inner expansion, the independent variable is stretched: 


E X 
x= = n»0 
€ 


in order to analyze the region where a boundary layer occurs. Equation (19.16) becomes 


1-2 d^y 1 dy _g 


£ 
-2 = Y 
dX 1+e6'*"x dx 
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The inner expansion is written as 


yx £) ~ yı (X) + e"y,(X) +, m20 (19.24) 
which yields 
2 2 
Be VO NER LC M (Ren See.) = 0 (19.25) 
dx dx L+e *"xNdx dx 


Note that the m exponent is not the same as that used in Equation (19.20). 
The dominant case I terms in Equation (19.25) are 


l-n m n 


(E+ EPE OY + e" ys) tyi ey = 0 (19.26) 


where y’ = (dy/dx). To preserve the structure of the boundary layer, the coefficient of y? must be 
of order unity. Hence, we set n = 1 and the equation simplifies to 


m n 


ü eor +e"y2) + yi te"ys = 0 
which yields, when £ — 0, 


yity 20, x02 1, y(%)=0 


In a more formal treatment, the y,(«») boundary condition would be left unspecified. It would be 
determined later by matching with the outer expansion. In view of Equation (19.23), the matching 
step is trivial and here is bypassed. 

The solution for y, is 


yı = e” (19.27) 
Similarly, the y, equation is 
2- ^" m n m, 
E Xy +E y2 +E 5 20, y» 0 720, yo(er) = O 
An inhomogeneous term is required; otherwise, y;(X) = 0. To retain the y% term, set m= 2 so that 
yr ty, = -Xy (19.282) 


= -xe* (19.28b) 


Two linearly independent solutions of the reduced (homogeneous) equation are 1 and e^. The 
variation-of-parameter method then yields 


y(X) = eq ce + jo +2%+2)e" 
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The above boundary conditions result in 


y(0)2c*c6*120 
y(e) =c = O 


thereby yielding 
= 1-Y ax 
y, = s(1 + 3 (19.29) 
Equations (19.24), (19.27), and (19.29) result in 
cg oe ( 1 ij) = 
y-e +Ex 1+5% e t 


for the second-order inner expansion, which also represents a uniformly valid expansion. In terms 
of x, this becomes 


y- e +x (e + pe" T (19.30) 


which superficially appears to differ from Equation (19.18). However, when x is of O(1), both 
expansions yield y — 0, while when x is small both yield 


y- (: 4 jy" 
2 
when £0. 


For case II, Equation (19.25) becomes 


l-n ^" l-nem ^" l+n-= ; l+n+m- , 


e "yi te" "ys + yi + e"yg—-€ "xyi -e " xy) = 0 
We again require n = 1, which also results in Equation (19.27) for yı. For y,, we have 


m n 


2- 2m- 
e"ys + e"y,-—E xy, -E "xy, = 0 


and again m = 2. We thus have 


n , eS $ 
Ya ty, = Xyi 


for the second-order variable. 

In contrast to Equation (19.28), the inhomogeneous term xy differs from —xy;. Thus, cases I 
and II yield different equations for the second-order inner variable. This represents the nonunique- 
ness referred to earlier. This nonuniqueness stems from alternate approaches when expanding 
coefficients in order to obtain second- or higher-order terms. As is evident in this example, it does 
not occur when deriving the first-order equations. The nonuniqueness problem, fortunately, appears 
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to be of little, if any, consequence. This is evident when the inhomogeneous terms are evaluated; 
they both yield —xe ". Hence, for both cases, Equation (19.30) is the uniformly valid asymptotic 
expansion. To the author's knowledge, this conclusion has not been generally established. 


19.2 MATCHED ASYMPTOTIC EXPANSIONS 


The basic ideas of the preceding examples are applied to the conservation equations. The small 
parameters are u, A, and K, which usually are of comparable magnitude. However, the first step is 
to introduce a body-oriented coordinate system for the equations. In such a system one coordinate, 
x3 , Is zero on the body and increases outward into the flow. Without loss of generality, the coordinate 
system may be orthogonal, although this is not essential. 

An outer solution is then obtained by setting u = À = « = 0 and only using a velocity tangency 
condition on the surface of the body. The solution is provided by the Euler equations and corresponds 
to an inviscid, adiabatic flow. If the inviscid flow is irrotational, then a potential flow solution can be used. 

Quite often a full-blown solution to the Euler equations is not essential. This is because the in- 
viscid, adiabatic flow may satisfy one or more additional assumptions. For instance, these might 
encompass the irrotational, homenergetic, or perfect gas assumption. A Bernoulli equation is often 
appropriate, as will be exemplified in the next chapter. 

There are several difficulties that may arise with the Euler solution. It need not be unique; e.g., 
consider potential flow about a circular cylinder where the circulation is a free parameter. However, 
the most serious difficulty is that the Euler equations cannot assess when or where boundary-layer 
separation is to occur. Consequently, a physically wrong Euler solution can be obtained. This 
difficulty is not easily overcome, since the boundary-layer equations require an a priori inviscid 
solution. Finally, at a sufficiently high Reynolds number (x 100) the flow may be unsteady, even 
though freestream and boundary conditions are both steady. An example of this is the Kármán 
vortex street behind a circular cylinder. 

One remedy to these difficulties is to utilize the unsteady governing (Navier-Stokes) equations 
directly, thereby bypassing the need for solutions of the Euler and boundary-layer equations. In 
recent years this has become the central focus of computational fluid dynamics. This is the most 
suitable approach for treating boundary-layer separation. Numerical solutions to the governing 
equations, however, come at a steep price. A large amount of computational time and storage is 
required, and often the solution is hard to interpret, validate, or understand in physical terms. 

After obtaining the appropriate inviscid solution, we transform the body-oriented conservation 
equations in order to magnify the viscous and heat-conducting layer adjacent to the body. This is 
done by introducing inner variables (Lagerstrom, 1964) 


i ES E X3 


Xi XQ Xi XQ %3 = — (19.31) 


r 


where u, is a constant reference viscosity value that also typifies the magnitudes of A and x. The 
velocity component v, is also stretched: 


V3 
1/2 
s 


y = 


(19.32) 
that is perpendicular to the body. This stretching is essential if continuity is to be satisfied. If this 


is not done, we would have 


ou" 
ox" 





=0 
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instead of 








ðu wv 
QE 0 
Ox ody 
for flow over a flat plate. We also set 
neto e A UE: 
l, H, Corll, 


where c,, is a reference specific heat and K is equivalent to the inverse of the Prandtl number. 

After the barred inner variables are introduced, the u, — 0 limit is taken. This is equivalent to 
letting the Reynolds number become infinite for the flow in the viscous layer. While this limit 
process simplifies the equations, it does so with the structure of the viscous layer correctly preserved. 
In contrast to the first u — O limit, which yields the Euler equations, we now obtain the first-order 
boundary-layer equations. After these equations are found, it is usually convenient to return to the 
original, unbarred variables. These simplified viscous equations will now explicitly contain u. 

The boundary conditions for the boundary-layer equations are the no-slip and temperature, or 
temperature gradient, wall conditions. By moving away from the wall in a normal direction, the 
X3 — œ boundary conditions are obtained. These are provided by evaluating the solution of the 
Euler equations at the wall. This last step is a matching condition that is analogous to Equations 
(19.12). 


DISCUSSION 


The basis of the foregoing procedure is the application of matched asymptotic expansions to the 
governing equations. It was discovered and first used for laminar viscous flows, but subsequently 
it has been utilized for analyzing a wide variety of problems. It is important to realize that the two 
separate expansions (or solutions) are not being “patched” together, where the dependent variables, 
and possibly their first derivatives, are made continuous at some intervening point. Instead, we have 
two expansions that interlock with each other through the boundary conditions, both at the wall 
and far from the wall. 

In boundary-layer theory, the small parameter that orders both expansions is Re”. The leading 
term of the outer expansion is provided by the Euler equations and holds throughout the flow field 
except in the viscous region adjacent to the wall. In this region the leading term of the inner expansion 
is provided by the boundary-layer equations. The two expansions interlock with each other through 
their boundary conditions and the pressure gradient. Their regions of validity overlap, thereby 
making it possible to also obtain a uniformly valid composite expansion. However, a composite 
expansion is not germane to our purposes, which is ultimately to determine the skin friction, various 
boundary-layer thickness, and the heat transfer at the wall. 

In some problems there may be more than two expansions. For example, suppose we have a 
large Reynolds number flow of a highly conducting metal, such as liquid sodium. In this circum- 
stance, the Prandtl number is nearly zero and would represent a second small parameter. Inside the 
viscous layer, adjacent to the wall, there is a very thin thermal sublayer. Since no highest-order 
derivative is lost when the Pr — 0 limit is taken, the analysis of the sublayer represents a regular 
perturbation problem. 

For an incompressible flow with constant properties, only the convective terms are nonlinear 
in the continuity and momentum equations. (In a compressible flow, other terms are also nonlinear.) 
The Euler and boundary-layer equations, both of which contain the convective terms, are thus 
nonlinear. First-order boundary-layer theory is therefore nonlinear, whereas the second- and higher-order 
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theory is linear. The awkwardness of retaining nonlinear terms in only the first-order theory is 
actually an important virtue. It ensures that significant nonlinear effects are incorporated from the 
start; consequently, the first-order theory provides an excellent first approximation. The second- 
order theory, which incorporates additional second-order terms, generally provides only a small 
correction. Therefore, in the next three chapters we concentrate on the first-order theory, while 
Chapter 23 discusses the second-order theory. 


19.3 GOVERNING EQUATIONS IN BODY-ORIENTED 
COORDINATES 


As shown in Figure 19.2, we consider an internal or external flow over a smooth two-dimensional 
or axisymmetric body. The sign convention used for the longitudinal curvature k is indicated in the 
figure. If the center of the radius of curvature is inside the wall, then k > 0; otherwise, k is negative. 
Figure 19.3 shows the body-oriented coordinates s,n, where s is defined only on the surface of the 
body, while the n coordinate yields straight lines that are normal to the surface. These coordinates 
are not natural coordinates; they are valid only in the immediate vicinity of the body. If the flow 
is two-dimensional, then r and r, become y and y,, respectively. 

Appendix H summarizes the conservation equations based on these coordinates. Item A provides 
the assumptions that apply throughout the table. In item B, note that k, r,,, and 0 are not independent 
of each other but are related by 


F 
r w 


— 1 =1 ^ — ————— 
0 = sin m, k= US 


d-r) 


However, the radius r refers to a point in the flow field and is a function of both s and n. Observe 
that a prime denotes differentiation with respect to s, and that @ is positive in the counterclockwise 
direction. Hence, d0, as sketched in Figure 19.3, is negative. For convenience, the scale factors h; 


external flow internal flow 


Uk 


l/k 
(met Seni. — ineescisen € 


convex surfaces, k>0 





Vk 
Vk 


— ee 


concave surfaces, k<0 








FIGURE 19.2 Curvature schematic of a convex or concave surface (Back, 1973). 


Large Reynolds Number Flow 563 








FIGURE 19.3 Nomenclature for a body-oriented coordinate system (Van Dyke, 1963). 


and their derivatives, along with the derivatives of the basis vectors, are provided. (See Appendix 
G for the formula for the derivative of the basis vectors.) 

The dynamic quantities of interest are listed in item C. For notational simplicity, the scale 
factors h, and hy are replaced by unity and r^, respectively. Because s and n are not natural 
coordinates, the velocity has a nonzero component in the 8, direction. Items D, E, and F summarize 
the conservation equations along with the shear stress and heat transfer at the wall, the Euler 
equations, and the incompressible conservation equations, respectively. 

Much of the material in Appendix H is based on Appendix G. On the other hand, the analysis 
in the remaining chapters is based on Appendix H. 
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PROBLEMS 


19.1 Derive the equations for dé ;/0€; and for the £j; given in Appendix H. 
19.2 Derive the equations for Dw/Dt, V. 5, F}, ®, and V^T as shown in Appendix H. 
19.3 Consider the equation 


e Den = -1 
dx dx 
with the boundary conditions 
dy 
y(0) = 1, =(0) = -1, y-xasx-e 
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(a) Determine the exact solution. Where is the inner region when € > 0? 

(b) Determine the first approximation to the inner and outer expansions, where each 
approximation has an undetermined integration constant. 

(c) Write the outer expansion in terms of inner variables and evaluate at x = 0. Next, 
evaluate the inner expansion using inner variables as x — œ. Determine the unknown 
constants by comparing the two expansions. Can you write a uniformly valid result 
that compares favorably with the exact solution in the €— 0 limit? 

19.4 A problem in heat convection results in the following energy equation: 


„Ëo d 
ds? ds 


6(0) = @, 0(1) = Or 


~ BO = 0 


where 


1 
0 = T. = 1 a. € — 
saat ni L RePr 








and f is a nondimensional constant. Assume € is small and that a boundary layer 
occurs along the wall which starts at s = 0. 
(a) Determine the leading term of the outer expansion 


0 = 0,(s) + O(&) 


(b) For the inner expansion, introduce 


Ə = 0(n)+O(e), n= = 


and determine and solve the equation for 0,. In doing so, evaluate any unknown 
integration constants by matching and write the solution in terms of s. 


(c) To determine the overlap, (,) inne-s write 0, in terms of inner variables and set € = 0. 
A composite is then formed from 


0, (s) = 0,(5) + 6.(s) zs LOCS) limner 


Does this composite satisfy both boundary conditions? 





2 O Incompressible 
Boundary-Layer Theory 


20.1 PRELIMINARY REMARKS 


The first step of the procedure outlined in Section 19.2 has been accomplished, i.e., writing the 
conservation equations in body-oriented coordinates. The Euler equations are readily obtained from 
Appendix H as 


M 
© 


2 (r°u) + 2 (h,r^v) 


= 
dS 
+ 
a 
= 
= 
+ 
glo 
— 
"7o ls 
Sy 
ll 
© 





where 


D u? ia 
Dt h, os "n 


Chapter 17 shows there is no need to include the energy equation, which is decoupled from the 
others. Furthermore, there is no need to assume either a thermal or caloric state equation; i.e., the 
fluid may be a liquid or an imperfect gas. (Problem 20.2 derives a consistent form for the energy 
equation.) As Chapter 17 further indicates, a single, third-order PDE is obtained by introducing a 
stream function, to satisfy continuity, after which the pressure is eliminated from the momentum 
equations by cross-differentiation. The solution of the Euler equations, when evaluated at the wall, 
will be denoted with a subscript e. In addition, the e means the edge of the thin boundary layer. 
Uniform freestream conditions are denoted with an infinity subscript. 

Suppose a solution to the Euler equations is known. With uniform freestream conditions, the 
solution is irrotational and thus satisfies Bernoulli's equation 


ay eee l 2 
p * 5p(u +v) = Pot 5pU. 
On the wall, we have 


P idi 2 1 wv 
Pe = Po 5P 9e 5 Pu. 
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since v, = 0. The pressure gradient along the wall is thus given by 


(2) 425 (5) (20.1) 


where u, stems from a solution of the Euler equations. As we shall see, the only information needed 
from the Euler equations is u,(s). 

In the next two sections, we derive and solve the incompressible first-order, boundary-layer 
equations. 


20.2 PRIMITIVE VARIABLE FORMULATION 


Normally, u equals u(T) whether the fluid is a gas or a liquid. However, in a constant density flow 
the changes in temperature are generally quite small and the assumption of a constant u value is 
appropriate. The situation here is different from the Couette flow of Chapter 16, where the density 
is constant along streamlines but can vary substantially across streamlines. 

A primitive variable formulation is utilized where these are the original dependent variables in 
the conservation equations. Thus, p, u, and v are primitive variables, whereas a stream function is 
not. We continue to follow the procedure in Section 19.2 by setting 





U = U, = constant, n= u^ n, v= u^ y (20.2) 
We thus obtain from Appendix H 
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Next, we retain only the leading u term in each relation: 


h, = 1& O(u ^) 
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on 


Aon fasti a) 000 
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where the o( )/dn relation and the substantial derivative are unaltered, except for setting h, = 1. 
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The equations for continuity and momentum now become 
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We set u = 0, to obtain 


2 oto * 2. (ty) -0 (20.32) 

ðu duy | dp, du 
p(w 3 x) dm (20.3b) 
2p -0 (20.3c) 


In view of the above equations, p can depend only on s, as already indicated in Equation (20.3b). 
The pressure is thus constant across the boundary layer, and dp/ds is given by Equation (20.1). 
This identification is reasonable, since Equations (20.3a,b) can determine only two variables, u and 
V. In other words, the inviscid flow imposes its wall pressure gradient on the boundary layer. 

At this point it is useful to return to the original n and v variables, with the result 


20i u) To ? (t y) = (20.4a) 
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Mc o ds UA 


These are the boundary-layer equations in primitive variable form. As noted in Section 19.2, they 
depend on u (or a Reynolds number), in contrast to Equations (20.3), which do not explicitly 
depend on u. They represent a generalization of Equations (18.6) and (18.7) by allowing for a 
pressure gradient, through dp,/ds, and an axisymmetric flow, through r;. While they are simpler 
than their Navier-Stokes predecessors, they are still two coupled, nonlinear PDEs. Their solution 
is far from trivial, although, of course, they can be numerically solved with the aid of a computer. 

We follow tradition, however, and introduce new dependent and independent variables in the 
next section. Our approach and nomenclature will be reminiscent of that used in Chapter 18. We 
thus obtain a single PDE whose form expedites the subsequent development of a similarity solution. 
This similarity solution is not a general one; it holds under rather restrictive conditions. Nevertheless, 
its importance cannot be overemphasized. For many decades, before computational fluid dynamics, 
similarity solutions were the cornerstone of boundary-layer theory. 
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20.3 SOLUTION OF THE BOUNDARY-LAYER EQUATIONS 


To solve Equations (20.4), we introduce a stream function 
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BE 


oy 
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which satisfies continuity. We also introduce new independent variables 


pu.ren 


Claw 





é(s) = pul u,r2? ds, n(s,n) = (20.6) 


where óÓ is a dimensional scaled wall length, with units of [(kg-m9-))/sP, and n is a nondimen- 
sional normal coordinate. Here € is measured from the start of the boundary layer, which is either 
a sharp leading edge or a stagnation point. A typical example would be the boundary layer on an 
airfoil. In this case, č would be measured from the forward stagnation point on the airfoil. To 
determine &, an inviscid solution is required that provides u, along the surface starting at the 
stagnation point and covering the surface to the point of interest. An inviscid solution of a global 
character is thus needed. Observe that € is proportional to u and, thus, € typically has a small 
magnitude. Although ET appears in the 7 equation, @ and 77 are independent variables. Simply 
view the € in the 1] equation as a function of s. 
For a flat plate, with o = 0 and u, = U, Equations (20.6) reduce to 


E = puU.s 
E pun z (25) " (£y 
B (2puU s) ^ ~ Uys “av S 


Thus, 7] is proportional to the square root of a Reynolds number and is a generalization of the 7 
in Equation (18.12). 

To introduce € and r] into the momentum equation will require a considerable analytical effort. 
This effort is expedited by first determining a number of partial derivative relations as follows: 
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Various functions of s, such as u, and r,,, appear on the right sides. As we will see, there is no need 
to convert these quantities to & such a conversion, in fact, is not algebraically feasible. 

We next use Equations (20.5) and (20.7) to convert u and v to derivatives of the stream function. 
We thus have 


23 — 5 Ws (20.8a) 
- .l|46 n dén(uern) 
v= El 2i (v: - zw) + d; DV. (20.8b) 
where 
_ oy _ ow 
-9 JE Yr = on 


At this point, it is convenient and conventional to introduce a new nondimensional stream function 
f(&,7) that depends on both & and n. This is done by means of 


u - ue 


which is a generalization of Equation (18.14). We determine v in terms of f by first relating f to 
y as follows: 
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The rightmost equation can be integrated, to yield 
2E) 
y= ca f (20.9) 


where the function of integration is set equal to zero. With the aid of Equation (20.8b), we thereby 
obtain 


dt 
"p JS fangs nf) caen ner s, (20.10) 


for v, which represents a generalization of Equation (18.15). 
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With the above results, we now determine the various terms in Equation (20.4b) as follows: 
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With these relations, the momentum equation becomes 
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(20.12) 


Equation (20.11) is the conventional laminar boundary-layer equation for an incompressible flow. 
Observe that it is free of parameters such as 6, p, U, r,,, k, 0, and u,. Some of these parameters, 
however, affect B through é. The parameter f) is called the pressure gradient parameter since it 
represents the effect of the pressure gradient on the boundary layer. It is fully determined by a 
solution of the Euler equations when evaluated at the wall and is of major importance in the theory. 
Observe that in a favorable pressure gradient, where (dp/ds), is negative, D is positive. In this 
circumstance, the pressure gradient is accelerating the fluid in the boundary layer, which will not 
separate from a smooth wall. On the other hand, in an unfavorable pressure gradient, f) is negative. 
The pressure gradient now retards the flow and the layer may separate from the wall. For a flow 
in which p, is constant along streamlines, such as in a uniform or potential vortex flow, D is zero. 
The boundary conditions on f are 


f(&0) = f (0) = 0, fé) = 1 
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The first two conditions ensure that u and y are zero on the wall. (This justifies setting the function 
of integration equal to zero in Equation (20.9).) For v to be zero on the wall, we should have the 
above wall conditions along with 


f&(&0) = 0 


However, this relation is unnecessary since it is redundant with f(€,0) = 0. 

An initial condition for f at some & value is also required. Typically, this is the stagnation point 
solution of Chapter 17. This solution is also an exact solution of the boundary-layer equations with 
B given by Equation (17.20). Thus, the airfoil boundary layer mentioned earlier would utilize fj = 
1 and the f = f(n) solution from Chapter 17 at the stagnation point where ó and s are zero. The 
special algorithms developed for the numerical integration of the boundary-layer equations are a 
subject in themselves that is discussed at the end of Chapter 21. Instead, we will concentrate on 
the possibility of a similarity solution. 


SIMILARITY SOLUTION 


By a similarity solution we mean a solution in which f depends only on n. Such a solution requires 


= dB _ 
f= 0, 5’ 


which results in the equation (Falkner and Skan, 1931) 
f” +f" +BU-f”) = 0 (20.13) 
where f' = df/dn and D is a constant. The boundary conditions are 
f) = f'(0) = 0, f(*)21 (20.14) 


Of course, an ordinary differential equation is much easier to solve, analytically or numerically, 
than a partial differential equation. 

We previously encountered three special cases of the Falkner-Skan equation, namely, f — 0, 
1/2, 1. These are outlined in Table 20.1, along with several other cases which stem from 





B= denu = constant 
^ déné — 
This yields an external flow speed given by 
u,(s) = KPOP (20.15) 


where K is an arbitrary constant. 
Accurate results from numerically solving the Falkner-Skan equation are shown in Table 20.2 
(Bae and Emanuel, 1989). The skin friction and skin-friction coefficient are given by 
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TABLE 20.1 
Special Cases of the Falkner-Skan Equation (White, 1991) 
B Type of Flow 
—0.1988 boundary-layer separation 
0 flat plate 
0.5 axisymmetric stagnation point 
1 two-dimensional stagnation point 
3 
-2< ß<0 flow around an expansion corner of angle et 
mp/2: 

A se^ 
0spz2 flow against a wedge of half-angle 7/2: 
4 doublet flow near a plane wall rs xp 
5 doublet flow near a 90? corner a 
oo flow toward a point sink: P 

es ~y 
Qum 
TABLE 20.2 


Boundary-Layer Parameters vs. ß for 
Incompressible Laminar Flow (Bae and 
Emanuel, 1989) 


B f; C, Nev 
—0.1988 0 2.358 4.788 
0 0.4696 1.217 3.472 
0.5 0.9277 0.8047 2.750 
1 1.233 0.6479 2.379 
2 1.687 0.4975 1.948 
5 2.616 0.3334 1.382 
10 3.675 0.2408 1.022 
15 4.492 0.1980 0.8474 
20 5.181 0.1721 0.7398 





where & is given by Equation (20.6), and the second column in the table lists f. The third column 
in the table provides C,, which is defined by Equation (18.19). The final column lists 7,,, which 
represents the boundary-layer edge of the velocity profile where f'(1],,) = 0.99. The manner of 
utilization of the C, and N., parameters is discussed in the next chapter, which treats the more 
general case of a compressible boundary layer. 

The solution of the Falkner-Skan equation, subject to Equations (20.14), is unique when B= 0. 
For f) < 0 the solution is not unique (Libby and Liu, 1968). An additional condition that f" decreases 
as rapidly as possible when 7] increases is then arbitrarily imposed when B,,< B « 0, where B, 
denotes the value of B where f% first becomes zero. This value is referred to as the separation value, 
since the boundary layer separates from the wall when the skin friction first becomes zero. 
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VORTICITY 


We conclude this chapter with a brief discussion of boundary-layer vorticity. Appendices G and H 
are used to obtain 


1 ov 


ou 
pee ey Le ee ee 
rile an ee 


for the vorticity in a two-dimensional or axisymmetric flow. A vortex filament is thus a circle centered 
about the symmetry axis in an axisymmetric flow. With the scaling provided by Equations (20.2), we have 


Daa; (20.17) 


It is of interest to examine how the vorticity changes for a fluid particle inside a boundary 
layer. For this, we determine Dw/Dt. This relation is obtained by first multiplying Equation (20.4b) 
with o ( )/dn while assuming that u is constant. We thereby obtain 
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Observe that the left side can be written as 
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where the first-order relation, Equation (20.17), is used for œ. To eliminate the divergence-like 
terms, Equation (20.4a) is written as 


Qu Qv | gdr, 
os On r, ds 


By combining these results, we have 


Do ao o dr, 
= y—t———u 


207 act vw (20.18) 
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Hence, there is lateral diffusion of vorticity away from the wall with v as the effective diffusion 
coefficient. In the rightmost term the factor, r; (d r,/ds)u, stems from the continuity equation for 
an axisymmetric flow. This term accounts for any lateral stretching, or contraction, of the circular 
vortex filaments. 

Part (a) of Problem 4.5 provides a general kinematic equation for D@/Dt that should be 
consistent with the one above. In an incompressible fluid with u being constant, the equation in 
the problem reduces to 


EO = wW’O+0- (Viv) (20.19) 


where the rightmost term represents vortex stretching, which can occur in a three-dimensional or 
axisymmetric flow. In a two-dimensional or axisymmetric flow, with 


Ww = ue,+ve, 
> 5 
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this term becomes 
> . [OA 
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where various vector relations in part B of Appendix H are utilized. In the boundary layer large 
Reynolds number limit, we obtain 
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2> Oo, 
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and 
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since sin@ = dr,/ds. In this circumstance, Equation (20.19) reduces to Equation (20.18) as 
anticipated. 
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PROBLEMS 


20.1 


20.2 


20.3 


20.4 


20.5 


Equation (17.8) provides the stream function for inviscid, incompressible flow about a 

circular cylinder of radius R. Use this result to obtain B(s), where the arc length s is 

measured along the cylinder’s surface from the forward stagnation point. Sketch B vs. 

s/R for the upper half of the cylinder. Interpret your results for f) at s/R = 0, 7/2, and 7. 

(a) Assume x is a small constant, comparable to u in magnitude, and develop a form 
of the energy equation that is consistent with Equation (20.4). 

(b) Assume h = c,T, with c, being constant, and introduce Equations (20.5) and 
(20.6). Determine the energy equation that is equivalent to Equation (20.11) using 





where T, and 7,, may be functions of s. 
(c) What are the conditions for 0 to have a similarity solution? 
Consider incompressible flow about a symmetric wedge (see Equation (20.15) and 
Table 20.1) with 0 € B €x 2 and with B = —0.1988 included for convenience. 
(a) Determine an equation for the integrated skin friction from the tip of the wedge to 
a point s on the upper surface, where s is nondimensional and less than unity. 
(b) Evaluate the nondimensional integrated skin friction 


1 J 
Sas |S 
(pK?) ^ Jo 


when f) = —0.1988, 0, 0.5, 1, and 2. Explain your f = —0.1988 and 2 results. 
An incompressible, axisymmetric flow has 


u, = ug n(s * s,), r 


e 


where ue 5,, and r; are positive constants and s is nondimensional. 

(a) Determine equations for &(s), n(s, n) and B(s). Simplify your results. 
(b) With s = s, = 1.04633, determine B,E/(ppm,,r;), and (pu,/u) " cp. 
For the Falkner-Skan equation 


fe Bas uo 
determine the two leading, nonzero terms of the Taylor series expansion 

f = ayt ak a,n + (1) 
that holds near the wall but does not hold for large 7. Equation (1) should satisfy 


f.-0 ff =0, fy #0 


and the coefficients of the two leading terms should only depend on B and f. 
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20.6 (a) For an incompressible, viscous fluid, use the results of Problem 20.5 to determine 
an approximate solution, valid near a stagnation point, for w“. Retain only the leading 
term, in N, for u and the leading term for v. Your final result should be in terms of 


= W, 





w 
U 


oo 


(b) Evaluate the total pressure 


T os 
Pp = pt xP w 
in the vicinity of the stagnation point. Use nondimensional variables, including 


_ 2(pi- Po) 
Pr 2 


pU. 


where p, is the pressure at the stagnation point. 





2 1 Compressible 
Boundary-Layer Theory 


21.1 PRELIMINARY REMARKS 


As in the preceding chapter, a steady, large Reynolds number laminar flow about a two-dimensional 
or axisymmetric body is considered. From the outset, we assume the fluid is a perfect gas and, on 
the streamline or stream surface that wets the body, the inviscid flow is isentropic and has a constant 
stagnation enthalpy. 

First-order boundary-layer theory is again the topic of this chapter. For this theory, only the 
inviscid solution for the stream surface that wets the body is required. Second-order theory would 
account for the possibility of gradients of stagnation enthalpy and entropy that are transverse to 
the body. The higher-order theory also accounts for other effects, such as body curvature. 

As a consequence of the high Reynolds number ordering of effects, the first-order theory is 
applicable under a wide range of conditions, including inviscid flows that are rotational and may 
not be homentropic or isoenergetic. For example, a flow generated by a curved shock wave, which 
is rotational and not homentropic, is encompassed within the first-order theory. In other words, the 
effect on the skin friction or heat transfer of a rotational flow, external to the boundary layer, is a 
second-order correction. As evident from Chapter 20, the dominant effect considered by the first- 
order theory is the pressure gradient along the wall. To explicitly account for second-order effects, 
we must resort to the theory in Chapter 23 or a numerical solution of the Navier-Stokes equations. 

Most boundary-layer flows are transitional or turbulent, except near their origin where they are 
laminar. Since the 1950s, however, high-speed flight at an elevated altitude has become a major concern 
of engineers. Under these conditions the boundary layer remains laminar much longer (Sternberg, 1952). 
Larger portions of the structure are thus covered by a laminar boundary layer because of surface cooling, 
boundary-layer acceleration, and a relatively low Reynolds number associated with the low density of 
the upper atmosphere. For instance, all three factors are present during atmospheric reentry of a missile 
or spacecraft. 

The subsequent theory will utilize the Re — œ limit. In a real flow, when a Reynolds number 
based on wall length becomes sufficiently large, the boundary layer becomes transitional. This 
effect is ignored since transition does not start until the Reynolds number is of O( 10°) or higher. 

The first-order boundary-layer equations for a compressible flow are derived in the next section. 
A transformation is performed in Section 21.3 that resembles the one in Section 20.3. To simplify 
the presentation, we assume from the start a similarity form for the solution. A series of sections 
then follows that focuses on the similarity equations and the concept of local similarity. In the last 
of these sections a critique of this approach is discussed. Overall, the importance of these concepts 
justifies the emphasis given to the similarity form of the boundary-layer equations. Analytical results 
are more readily obtained with this approach than with any other. As a consequence, Sections 
21.7 to 21.10 provide a simple and quick method for obtaining values for the skin friction, heat 
transfer, and a variety of boundary-layer thicknesses. Such values are particularly useful when 
rough estimates or dominant trends are desired. The last two sections discuss (numerical) solutions 
to the nonsimilar equations. 

Because of the number of complex equations in this chapter, Appendix I summarizes this 
material, except for that in the final two sections, which discuss nonsimilar flows. Chapter 22 
discusses a variety of applications of the similarity theory. 
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WALL PRESSURE GRADIENT 


We conclude our remarks by obtaining the pressure gradient along the wall. As before, stagnation 
conditions are denoted by a zero subscript, whereas an e subscript denotes the outer edge of the 
boundary layer. In first-order theory, this later condition is provided by a solution of the Euler 
equations when evaluated at the surface of the body. Thus, although this solution may not be 
homenergetic or homentropic, the inviscid stream surface or streamline that wets the body has 
constant values for the stagnation enthalpy and the entropy. Hence, for this stream surface, we have 


sM pyly 
hoe = = j Tet 54. = constant (21.1) 


along with the isentropic relation 


T (y- lly 
= = (=) (21.2) 
and the thermal state equation 
Pe = PRT, (21.3) 


Equation (21.2) is differentiated, with the result 
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This is combined with the differential form of Equation (21.1) to yield 


dpe _ du, 
de ^ -p.u, ds (21.4) 





for the pressure gradient along the surface in the streamwise direction. 


21.2 BOUNDARY-LAYER EQUATIONS 


As in Section 20.2, we utilize Appendix H, to obtain 


h, =1 
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at a large Reynolds number, where higher-order terms have been omitted. Hence, the first-order 
boundary-layer equations in primitive variable form are 





o o 0 o = 
35 CoP) + a Cr pv) E 0 (21.5) 
Du _ _dpe 9 ( 2u 
Di- de on (5) (21.6) 
Dh n dp, 0 oT Ou 2 
PT =U a +o (Ea ) (52) (21.7) 


Observe that the terms containing the second viscosity coefficient, A, are of higher order and do 
not contribute to either the momentum or energy equations. Furthermore, use has been made of 
the result that ðp/ðn = 0. Finally, note that the energy equation still has terms for convection, 
pressure work, transverse heat conduction, and viscous dissipation. 

Before introducing new independent variables, we transform Equation (21.7) into a simpler 
form. For this, we introduce A = c,T and the stagnation enthalpy 


h, = he sw 


which does not include the higher order v/2 term and, unlike hoe Ao is not constant. The energy 
equation thus becomes 


Dni. g2” = TL A K (Ds - 22) + (25) 
Por Pg = ds 9n c, A On on H| Jn 


We now introduce the Prandtl number and eliminate the Du/Dt term by means of the momentum 
equation, with the result 
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where 


2( Dey, (28)? 2, du 
vx (15) (Se) T (uu 2.) 


We thus obtain for the energy equation 
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TRANSFORMATION OF THE INDEPENDENT VARIABLES 


New independent variables are utilized by means of the transformation 


E(s) = Í (puu).r; ds (21.9) 
0 


Pelle Pa 
n(s, n T nRa” ; [| £a (21.10) 


This transformation was developed over a number of years by Dorodnitsyn, Mangler, Howarth, 
Stewartson, Levy, Lees, and possibly others. Its attribution varies from author to author. It is 
designed to reduce the axisymmetric case to the two-dimensional case and to remove compress- 
ibility effects. As we shall see, the final version of the equations is independent of o and the density, 
and one of the equations resembles Equation (20.3). Aside from the foregoing important reasons, 
the transformation resembles Equations (20.6) and results in a generalization of the Falkner-Skan 
equation. As in Section 20.3, & is dimensional, whereas n is nondimensional. 
In the subsequent analysis we will need the following derivatives: 


as = (puu),r, 
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Observe that p in On/dn has no e subscript and ðN/ðs is not listed. At this time, the On/ds 
derivative cannot be evaluated, since p/p, in the integrand of Equation (21.10) is an unknown 
function of s and n. As evident by the second of Equations (20.7), this difficulty does not occur 
for an incompressible flow. (Problem 21.9 provides 07n/ds when the flow is compressible.) For- 
tunately, 91]/Os cancels in the subsequent analysis; its evaluation is therefore unnecessary. 


TRANSFORMATION OF THE EQUATIONS AND BOUNDARY 
CONDITIONS UNDER A SIMILARITY ASSUMPTION 


The introduction of @, n, and h, have paved the way for assuming a similarity solution of the form 


-for 
rie fü Q1.11) 


=Z = g(m) (21.12) 
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where f and g depend only on 7) and h,, is a constant. (The nonsimilar equations are given in 
Section 21.6.) A compressible flow stream function is also introduced as 


Q 


2 NT eM gr 
2s ry PV, n r„pu (21.13) 


that satisfies the continuity equation. This stream function is a provisional variable; it will not 
appear in the final formulation. 


We must relate y to fin order to obtain a relation for v. In turn, v is needed in order to transform 
the substantial derivative to the new variables. The y, f relation stems from 


or 


oe = (2 25^ T £ 


This integrates to 


y = Qf (21.14) 
where the function of integration is set equal to zero, thereby allowing y = 0 on the body or along 


an axis of symmetry. Thus, v is given by 


v=- 


Oy 1 [ag ay , an ay 
r2p 9s r?p|ds of 2s on 


or 





__1 | d&/ds 1207 y 21.15 
7 its re on 2; ( ) 


The substantial derivative now becomes 








D Toa 9 dé 2). Ai, LE. E 19299, less P 


Dt os on ds 06 ?p 2&5)? VIE an 
-uf p2 f 9 
= UT (r$ QE 2E 5) (21.16) 


Since v originally only appears in D( )/Dt, we see that ðņ/ðs is unnecessary. 
With the foregoing, Equation (21.6) becomes 
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which simplifies to 


_ Pe du, Ue 


p dg * Epa AOR” ) 











du, 72 "n 
gef — et” = 


or 





(Ber) ear Br) 


To eliminate the p,/p factor, we use 


1.3 1 
Pe PeT T h h,—-5u hg —5u.f 














p'gn m cR ol a cL id 
oe 2e oe 2e 
to obtain 
(rn) +" B1 = 0 (21.18) 
The pressure gradient parameter is given by 
2 
B 26 du e To A Toe dtnu, 
pe 4, dé T, T, dén& VAR) 
since 
hoe = T 
hs, a sue T, 


Aside from the T,,/T, factor, this definition is compatible with Equation (20.12). In order for the 
similarity assumption to hold, we must have 


B = constant (21.20) 
and 

PH -ce (21.21) 

Pelle 


When C is assumed to be a constant, it is referred to as the Chapman-Rubesin parameter (Chapman 
and Rubesin, 1949). 
Equation (21.21) yields C = 1 if 
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since p ~ T^. We thereby obtain 


f" + ff’ + Big- f^) = 0 (21.22) 


in place of Equation (21.18). The transformed version of Equation (21.8), for the energy, is 











dg Í A ry pu. 9 hoe ry; pu. , d , ry pu. " 
CET (o- dea?) = 2E” a Q5 «(1 -z)«f «EE 


which simplifies to 


2 
e 


9 1 i 1\4 sgn , 
a ES (Xen =0 (21.23) 





We previously required the Chapman-Rubesin parameter to be unity; hence, the energy equation 
becomes 


(Bene ener = aam 


This highly transformed version of the boundary-layer energy equation still includes the effects of 
convection, work, conduction, and viscous dissipation. None of these processes has been discarded. 
Although a thermally and calorically perfect gas and u~ T are assumed, the Prandtl number need 
not be constant. It becomes a constant only if K~ T. If Pr is not constant, it must be a function 
only of 7. In this case, a similarity solution is possible only if u, is a constant. 

Subsonic flows where u, is constant are limited to those above a flat plate at zero incidence, 
uniform flows parallel to a cylinder, and to cylindrically symmetric flows, such as a vortex flow, 
in which the streamlines are circles. The number of supersonic flows is somewhat larger. In addition 
to the foregoing cases, these include the flow behind a planar oblique shock wave, the flow along 
a planar wall downstream of a Prandtl-Meyer expansion or compression, and the flow along a cone 
at zero incidence with an attached shock wave. These supersonic flows need hold only locally. For 
instance, a hypersonic vehicle may have several different regions where u, is constant. An additional 
case occurs in the hypersonic limit on a slender body where u, is essentially a constant. 

Alternatively, if u,(&) is not constant, then similarity requires that Pr = 1. Hereafter, we will 
concentrate on this situation for which the above equation reduces to 


g"* fe’ -0 (21.25) 


It is important to note that setting Pr — 1 does not mean we are ignoring any process, such as 
viscous dissipation. Instead, various processes combine to partially cancel each other. One of these 
processes is the viscous dissipation, which constitutes part of the wdu/dn term in Equation (21.8). 
For air, Pr = 0.7, and viscous dissipation is thus somewhat underestimated by using Pr = 1. 

It is often convenient to replace g with 


~ dw h, — Now T,-T,, 
Ee = pe = oe (21.26) 








G 
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where 


how = cT, 
From Equation (21.12), the g,, parameter is 
Sw = 5 = a (21.27) 
The final form is 
fs ge pleut He ens" 10 (21.28) 
G’ + fG’ =0 (21.29) 


for the similar, compressible, boundary-layer equations. The boundary conditions for these equa- 
tions are 


fO)=f,=90, f'(0-2/;,-0 G0)=G,=0, 
fo Sy G(%) = 1 (21.30) 


The introduction of G has simplified the temperature boundary condition at the wall. Moreover, 
G and f’ now have the same wall and infinity conditions. (We utilize this fact in the next section.) 
Equations (21.28)-(21.30) provide the basis for much of the discussion in the rest of this chapter. 
All variables and the two constant parameters are nondimensional. Observe that there is no direct 
dependence on y, M. o, p/p,, or a Reynolds number. 


21.3 SOLUTION OF THE SIMILARITY EQUATIONS 


Solutions of Equations (21.28) through (21.30) are shown in Figures 21.1 and 21.2 for a few D and 
g, values.” It is conventional to refer to these curves as showing the velocity, f’, and stagnation 
enthalpy, G, profiles in the 7, or transformed, plane. (Comparable solutions in the physical plane 
are presented in Section 21.7.) When f) = 0 the solution no longer depends on g,,; hence, the B = 
O curves hold for all g,, values in both figures. Moreover, the fj = 0 curves are identical, since 
G = f' satisfies Equations (21.29) and (21.30). In other words, the G(7) and f'(1]) profiles are 
the same when f) = 0. 

As discussed in Bae and Emanuel (1989), f’ exceeds unity when f) > 0 and g,, > 1. This results 
in a maximum value for f’, as is evident for the g,, = 3 curve in Figure 21.1. This phenomenon 
is referred to as velocity overshoot. It occurs when there is a hot wall, i.e., g„> 1, with an 
accelerating boundary layer, i.e., D > 0. In this circumstance, the density near the wall is less than 
pe thereby allowing u to exceed u,. 

Figure 21.3 shows additional velocity profiles when B = 1.5. We observe that the g,, = 1.5 
curve has a small, but discernible overshoot. The amount of velocity overshoot increases steadily 
with g, when g,,> 1. It is worth noting that velocity overshoot can occur even when the edge 
Mach number M, goes to zero. In short, this phenomenon is not associated with viscous dissipation. 





* I am indebted to Dr. Y.-Y. Bae for many of the figures and tables in this chapter. The computer code that generated these 
figures and tables is briefly described in Bae and Emanuel (1989). 
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FIGURE 21.1 Velocity profiles in the transformed plane. 
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FIGURE 21.3 Velocity profiles in the transformed plane, D = 1.5. 


Observe from Figure 21.2 that G does not exhibit any overshoot. This is a general result for 
G, and consequently G increases monotonically through the boundary layer. However, this does 
not mean that the temperature has no overshoot. In fact, the temperature may exhibit a very 
pronounced overshoot. With Equations (21.17) and (21.26), the temperature is given by 


2 72 
T _ get (0 7826 - Lu /2h IF dias 


e 1-[u2/(2h,.)] 


M 
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where 


u? y-1 M? 


2Noe 2 14 LM; 


££ 





If the derivative of the temperature is set equal to zero: 


1 oT ( y-1 3 , (Y- 0M; tpn 
AW ie 0 ] - ——M, (1-g,)G ————— Ff -0 
T, on 2 Le TM; 
we obtain 
, ( -DM; sgn 
G = a AT Spe 


(1+%tueja-s,) 


as the condition for determining the 7 value where T is a maximum. As a consequence of this 
condition, one can show that velocity and temperature overshoot cannot simultaneously occur (see 
Problem 21.17). 

A simple estimate for the magnitude of the overshoot can be obtained by choosing $= 0. With 
this value, Equations (21.28)-(21.30) are independent of g,,. Consequently, G and f’ satisfy the 
same differential equation as well as the same boundary conditions; hence, G = f’ and G’ = f”. 
[In this case, Equation (21.31) shows that T varies quadratically with u, as mentioned in Section 16.2.] 
The above condition then simplifies to 


pari 
2 [3 

-— — 0-89) 

(Y- DM, 
A maximum temperature occurs within the boundary layer when f = 0, providing the right side 
is between zero and one. For instance, let us assume a relatively cold wall with g,, = 0.2, y = 1.4, 
and the values of 2 and 7 for M,. With the aid of the B = 0 curve in Figure 21.2, we obtain at the 
maximum temperature location 


n=24, G-2f'2090 when M,-2 


and 


n=09, G-2f'-2044 when M,-7 


The corresponding maximum temperatures are 


L = 1.01 when M,=2 
Te 

and 
== 4.06 when M,-27 


These values are to be compared with the wall temperature ratio given by 


T T, T = 0.36, M, = 
SW C Ea e (1« 553) = 
T, T, 2 2.16, M, = 7 


l 
N 
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FIGURE 21.4 The parameter f vs. p. 
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FIGURE 21.5 The parameter G,, vs. f. 
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FIGURE 21.6 The separation parameter Bsp VS. w 


Hence, a sizable temperature overshoot occurs when M, is in the high supersonic or hypersonic 
range. In contrast to velocity overshoot, temperature overshoot is caused by viscous dissipation, in 
which the shearing motion inside a high-speed boundary layer generates an appreciable amount of heat. 

Figures 21.4 and 21.5 show f,” and G,, vs. P for several values of g,,. The trends exhibited 
in these figures will be more meaningful later after the skin-friction coefficient and Stanton number 
are introduced. The separation value of D, denoted as f,,, is shown as -p,p vs. gẹ in Figure 21.6. 
Recall that this is the B value for which f; first becomes zero. When g,, = 1, B,, equals —0.1998, 
in accordance with Table 20.2. As g,, decreases, the density of the fluid increases and the boundary 
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layer is less prone to separate. The density increase results in an increase in the tangential component 
of the momentum, which helps keep the boundary layer from a change in direction 


21.4 SOLUTION OF THE ENERGY EQUATION 


Observe that G can be eliminated from Equations (21.28) and (21.29) with the result that f is 
determined by a fifth-order equation. In view of the two boundary conditions for G, this step is 
never taken since these boundary conditions cannot be transferred to f. 

A more useful observation is that the energy equation can be integrated if f(n) is known. The 
first integration yields 


n 
c'm) = Giexp(-f fan’) 
0 
A second integration results in the quadrature solution 
n n” 
G(n) = G, + c; Sp (-f f an any” (21.32a) 
0 0 
where 7’ and 7” are dummy integration variables. Since G,, is zero, we obtain 
n a^ 
G(n) = o; exp (f f an’) dn” (21.32b) 
0 0 


We evaluate G(1]) at infinity, with the result for the heat transfer parameter 


-1 
oo n” 
G; = J exp al fan’) a (21.320) 
0 0 


Equations (21.32) constitute a formal solution of the energy equation. 
With this solution, the heat flux at the wall is given by 


= -K, (S) = (Kr Pwu.T oe , 


Iw = On (26)? w 
` w eT oe , 
z m (1-8,)G; (21.33) 


where gý, is the gradient of the gas temperature adjacent to the wall: 


^0 d oT ES = , 
e= F(R) = a-c; (21.34) 


w 
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Later analysis, in Section 21.8, will show that G, is always positive. As a consequence, when 
8g„ < l, q„ is negative and the heat transfer is from the gas to the wall. When g,, = 1, the wall is 
adiabatic and when g„> 1,q, is positive. Thus, the direction of the heat transfer depends on 
T,,/T,., not on T,/T,, although the difference disappears in a low-speed flow. This conclusion 
requires a unity value for the Prandtl number and therefore a unity value for the recovery factor. 

The solution provided by Equations (21.32) is deceptive in that it depends on f, whereas f, 
which is given by Equation (21.28), depends on G. However, there are two circumstances in which 
Equation (21.28) becomes decoupled from Equation (21.29), and Equations (21.32) are then 
particularly useful. This decoupling occurs when B= 0 or g, = 1. Both cases are discussed in 
later sections. 


21.5 THE 6 AND g, PARAMETERS 


We observe that the momentum equation is uncoupled from the energy equation when g,, = 1 or 
B — 0. In this circumstance, we have the Falkner-Skan equation and Equations (21.32). In general, 
however, a solution depends on specific values for B and g,,. We therefore discuss these parameters 
in this section. 


THE g,, PARAMETER 


The temperature ratio g,,, which equals 7,,/T,,, can range from near zero to a value in excess of 
unity. These two extremes are referred to as the cold and hot wall cases, respectively. In terms of 
a wall to boundary-layer edge temperature ratio, we have 


Tc y-1 2 


E 


In a high-speed flow, heat transfer from the gas to the wall is the general rule. For instance, with 
y= 1.4 and M, = 4,T, can exceed 10° K when air goes through a relatively strong upstream 
shock wave. In order for T„/T, to equal 0.5, e.g., intensive wall cooling with g„ = 0.119 is required 
if wall ablation is to be avoided. The hot wall case can occur with the flow of a relatively cold gas, 
e.g., as occurs in a cryogenic wind tunnel. As discussed in Section 21.9, an adiabatic wall has g,, = 1. 


THE f PARAMETER 


For an adverse pressure gradient, f) is negative and a lower limit, B,,, occurs when f% first becomes 
Zero. At this value, the wall shear is zero and the boundary layer separates from the wall. (Aside from 
this condition, separation also occurs when the wall terminates or has an abrupt slope change. In 
general, boundary layers are unable to negotiate sharp convex or concave wall turns.) In addition, 
our discussion does not encompass solutions with reverse flow (Libby and Liu, 1968; Rogers, 
1969), for which B « B,,. The boundary-layer equations, in their present form, are not appropriate 
for a separated flow. 

With a favorable pressure gradient, values for B that exceed 10 or more are possible. These 
values are present in regions where the inviscid flow is highly accelerated. Two situations where 
this can occur is in the throat region of a supersonic nozzle and on the shoulder of a blunt body 
in a supersonic flow. This latter case is discussed in the next section. 

We now follow Emanuel (1984) in order to develop a computationally suitable form for f, 
Equation (21.19), where € is given by Equation (21.9). In its current form, f) depends on an integral 
and its analytical or numerical evaluation is quite awkward. 
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We begin by observing that the inviscid streamline or stream surface along the wall is isentropic, 
so that 





oe 1+ rag 
“De 
Poe 
Pe L— EY SENOCUNNEERUEN 2 Pug, POCQUPECYTTREPMUES 
y-1 442 QG- D 
(: + rim?) 
M 
Ue = (RT) M, = CE ET (21.35) 
y-1,,2 
7 
We also use C = 1, to obtain 
E Pus quur Be PBs c «(£) 
Pele = Pwlw = p, P» ja T. RTI» D R\T ps (21.36) 


An isothermal wall is assumed, which enables us to obtain for and d€né 


é= (E) (RT, ^p, | RFM) 4s (21.37) 
RAT), " 
r'?Fds 
dln = —— — (21.38) 
Í oF ds 
0 
where 
= -(3y-1)/[2(y- 0] 
F= UAE " riw) (21.39) 
Hence, d€ nul and ß can be written as 
denu? 22 244 (7 DM, dM, _ 24M, 
* "M, Yl M, 
det M Ua M (re 5n) 
54M. 
x ( NS ut) ds. 1 
: M1 y-lag2 dên 
e| t+ Me] as 
Í r? Fds 
_ 2 dMdo (21.40) 





—. M, ds °°F(M,) 
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In the integrand, F is a function of the wall arc length s, since M, depends on s. We occasionally 
encounter the F(M,) function. With y = 1.4, it has a maximum value of 0.495 when M = apie 
(20.845) and is zero when M, is zero or infinite. 

Let us now consider f) as a function of the arc length along the wall. A differential equation 
for B is obtained by first solving for the integral 





2) r°Fds = M. <r, FB 
u 


We differentiate with respect to s, with the result 


M, d <a! Eg dr, 
—— FB+20——r,, 
(dM, /dsy dM, jds ds 


M, yee dF M, 20p dB 


2r?F = r?F p- 





FB 











t Mads" dh quads as 
Since 
1-yM? dM 
a. x Tie p T (21.41) 
? M.(1 + Lr M) 3 


this simplifies to 











1 
B M, ds  (dM,lds) ds fw ds qu 25g M, ds 
2 e 





1 dM, 20 dr, | yM;-1 1 dM, 


or, in its final form, 


e 
l--7 M. | 1 dM, 20 dr, 


M. ds n, ds 


dMJds qj |B 





2 
à aP L9 ght (21.42) 


This equation determines B(s) once we have 
r, r5) M, = M(s) 
and an initial value 


B, = Bs.) 


For a two-dimensional body, the wall shape r,, is not required. The numerical integration of 
Equation (21.42) can be done simultaneously with the numerical evaluation of the boundary-layer 
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equations. This differential form for B is much more convenient than its integral version, as will 
be evident when we utilize this relation in the next chapter. 
The similarity assumption means that 


dp _ 
= 0 (21.43) 


in which case the inviscid flow along the wall should satisfy 


aM 1 14M) 1 (aM, 20 dr, dM, 
e42 al Eoo =0 (21.44) 
ds r, ds ds 





ds? B, 1+ 5M M 





where D, is a constant. Clearly, this relation holds when M, is constant. 

Aside from the constant M, result, there is no general solution to this equation (numerical 
solutions are discussed in the next chapter); however, it can be solved in special cases. For instance, 
if the flow is incompressible, so that M; « 1, then M, can be replaced by u,. Equation (21.44) 
thus simplifies to 








d 2 
2(1- 
du, (1-B,)) 1 (F ) 20 dr, du, (21.45) 


d$ Ey 5a ds r, ds ds 
If we now assume 


m 2 n 
u, = ks , Ty = cs 


where k, c, m, and n are constants, Equation (21.45) is satisfied when 


2m 
Bo = l+m+on 


(Problem 21.10 contains an alternate solution.) When o = 0, we obtain the Falkner-Skan similarity 
relation, Equation (20.15). It is not evident that the power law relation for u,(s) is consistent with 
the wall shape. Consistency, in fact, is not expected. 

The similarity condition is certainly restrictive, and one might expect that similarity solutions 
are of little value. This is not the case because of the concept of local similarity, which we discuss next. 


21.6 LOCAL SIMILARITY 
NONSIMILAR BOUNDARY-LAYER EQUATIONS 


The transformed boundary-layer equations, without the similarity assumption, are 


(oí m), + ff n+ BEE- fn) = 26 fn fen - Sefa) (21.46a) 


1 1 
[eeii ei- Bie Fafa] + fen = 2Elfa8e- fegn)  (21AGb) 
n 
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These equations are parabolic and can be numerically integrated by starting with a known 77 solution 
for f and g at a fixed ó value. A stagnation point solution, as given in Chapter 17, can be used, 
where & = 0 at the stagnation point and the nonsimilar terms on the right sides initially are zero. 
For the integration, we must also supply relations for (4), u.(€), Pr, and pu/(pL),, in addition 
to the boundary and initial conditions. 


Locat SIMILARITY DISCUSSION 


A primary requirement for local similarity is that the right sides of the above equations be approxi- 
mately zero. (See Dewey and Gross, 1967, for a cogent discussion of local similarity as well as 
additional references.) This occurs when either ó is near zero, as at a stagnation point, or when 


fn fen — fs fun =0 
Sn 8e- fe8n 20 


Of course, these relations are satisfied whenever we have 
fe=0, ge =0 (21.47) 


In addition, the coefficients of all f and g terms on the left side of Equations (21.46) can only 
depend on n. While not essential for similarity, this requirement is most easily met by assuming that 
the Prandtl number and Chapman-Rubesin parameter are both unity. Suffice it to say that for air 
under a wide range of flight conditions, these approximations are satisfactory for first estimates of 
the skin friction and heat transfer. Section 21.10 evaluates, in some detail, the Pr = 1 and C = 1 
assumptions. 

Of course, when the flow has constant values for Pr and C (where Pr and C need not be unity), 
u,, and the boundary conditions, then similarity is not an assumption. In this case, f is zero and 
Equations (21.46) admit an exact similar solution for which Equations (21.47) then hold. 

Consequently, the local similarity assumption only needs to be addressed when the inviscid flow 
is accelerating or decelerating. The decelerating case corresponds to f) « 0 and is discussed later in 
the chapter. The rest of our discussion thus presumes a favorable pressure gradient, which corre- 
sponds to an accelerating boundary-layer flow. 

In this circumstance, the local similarity assumption means that the boundary layer, as it changes 
along the wall in the streamwise direction, is able to readjust rapidly to changes in local flow 
conditions. It knows about changes in these conditions only through g,, and p. Because typical 
wall materials have relatively small thermal conductivities, g,, varies slowly with é. Generally, a 
smooth variation in g,, is accurately handled by the local similarity assumption. 


HypersONic FLOW ABOUT A BLUNTED CIRCULAR CYLINDER 


By way of contrast, a rapid change of D is readily accomplished and is not an infrequent circumstance. 
Our present discussion is based on Marvin and Sinclair (1967), which does not assume Pr = C = 1 
in the numerical part of their analysis. They experimentally and computationally examined hypersonic 
flow about a blunted circular cylinder with a rounded shoulder, as shown in Figure 21.7. Four model 
configurations were tested: 


= = 0.5, 0.25, 0.15, 0.05 
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FIGURE 21.7 Blunted circular cylinder with a rounded shoulder in a hypersonic flow. 


At the axisymmetric stagnation point, f) is 0.5. As the flow moves radially outward, f, at first, increases 
slowly. However, as the shoulder is approached, the acceleration becomes more pronounced and fj 
starts to rapidly increase. Several peaks occur near the shoulder, after which f) usually decreases. It 
does not decrease in the (r,/R) = 0.5 case, where the acceleration at the shoulder is quite gradual. 
On the other hand, the acceleration is rapid when (r,/R) = 0.05, in which case f) peaks at a value 
of about 12. The heating rate distribution is relatively constant on the flat face of the cylinder. However, 
when (r,/R) = 0.05, it increases on the shoulder, reaching a value 50% larger than the stagnation 
point value. 

The principal measurements are the heat transfer rate and pressure along the surface. This 
pressure is used to deduce u, from which f is obtained. The computations involved two different 
locally similar formulations with different choices for the independent variables and a nonsimilar 
formulation. Except for the following item 5, our summary of this work is restricted to the transfor- 
mation provided by Equations (21.9) and (21.10). (See Section 21.11 for additional comments.) 

1. In terms of heat transfer along the body, both similar and nonsimilar solutions agreed to 
within 1596 of the measurements, even at the highest acceleration rates. Agreement was 
better than 1546 at the lower acceleration rates. 

2. At the lower acceleration rates, the right sides of the nonsimilar equations are indeed 
negligible, as expected. 

3. As the acceleration rate increases, the terms on the right sides increase; nevertheless, the 
similar and nonsimilar heat transfer rates depart quite slowly from each other. This 
favorable similarity result is partly due to the fact that regions of rapid acceleration can 
never persist very long. 

4. Several boundary-layer thicknesses (later denoted as 5, 0, and @) are compared with 
their nonsimilar counterparts. When (r,/R) = 0.05, the displacement thickness ó 
becomes negative just upstream of the shoulder. Consequently, when the nonsimilar 
displacement thickness is zero, the relative error for the corresponding similar value is 
infinite. Aside from this peculiarity, the agreement between similar and nonsimilar 
thicknesses is quite good. 

5. The two different local similarity transformations yielded essentially identical results 
when f) was constant or nearly so. Thus, the local similarity solution for a flat plate, for 
instance, is insensitive to the transformation. On the other hand, in the region of the 
shoulder, the heat transfer and skin friction predictions were markedly different. Recall 
that the local similarity transformation used in Chapter 20 is especially effective for an 
incompressible, two-dimensional boundary layer. Because Equations (21.9) and (21.10) 
suppress compressibility and dimensionality effects, local similarity remains effective with 
&,1 coordinates. Other transformations that do not suppress these effects are appreciably 
less successful in yielding a local similarity solution for a compressible flow, or an 
axisymmetric flow, when f is variable. 

This discussion indicates the value and frequent suitability of the local similarity assumption 

when using 6,1] coordinates. With this assumption, g,, and f) are given their local values that can 
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continuously change with € At each wall point the boundary-layer equations are solved as if the 
flow is a similar one. This concept is the basis of the next three sections. 


21.7 BOUNDARY-LAYER PARAMETERS 


This section considers a variety of topics. For instance, formulas are developed for various boundary- 
layer thicknesses, the skin friction, and the heat transfer rate. In addition, the transformation back 
to the physical plane is provided. While we assume a similar boundary layer with Pr = C = 1, 
none of the basic definitions, such as those for S, x, or the boundary-layer thicknesses, require a 
similar boundary layer or a specific value for Pr or C. 

We begin by noting that f and G depend on 7) and parametrically on g,, and fj. Those quantities 
of interest that depend on y and M, will do so only through a single flow speed parameter S, 
defined by 


y-1 

o M 
-1 
2 


Bic qo 
1+ M? 


(21.48) 


The definition of S appears to coincide with t, Equation (7.18b), used in hodograph theory. How- 
ever, T is an independent variable, whereas S is a parameter that is a known function of s. 
A dimensional body surface length x is introduced (Back, 1970) 


| ouw? as 
é _ OM 


Sorea U —— (21.49) 


X(s) = 


where x = s whenever boundary-layer edge conditions and r, are constant. Shortly, it will be 
convenient to define a Reynolds number based on x. As will be the case for the Reynolds number, 
X depends only on the inviscid flow and r7. We will also need the density ratio 


2 
2: - Ser Ego (21.50) 


which stems directly from Equation (21.17) or (21.31). In contrast to f and G, p,/p depends 
on S. 


PHYSICAL PLANE COORDINATES 


To invert Equation (21.10), we differentiate both sides, keeping s fixed, to obtain 


an | ropu). P 
euo Oe) Pe 





We eliminate € with Equation (21.49) and rewrite this equation as 


(pu).ry d v2Pe On 


n=2 dn 
[(puu) rx] P on 
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We introduce the Reynolds number 


Re, = Pas (21.51) 


and simplify to obtain, at a fixed s or &, 


Rel? m 22 "E. dn = 2°? ^ dn (21.52) 
After integration, we have 
" 
uno p12 f Pe 
Re. z 2 f 5m 
or 
Y x "p, 
n= | =d (21.53) 
oP 


where the convenient parameter, Y, with dimensions of inverse length, 








(Re^ (uer 
r = (=) AG Q6)? 


is introduced. (The Y parameter is just the coefficient of the integral in the definition of 1], 
Equation (21.10).) The density ratio in Equation (21.53) is provided by Equation (21.50); conse- 
quently, n has a strong S dependence. (See Problem 21.9(a) for the evaluation of the right side of 
Equation (21.53).) Hereafter, we regard x and n, or Yn, as the coordinates for the physical plane. 


VELOCITY BOUNDARY-LAYER THICKNESS ô 


A velocity boundary-layer thickness 6 is determined by setting n = 6 when f'(7) = 0.99, which 
occurs at an 7] value denoted as 77,,. We thus have 


Tey p, 
Yê = Í — dn (21.54) 
o P 


The 0.99 value is the conventional, but arbitrary, definition for 7],,; it applies when there is no 
velocity overshoot. When overshoot is present, let 1,, be the 7r] value where f’ is a maximum. 
We now define N., as the smaller of the two N., values given by (Bae and Emanuel, 1989) 


f'(m,)-09-01f'(n) Nev > Nm (21.55a) 


f'(n4) = 1.01, Ney > Nm (21.55b) 


Compressible Boundary-Layer Theory 597 











54 
44 EAT 
31d iL M 
Te Pp LRL 
d x eg 
40% 
14 \ 
0 ki T T T F T 
0 1 2 3 4 5 
8w 


FIGURE 21.8 The parameter Ne, vs. g,, for several f) values. 


where both n., values are above the location 1],, where f’ is a maximum. For a large overshoot, 
as shown in Figure 21.3, Equation (21.55b) is used. Occasionally, the amount of overshoot is small, 
e.g., the g,, = 1.5 curve in Figure 21.3, with f’(7,,) falling in between 1 and 1.01. In this circumstance, 
Equation (21.55a) is used. The rather arbitrary definition of Ne, is self-evident when there is no 
overshoot or when there is a significant amount of overshoot. However, Equation (21.55a), which is 
used when the overshoot is small, causes several discontinuities. These are evident in Figure 21.8 which 
shows Ne, vs. g, for several p values. There is a discontinuity in 7],,, near g, = 1, when Ne, 
shifts from its no overshoot definition to Equation (21.55a). At a still larger g,, value, 7],, has a 
discontinuous slope change when its definition shifts from Equation (21.55a) to (21.55b). The 
reason for the definition provided by Equation (21.552) is discussed in the next section. 


THERMAL BOUNDARY-LAYER THICKNESS 6, 


A thermal boundary-layer thickness 6, is determined by setting n = 6, when G(1]) = 0.99, which 
occurs when n equals N.. As evident from Equation (21.54), we have 


lle p 
Pas Í an (21.56) 


0 


The ó and ô, thicknesses are equal only when f) = 0 (see Tables 21.4 and 21.5). When the Prandtl 
number and the Chapman-Rubesin constant are both equal to unity, and with f > 0, later results 
will indicate that ô, > ô. In fact, for large p, 6, may be several times larger than 6. Since G(7,,) = 
0.99, ô, is a stagnation enthalpy thickness and nof a temperature thickness. Figure 21.9 shows ne, 
vs. g,, for the same f) values used in Figure 21.8. In contrast to Figure 21.8, the curves are quite 
smooth. The reason for this is that G never exhibits overshoot and only one definition for Ne, 
suffices. Also evident in both figures is that 7,, and N., approach limiting values as B > co. 


VELOCITY AND TOTAL ENTHALPY PROFILES IN THE PHYSICAL PLANE 


The edge values, n., and N., are transformed quantities. For profiles in the physical plane, we 
should use n or, nondimensionally, Yn. Figures 21.10 and 21.11 show the velocity and stagnation 
enthalpy profiles for the same fj and g,, values used in Figures 21.1 and 21.2. 

As evident from Equation (21.53), Yn also depends on S and g,, in addition to D. (There is no 
g,, dependence when f) = 0.) We have used S = 0, 0.5, and 0.9, which corresponds to M, = 0, 
2.236, and 6.708, respectively, when y= 1.4. The curves in Figure 21.10 terminate abruptly when 
N = Ne. Similarly, the curves in Figure 21.11 terminate when 7 = Ne. However, this figure uses 
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FIGURE 21.10 Velocity profiles in the physical plane; (a) $ = 0; (b) S = 0.5; (c) $ = 0.9. 
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FIGURE 21.11 Total enthalpy profiles in the physical plane, where G(1.,) = 0.995 and the circles indicate 
G(r) = 0.99; (a) $20; (b) S = 0.5; (c) $2 0.9. 


G(T],,) = 0.995 at termination; the circles near the terminal points of each curve indicate the usual 
G(T],,) = 0.99 value. Increasing the 0.99 value to 0.995 simply extends the curve a modest amount. 
The edge value of Yn is thus not sensitive to a small change in the 0.99 boundary-layer edge value 
for either f' or G. 

Observe in both figures that a hot wall (g„> 1) has a substantially thicker boundary layer than 
does a cold wall and rapidly increases in thickness with S. Thus, a high-speed boundary layer on a 
hot wall is quite thick. This trend and the profile shapes are different from those in the transformed 
plane as shown in Figures 21.1 and 21.2. One of the reasons for this is that Equations (21.9) and 
(21.10) have removed, in the transformed plane, the sensitivity to compressibility effects. Note that 
a very cold wall (i.e., g,, — 0) has only a slight dependence on S. 
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OTHER BOUNDARY-LAYER THICKNESSES 


The thicknesses dand ô, do not fully characterize the boundary layer. We therefore introduce thicknesses 
for displacement, momentum defect, and stagnation enthalpy defect, as follows (Back, 1970): 











aas [G a 27 an (21.57) 

j ; 
0 = Pi (1- 2) dn (21.58) 
ditare rd 


Along with 6 and ô, these are the most frequently encountered boundary-layer thicknesses. Their 
use is required in Section 21.12. The displacement thickness represents the change that would occur 
in the body size if the mass flux in the boundary layer were set equal to (pu),. The momentum 
defect thickness @ represents the loss of momentum flux pu, relative to the adjacent inviscid flow, 
that occurs in the boundary layer. This loss is caused by skin friction. An analogous statement 
holds for @. Observe that the stagnation enthalpy factor in Equation (21.59) can be written as 





At a given wall location, only T, varies with n. Thus, $ accounts for the variation of the stagnation 
temperature T, as it changes from T,, to T,,. For instance, if T, « T,, and the boundary layer 
is highly conductive, i.e., Pr « 1, then T, will be close to T„ for a significant portion of the 
layer. There is then a reduction of the stagnation temperature, due to wall cooling, and a large 
stagnation enthalpy defect relative to the freestream. In other words, G is near zero, and @ is 
relatively large. 

The thicknesses given by Equations (21.57) to (21.59) can be put in nondimensional form with 
the aid of Equations (21.50) and (21.52). We thus obtain 


= [^rg,*(1-8)G- Sf^  ,, 
1s = J Seti f Jan (21.60) 
Ye = fra - f^)dn (21.61) 
0 
Yo = fra -G)dn (21.62) 
0 


In contrast to 6, ô,, and 5, the 0 and ¢ thicknesses do not depend on S; nevertheless, they indirectly 
depend on M, through Y and f. If the boundary layer is nonsimilar, then f’ is 0f/on and the 
integrals are performed with £, or s, held fixed. 
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THE SKIN-FRICTION COEFFICIENT 


The skin friction is given by 


(du) _ (ur p)wtte py 
Ty x A m (25)? w 


We utilize the C = 1 assumption 


(pu), = (PL. (21.63) 


and introduce x, to obtain 


rpuw)e „, _ |__ ke Hear 
" Roua w= (pi!) (pu Jef (21.64) 


Aside from f,”, t, depends only on the inviscid flow and rẹ. This will not be the case, e.g., if 
LL — T^ with 1. The local skin-friction coefficient is given by 


27. De NUD 
cr = = (zz) fw (21.65) 
(qw), Re 





Hence, c, is proportional to f, and examination of Figure 214 shows that it increases rapidly 
with g,, and f when g, exceeds unity. It also increases as X , as X decreases toward zero. 
An average skin-friction coefficient is defined as 


. Af E VE d LE E 
cr = Ju ds = lie to (x) ax 


When f - 0, i.e., a flat plate or a uniform flow parallel to a cylinder, this yields 


- 1 2 z 1/2 » d 
c = MES) re f & = neu 


Pelle 05 





We thus have the result that the average skin-friction coefficient is twice the local value. 
The shear stress inside the boundary layer is simply given by 


ou 
TD n 


where Equation (21.64) provides the wall value. As you might expect, 7 and the vorticity @ are 
related, as demonstrated in part (d) of Problem 21.8. Moreover, this problem shows that under 
certain conditions, 7 and @ have a zero value and a change in sign inside the layer. These zero 
values occur when there is velocity overshoot. In this circumstance, neither 7 nor @ goes to zero 
monotonically as 7] increases to infinity. This is in contrast to an incompressible boundary layer in 
which 7 and @ monotonically decrease to zero as 7) increases. 
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THE STANTON NUMBER 


In the boundary layer, the stagnation enthalpy is 
h, = how + (hoe = hyy)G 


Thus, the temperature is given by 


ps (1-30?) = ipe. + (oe hon )G em 


Cp 


where h,„ and u, may be functions of s, and h,e is a constant. Hence, we have 


i AG. eee 
on = E u f' z 


and at the wall this becomes 


(Z) - hoe hos (28) hoe — how TwPwHe c, 
EA m = Gy 
an), C, anj, Gy Cage 





The heat transfer at the wall is 
- oT EN Ky Tulle eG 
dw ra hS), FL EU ow hye) (2 "LE 
We now introduce Pr = 1, Equation (21.63), and x to obtain for the heat flux 
1/2 
He j 
Ke um (A ow hoe) (pu), Gy 
2(pu),X 
The Stanton number is thus given by 


qw G; 


Sst aa ESCALA PINE 
: (A ow hoe) (pu), "nj 


(21.66) 


where 

Now =; hoe = cT E Taz) 
The Stanton number is therefore proportional to G,, and Figure 21.5 shows that it is relatively 
insensitive to changes in f and g,,, in contrast to c. Since G; is positive, so is the Stanton number. 


The direction of the heat transfer, however, is provided by 1 — g,,, as discussed in Section 21.4. 
An average Stanton number is defined as 


G) ds 
= 3) Stds =. oR pi 


which similarly reduces to St = 2St(s) when f) = 0. 
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FIGURE 21.12 Reynolds’ analogy with Pr = 1. 


Our choice for a AT in the Stanton number coincides with A7',, Equations (16.8), now written 
as T, —T,,. Since Pr = 1, the stagnation enthalpy difference in Equation (21.66) coincides with 
that in Equation (16.26). As a consequence of Pr = 1, the recovery temperature, Equation (16.18), 
does not explicitly appear because it equals T,- 


REYNOLDS’ ANALOGY 


With c, and the Stanton number, Reynolds' analogy takes the form 


290 3 Su (21.67) 
Cr f, 


This result, which is independent of S, is shown in Figure 21.12. Observe the steep decrease in 
heat transfer relative to the skin friction as B or g,, increases. The decrease in heat transfer is 
especially pronounced when f) € 2. Reynolds’ analogy is used to provide a heat transfer estimate 
after c, is evaluated. As evident from the figure, the estimate should not assume that the right side 
of Equation (21.67) is constant if the flow is compressible with a changing value of fj and/or g,,. 
A Prandtl number correction to this equation is provided in Section 21.10. 


21.8 COMPREHENSIVE TABLES 


There are many publications dealing with one or more aspects of similar boundary-layer theory, 
including the occasional presentation of tabulated results. These come in two forms: (a) parameters 
directly involved in the solution of the differential equations, such as f% and Gj, and (b) derived 
parameters, such as a momentum thickness. Some of the derived parameters depend on S as well 
as D and g,. A comprehensive table of derived results is, therefore, three dimensional and, in fact, 
does not exist. One of the more extensive tabulations is due to Back (1970). However, his three- 
dimensional table is scanty and lacks results for negative p and for g,,> 1. Furthermore, the spacing 
on g,, and S is nonuniform and inadequate for interpolation or extrapolation. These remarks are not 
criticisms, since a comprehensive three-dimensional table is a prohibitive undertaking, and, even 
if it existed, would be difficult and awkward to use. 

Bae and Emanuel (1989) have shown that a three-dimensional table is unnecessary; compre- 
hensive and accurate results only require a series of two-dimensional tables. This section presents 
these tables and the analysis behind them. The full paper that this reference is based on can be 
consulted for a discussion of the rather elaborate algorithm developed for numerically solving the 
similar boundary-layer equations. 
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INTEGRAL RELATIONS 


The subsequent derivation utilizes the following integrals, all of which are exact: 


fan = (21.68a) 
0 
n f 
Í f’dn = Í df = f (21.68b) 
0 0 
n f’ 
Í f'dm = Í df’ = f’ (21.68c) 
0 0 
n f” 
[sran f a= r-r (21.680) 
0 f 
n f’ n 2 
Í ff'àn = Í faf’ = #-f fan (21.68e) 
0 0 0 
f Gf’dn = fG+G’-G, (21.688) 
0 
1 2 ES 1 ” , = L B(1—-8,) T 
Jim = AUT’ + Ben- LO +E] Gan. 688) 
a 3 = 2 
]/ ETT. 


1 T] 
x ere 5 ff” + Beuf + BU - SUG* G' — Gy) -f paun (21.68h) 
0 


For these integrals, we set f, = f, = 0; thus, transpiration cooling and wall suction are not 
included. The first few integrals are self-evident. Equations (21.68e,f) stem from an integration by 
parts. In the case of Equation (21.68f), this is followed by using Equations (21.29) to replace the 
fG’ integrand with -G”. To obtain Equation (21.68g), multiply Equation (21.28) by dn and integrate 
from zero to n. The desired result requires the use of Equations (21.68d,e). The derivation of 
Equation (21.68h) is the subject of Problem 21.4. 


RELATIONS FOR 6, 0, AND & 


We begin by replacing the upper integration limits in Equations (21.60) to (21.62) with 7. After 
the integrals are analytically evaluated, we proceed to take the 7 — œ limit. The simplest derivation 
is for à, which we write as 


vé - (r- f aram) 


ne 
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where Equation (21.68b) is used. With the aid of Equation (21.68f), we have 
Yo -(f-Gf-G' + Gin +. 
Since 
Gio) = 1,  G'(e)z0 
this reduces to the elegant result 
Yo =G, (21.69) 
Recall from Equation (18.19) that 
CB Bw) = n-f,. moe (21.70) 
where now the velocity parameter, C,, depends on both f and g,,. Consequently, we have 
fi(e)=1, fe) =0 (21.71) 


In view of the G integral in Equation (21.68g), it is convenient to introduce a second parameter 
" 
C(B.g,) = n -Í Gdn, 7 e (21.72) 
0 


where C, is a thermal layer constant whose role is analogous to C,. In fact, Tables 21.2 and 21.3 
show that C,(0, g,) = C,(0,g,) = 1.2168. 
With Equations (21.68b) and (21.68g), Equation (21.61) becomes 


1 n 
YO = nal «Bf -f'- -Beun + fc- Ba ay) ca 


n] 
Equations (21.70) to (21.72) reduce this relation to 
1 n a _ = 
YO = IFB cpi» BEC, - (1 $,)C,13 (21.73) 


where the 7) terms on the right side cancel. 
In a similar manner, we have for the displacement thickness 


Yó - srt s [1- (1- 9Blg,n- (1- (1€ B)f 


1 
(1-S)(1 +B) 


T] 
-S(f^* ff')*e(1- gj) (1 -sg[ Gan! 
0 


n> œ 
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When the right side is evaluated as before, we have 


E 


Yo = [Sfi EI eOAS8]6,-0-22611 (21.74) 


1 
(1-S)(1 + B) 
where, again, the 7) terms cancel. 


RELATIONS FOR Ô AND Ô, 


Similar relations can be obtained for 6 and 6,. With the aid of Equations (21.50) and (21.68g), the 
integrals in Equations (21.54) and (21.56) can be written as 


" De = Sw * S " ; x» £" 
1 pa = 33" CEET +SP Bent fo) 
a-g) + K(1-5)] (v 
(-SY1 * B) f gun 


where 7" is either Ne, or Ne. Although n* is finite, we assume it is sufficiently large so that 
Equations (21.70) to (21.72) apply at 7*; the accuracy of this approximation is evaluated shortly. We 
thus obtain 


» 
an = n+ 


1 m 
oD a garpit + C- 0-8 +B - 16) 


Equations (21.54) and (21.56) now become 


YO = Ne(B Sw) + {S(fw + Cy)- (1 - gy)[1 + BO - S)1C,} (21.75) 


1 
(1—S)(1 + B) 


YS, = Ne(Bs Sw) + (5G 7 + C,)-(1-gy)[1 + BC - S)JC,} (21.76) 


1 
(1-S)( + B) 


where G(1],,) = 0.99 and 77,, is given by f’(7,,) = 0.99 or by Equations (21.55). Thus, Equation 
(21.75) also holds for a boundary layer with velocity overshoot. As indicated, both n., and N., depend 
on ß and g,,. 

We noted in the previous section the rapid thickening of the boundary layer with increasing 
M, when g, is not too small. The dominant Mach number behavior in the equations for 6, 
ô, and 6, is provided by the (1— S) ' factor, which equals 


I. - y-1 
"per dm brego M, 


It is this factor that is largely responsible for the boundary-layer thickening that is evident in 
Figures 21.10 and 21.11. 
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BOUNDARY-LAYER TABLES 


Equations (21.69) and (21.73) to (21.76) provide the final result for the various boundary-layer 
thicknesses. The dependence of these thicknesses on (2/ Re.) "x is contained in Y. While all five 
thicknesses depend on f and g,, only 6, ô, and 6 depend on S. 

Observe that f/7, G,, C,, C, Ne, and Ne, are functions only of f and g,. Thus, a two- 
dimensional table, with 6 and g, as the entrees, is sufficient for each of these six parameters. With 
a set of tables, the five boundary-layer thicknesses can be determined, since S appears explicitly in 
the equations for Yy, where y now represents ô, ô, and 6. Additional tables for c, and St are 
not required, since these parameters are given by Equations (21.65) and (21.66). 

The full paper associated with Bae and Emanuel (1989) provides comprehensive tables for the 
above six parameters. These, along with a seventh table, are reproduced here as Tables 21.1 through 
21.7. The seventh table, which is Table 21.1, shows B,, and 0.5B,, vs. g,,. This table is necessary 
since the other six tables provide results for these two negative f) values. These tables are indeed 
comprehensive, covering the range 

Bsp € Bx 100, O<g,<s5 

Table 21.4 shows 17,,, whose value is affected by the definition in Equations (21.55). To the 
left of the solid lines shown in the table there is no velocity overshoot and the conventional Ne, 
definition applies. To the right of all solid lines there is appreciable overshoot and Equation (21.55b) 
is used. In the middle region, Equation (21.55a) holds. 


ACCURACY OF THE TABLES 


For two of the thickness parameters, 6 and ô, we have replaced n — œ with 7 = n. Since values 
for 6 and 6, are based on the parameters in Tables 21.2 to 21.6, we evaluate the relative errors 
(Bae and Emanuel, 1989) 

[ó,.. =| ô| 2 


A |ô- ôl 2 
= ol à. 


E , 
; ô, x 


E, = x10 


for each of the 231 cases in Tables 21.2 to 21.6 at S values of 0, 0.5, and 0.9. Exact values for the 
two thicknesses, 6,, and 6,,,, are directly determined by numerically evaluating Equations (21.54) 





TABLE 21.1 

Bsp vs. £w 

£. Bsp 0.58. Bor? 
0.0 -0.32650 -0.16325 -0.326 
0.2 -0.30865 -0.15433 -0.3088 
0.4 -0.27783 -0.13892 = 
0.6 -0.24757 -0.12379 -0.246 
0.8 -0.22115 -0.11058 — 
1.0 0.19884 —0.09942 -0.1988 
1.5 -0.15735 -0.07867 — 
2.0 0.12950 —0.06475 -0.1295 
3.0 -0.09521 -0.04760 — 
4.0 -0.07511 -0.03756 = 
5.0 -0.06199 -0.03099 = 





a See Cohen and Reshotko (1956a). 
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and (21.56). All (3 x 231) = 693 E, values are below 0.9%, with the overwhelming majority 
considerably below this value. The largest values for E, occur when S = 0.9 and B = p,p. These 
are 1.40% and 1.11%, respectively, when g,, = 0 and 0.2. All other E, values are below 0.9%, 
usually considerably so. 

An important reason for the uniformly small E, values is Equation (21.552). Other relations 
were tried, including smooth interpolation formulas, but these resulted in substantially larger E, 
values. With Equation (21.55a), the maximum E, value in the middle region, between the solid 
lines, of Table 21.4 is only 0.285%. As a consequence of Equation (21.55a), however, Ne, does 
not have a smooth variation when g,,>1, as shown in Figure 21.8. Only Ne, is subject to this 
type of behavior. The parameters in the other tables all have a smooth variation. 

Another assessment of the accuracy is obtainable from the B,, values for f; in Table 21.6. 
An occasional 1 or 2 appears in the fourth decimal place. (The fifth decimal place is used for 
rounding.) Finally, results have been compared with those previously published in Marvin and 
Sinclair (1967), Back (1970), Cohen and Reshotko (19562), Pade et al. (1985), Back (1976), and 
Narayana and Ramamoorthy (1972). When results overlap, agreement is excellent. For instance, 
Table 21.1 lists the separation values of Cohen and Reshotko (19562) in the last column. 


NEGATIVE THICKNESSES 


From Equation (21.74), the displacement thickness 5 is negative when 


1 Com we 
( Ew) t v? 1 a S)B 


This thickness is negative when the boundary-layer mass flux exceeds (pu), , which occurs when 
the wall is highly cooled and f is large. In this case, the density in the boundary layer exceeds that 
in the freestream; nevertheless, the above inequality also holds when g,, = 0.2, B = 1.25, and S 
is 0.38 or less. Generally, negative 5 conditions occur in the throat region of a highly cooled 
rocket nozzle or on the shoulder of a cooled body, as occurred in the experiment described in 
Section 21.6 when r,/R = 0.05. When g,,21, the above inequality shows that 5 cannot be 
negative. Similarly, the momentum defect thickness 0 is negative when 





C,- (0. - g)C,» £ 
i B 


This inequality holds when there is sufficient velocity overshoot, for instance, when g,, = 1.5 and 
B= 10. It is easy to see that ô, 6,, and @ are never negative. 


INCOMPRESSIBLE LIMIT 


The incompressible limit is provided by M, = 0 or S = 0. For Equations (20.13) and (21.28) to 
be in accord, g(1]) and g,, must equal unity. Because S=0, T = T, holds throughout the boundary 
layer. Hence, the incompressible boundary layer of a perfect gas is isothermal and the Stanton 
number is zero. If heat transfer is to be considered, we must forgo the assumption of a thermally 
perfect gas. In this regard, observe that the incompressible analysis of Chapter 20 is not restricted 
to a perfect gas, and the associated boundary layer need not be isothermal nor the Stanton number 
equal to zero. Nevertheless, Equations (20.16b) and (21.65) for the skin friction coincide, and, for 
example, Equation (21.74) correctly simplifies to YS = C, when S= 0 and g, = 1. 
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21.9 ADIABATIC WALL 


The formulation in the preceding sections assumes a known wall temperature. Alternatively, a 
nonzero wall heat flux could be prescribed, in which case Gj, is known. We obtain G, from 
Equation (21.322), evaluated at r] — ce: 


oo n 
emus o; enm (-f fan' an" 
0 0 


which then determines the gas temperature at the wall, 7',. (This is not the recovery temperature 
defined in Section 16.3, which requires q, = 0.) A solution is obtained by solving the heat 
conduction equation for the wall using G’ and T,, as boundary conditions. For a self-consistent 
solution, an iterative procedure is required, involving both the gas flow and the conduction process 
within the wall. 

Since the heat flux g,, is usually unknown, this procedure is generally not pursued. The one 
major exception is the adiabatic wall case. This assumption is often warranted because of the small 
thermal conductivity of the gas and of the wall material. For instance, composites, ceramics, and 
many other materials have relatively small thermal conductivities. 

From Equations (21.33), we have g,, = 0 when g, = 1. This is compatible with the unique 
solution 


gmz-1 (21.77) 
to Equation (21.25) and its boundary conditions 
8,70,  g()-1 


From Equation (21.12), we see that the adiabatic wall boundary layer of a perfect gas has a constant 
stagnation enthalpy, which equals h,,. The temperature and density profiles across the layer are 
provided by Equation (21.50) with g,, — 1 as 





22 
Ee ni (21.78) 


Since g,, = 1, the velocity profile has no overshoot and the gas temperature varies monotonically 
from its wall-adjacent value of T,, to its lower T, value at the outer edge of the boundary layer. 
This profile is sketched in Figure 21.13, where a tilde denotes an adiabatic wall. Observe that the 
temperature has a maximum value and a zero gradient at the wall; hence, q,, = 0. This profile is 
in contrast to a solution with wall heat transfer, where the temperature may exhibit a pronounced 
overshoot in a high-speed flow. As with temperature overshoot, the increase in temperature as the 
adiabatic wall is approached is due to viscous dissipation. The wall's temperature itself is unknown. 
In Section 16.3 the gas temperature at the wall was referred to as the recovery temperature, T,. As 
pointed out in that section, the identification, T, = 7',,, requires Pr = 1. 

With g, — 1, Equation (21.28) reduces to the Falkner-Skan equation of Chapter 20. Thus, 
adiabatic wall values for the nonthermal parameters 


C,, Nev» Firs Cp Yô, Yó, Yo 
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FIGURE 21.13 Schematic of the temperature profile for an adiabatic wall. 


are based on the g„ = 1, column in Tables 21.2, 21.4, and 21.6. Values for thermal parameters 
that involve the energy equation are discussed shortly. 

Despite referring to g(1]) = 1 as the unique adiabatic wall solution, there is a second possibility 
that requires discussion. This is the g,, = 1 solution of Equations (21.28) to (21.30). The solution 
to the first of these equations yields the Falkner-Skan result of the above paragraph. With the 
diabatic wall condition, G,, = 0, a positive value is obtained for G;, as shown in Table 21.7 and 
in Back (1970). Evidently, the G,, = 0 boundary condition does not correspond to an adiabatic 
wall. In this regard, Reynolds’ analogy, Equation (21.67), yields a positive value for the Stanton 
number, which is incorrect for an adiabatic wall. Moreover, the right side of Equations (21.26), 
which defines G, is indeterminate, since both g,, and g(7) equal unity when the wall is adiabatic. 
As shown in Problem 21.13, this indeterminacy can be resolved by setting g,, = 1 — £, where € is 
small compared to unity. In the process of obtaining the part (c) result of this problem, we also 
obtain g(7) = 1 as the adiabatic wall solution. The foregoing indeterminacy is a consequence of 
defining g and G in terms of h,, which is constant in an adiabatic wall boundary layer. More simply, 
the energy equation reduces to h, = h,, instead of Equation (21.29). 


ADIABATIC WALL PARAMETERS 


The remaining thermal parameters Nen C, Yô, Yo, and St require revision. We discard C n Since 
it is no longer needed, set St = 0, and redefine the other three parameters in terms of a temperature 
profile. Recall that the profile is sketched in Figure 21.13, which shows the thermal boundary-layer 
edge at en where the temperature is Ter. We utilize for this edge temperature the relation 


E To Ta Y¥-142_ 1-SIf dP 
Tu-Tee TTL |t M, 1-$ = [P GL2Y 
To T, 7 T« _ B r-1 2 T s 
T. 2 e 


Since the argument of f" is 7],,, an additional parameter table is avoided by the artifice of setting 
(Bae and Emanuel, 1989) 


iet = Ney(B.1) (21.79) 
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This yields for the Tus edge temperature 


T, Ter 5 9,99? = 0.9801 (21.80) 
T5. T T, 





and T,,— Ter is 98% of the overall temperature change T',, — T, . 
Equations (21.56) and (21.78) now yield 





- = Met p, S Met 4 - Sf”? 
rā = f an= f rog d" 


Equation (21.68g), with g,, = 1, becomes 
d 72 E 1 "n , "n 
Jin = gyp" mro 
Combining the foregoing results in 
$ S n 
Yô, z NBD + apart O (21.81) 


which is in accordance with Equation (21.76) when g,, = 1, and ĵ,, is replaced with 7,,(B,1). 
For consistency with Equation (21.80), the G factor in à, Equation (21.62), is replaced with 





Toe- T E j^ 
Toe 2 T, 
Equation (21.62) now becomes 
Y$ = | fr'a- fx (21.82) 
0 


The f 5 part of the integrand can be replaced by Equation (21.68h), which introduces a numerically 
unevaluated integral whose integrand contains f "? (see Problem 21.4). Equation (21.82) is therefore 
not utilized for an adiabatic wall. In summary, we see that N., Y ó, and Y are replaced with 77,,, Y ô, 
and Y 6, respectively, where the last item has not been evaluated. 


21.10 CRITIQUE OF THE PRANDTL NUMBER AND 
CHAPMAN-RUBESIN PARAMETER ASSUMPTIONS 


The Pr = 1 and C = 1 approximations are useful for obtaining first estimates and establishing 
trends. Accurate values for the skin friction and heat transfer, however, require more precise values. 


For air, e.g., the Prandtl number is often given as 0.71 or 0.72. Similarly, the viscosity can be 
modeled as 


ucT* 
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although, for air, Sutherland's formula is often used. At moderate temperatures, @= 0.7 is a frequent 
choice for air. 


DISCUSSION OF THE CHAPMAN—RUBESIN PARAMETER 


With the above relation and a perfect gas, we have 


fa Fr) =) 
cm = P = (5) =(¢ (21.83) 





By definition, C, = 1, whereas at the wall, we obtain 


1-o0 
C, = (=) 
Ew 


These relations hold for adiabatic (with g,, = 1) and diabatic walls. With 0 € œ< 1 and an adiabatic 
wall, C,, lies between zero and one, whereas for a diabatic wall, C,, exceeds unity when g, € 1 — S. 

The value of C,, is of importance in view of its possible effect on the skin friction and heat 
transfer. With C, = 1, the C(7) = 1 assumption can be expected to be accurate whenever C, = 1. 
[In between its wall and edge values, C(1]) may differ from unity.] Aside from the @= 1 case, C,, 
is unity for a diabatic wall when g,, = 1-—S or Tẹ = T.. For an adiabatic wall and w= 1, we 
readily see that C, = 1 when M, = 0. 

A simple derivation sheds further light on C(r]) when Pr = 1 and the wall is adiabatic. In this 
circumstance, Equation (21.77) is an exact solution of Equation (21.46b) and its boundary condi- 
tions. As noted in the preceding section, h, is now a constant throughout the boundary layer and 
we obtain 





cm = = d 


which yields the above C,, wall value when 7 = 0. With (1 -S ) ~® as an estimate for an average 
C(r) value, we observe that C = 1 is accurate for a low-speed flow but becomes progressively 
inaccurate as S approaches unity (Wortmann and Mills, 1971). For instance, with @ = 0.7, C,, 
equals 0.81 and 0.50 when S= 0.5 and 0.9, respectively. (Problems 21.11 and 21.16 provide alternate 
approaches for assessing the C — 1 assumption.) 


PRANDTL NUMBER DISCUSSION 


The value of the Prandtl number has little effect on the skin friction, since Pr does not directly 
appear in Equation (21.462). Its only effect on the skin friction is through g and C(r]). This weak 
dependence of c, on Pr is evident in a number of studies (Van Driest, 1952; Back and Witte, 1966). 

On the other hand, the Prandtl number has a significant effect on the heat transfer. This is 
generally accommodated by using Colburn's analogy (Colburn, 1933), which modifies Equation 
(21.67) to 


28: _ pr?" (S>) (21.842) 


H 
Cy 


w 
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In situations when Reynolds’ analogy is not appropriate, we would use 


St = Pr? St(Pr = 1) (21.84b) 
where the rightmost Stanton number assumes Pr = 1. Problem 17.5 also predicts the py 7? 
dependence for the Stanton number for a stagnation point flow. With Pr — 0.71, e.g., we have 
Pr?" = 1.256 and the Stanton number needs to be increased by this factor, relative to its Pr = 1 
value. Prandtl number corrections to the thermal boundary-layer thicknesses are usually not made. 
However, see Problem 21.3(f) for one correction formula. 


FLAT PLATE COMPARISON 


Van Driest (1952) performed extensive calculations for air over a flat plate using Pr = 0.75 and 1, 
Equation (21.83) with w= 0.76, and also Sutherland’s equation, for M = M,, with values ranging 
from zero to 20. His skin-friction coefficient and Stanton number results are shown in Figures 
21.14 and 21.15 as the downward sloping curves. The uppermost of these curves is for 
(T,/T,) = 0.25 while the lower one is for (T,/T,) = 1.0. Both curves use Sutherland’s equation 
and Pr = 0.75. Much later, 








FIGURE 21.14 Local skin-friction coefficient vs. boundary-layer edge Mach number for flow over a flat plate 
(Bae, 1989). 
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FIGURE 21.15 Local Stanton number vs. boundary-layer edge Mach number for flow over a flat plate (Bae, 1989). 
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Cook (1977) independently performed almost identical calculations; the circles and diamonds are 
his results when (T,/T,) = 0.33 and 1.0, respectively. The agreement between the separate 
calculations is excellent. 

The horizontal line in Figure 21.14 stems from Equation (21.65) with 


B = 0, ” = 0.4696 


so that 


1/2 


Re; c, = 0.6641 


The overprediction error in cr, relative to the bottommost curve, at M = 6 is 8.8%. The horizontal line 
in Figure 21.15 represents Equation (21.84a), with G,, = 0.4696 and Pr = 0.75. Here the error at 
M = 6, relative to the bottommost curve, is 8.0%. It is important to note that the errors associated 
with both Pr = 1 and C = 1 are being simultaneously assessed. For both the skin friction and heat 
transfer, the errors at M, = 6 are modest; they are even smaller at lower Mach numbers. 


COMPREHENSIVE COMPARISON 


The foregoing discussion is rather sketchy; e.g., only a flat plate flow is considered. Haridas (1995) 
provides a more comprehensive treatment. Equations (21.46) are used in similarity form 


(Cf ^) + ff'* Bg - f^) = 0 (21.852) 
í 1 "genu É 7 
Ig e - 5) n J E (21.85b) 
with the boundary conditions 
OS 0) =0, 80) = bu f'(=) = ee seal Q1.85c) 


The temperature and Chapman-Rubesin parameter are given by 


T gsr -7 
L Iy C= T. (21.86a,b) 
and the computational parameter space is 
y=14 
M, = 0, 1, 3,6 
g, = 0.2, 0.4, 0.6, 0.8 
B = 0, 0.5, 1, 1.5, 2, 3, 4,5 
Pr = @ = 0.7, 1 


The subsequent discussion, including figures and the table, is entirely based on Haridas’ study. 
Only the more significant findings, however, are presented here. For example, since the dependence 
on g,, is smooth, only results for g,, equal to 0.2 and 0.8 are given. 
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With the definitions 


k, = f. kı = f. k, = f^ Bo = 8; 81 = g (21.87) 


the above relations are written as five first-order ODEs: 








dk, dk dg, 
Te = ke T =k, 2 =g] (21.88a) 
dk ( Sk? 
Tn giam (1— @)(¢, - 25k, k;)k, — egy te - Bk; + Bg.) (21.88b) 
o 1 T 
dg, 1 
an ^ 2, SE (1 - @)(g1 - 28k, k;)[g, + 25(Pr —- 1), ko] 
o 1 
7 dk 
ee M "kg. |- 2s(Pr- Dhe į be) (21.88c) 
These are subject to the boundary conditions 
kK(0) 20,  k(0)=0, (0-958, (21.89) 
K,(v») = 1, (9) = 1 (21.902) 
Equations (21.902) are replaced with 
k,(0) = fe, 8&0) = gw (21.91) 
These two conditions are iterated on, until 
k(n =1, (7) = 1 (21.90b) 


are satisfied, where n = 7 is found to be sufficiently large enough to easily cover all cases within 
the parameter space. A fourth-order Runge-Kutta scheme is employed in conjunction with a 
modified Newton-Raphson method for the k,(0) and g,(0) iteration. All calculations are per- 
formed in double precision. A fixed Ar] step size is utilized, which yields six-digit agreement for 
all dependent variables with 10° and 107 An step sizes. For the cases with Pr = 1 and C = 1, there 
is complete agreement with the earlier work of Bae and Emanuel (1989). 

Figures 21.16 and 21.17, respectively, show the skin-friction coefficient and Stanton number 
vs. the pressure gradient parameter for g,, values of 0.2 and 0.8. The solid curves are for M, = 0, 
1, 3, and 6 when Pr = @ = 0.7, while the dashed curves are for Pr = @ = 1 and are independent 
of M,. The curves consist of straight line segments that connect the above f) values. (There is 
insufficient data to warrant spline-fit curves.) 

The Pr 2 œ= 0.7, M, = 0,1 skin-friction curves are in accord with the Pr = œ = 1 curve when 
g, = 0.8. Since the spread with M, in the 0.7 curves is modest, the Pr = œ = 1 curves provide 
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FIGURE 21.16 Skin-friction coefficient when Pr = 1, @ = 1 (dashed curve), and when Pr = 0.7, œ = 0.7 
(solid curves) for g,, = 0.2 and 0.8. 





























FIGURE 21.17 Stanton number when Pr = 1, @ = 1 (dashed curve), and when Pr = 0.7, @ = 0.7 (solid 
curves), for g,, = 0.2 and 0.8. 


useful results at low M, values and the correct trends as f) increases. In part, this favorable 
comparison is due to the negligible dependence of the skin friction on the Prandtl number, which 
does not appear in the momentum equation. On the other hand, the Pr = œ = 1 vs. the 0.7 Stanton 
number comparison is relatively poor at large g,, and M, values. As will be shown, the low Mach 
number-Stanton number comparison improves significantly with the use of Colburn's analogy. This 
adjustment, however, cannot remove the disparity in trends with B as M, increases when g,, = 0.8. 
Note that the wall is adiabatic when M, = 6, g, = 0.8, Pr = @ = 0.7, and B x2, while the 
corresponding Pr = œ = 1 solution is not adiabatic. 

Colburn’s analogy is most simply given as Equation (21.84b) and does not require Reynolds’ 
analogy for its application. It is nevertheless convenient to show a comparison in terms of a ratio 
of the Reynolds’ analogy parameters: 


Pr” (22) 
E., = CS) Prel (21.92) 


col — 
(=) 
f) Pr=1 


where E,,, = 1 when Colburn's analogy is exact. The two 251/c, factors are evaluated with the 
same f), g„, and M, values, and should also use the same value for œ. This latter step is unnecessary, 
however, since a comparison of cases with Pr = 1 and 0.7, both with œ = 0.7, with cases where œ= 1 
and Pr = 1 shows a negligible @ effect (Haridas, 1995). Hence, Table 21.8 compares Pr = œ= 0.7 cases 
with those for Pr = œ= 1. Colburn's analogy at small M, and f values is excellent. When M, = 1, 
a g,, dependence is evident with best results when g,, is small. By the time M, = 3, the analogy 
is marginally useful only when g,, is small. 
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TABLE 21.8 

Colburn Analogy Error Ratio when Pr = w = 0.7 and Pr = w = 1 

M. B Ew Ecol 

0 0 0.2 0.9857 

0.8 0.9916 

5 0. 0.9468 

0.8 0.9604 

1 0 0.2 0.9540 

0.8 0.8567 

5 0.2 0.9165 

0.8 0.7855 

3 0 0.2 0.8611 

0.8 0.4562 

5 0.2 0.8311 

0.8 0.2379 
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FIGURE 21.18 Temperature profiles when Pr = 0.7, œ= 0.7, g,, = 0.2 and 0.8, B=0 and 5, and for M, = 0, 
1, 3, 6. 


Figure 21.18 shows temperature profiles for four M, values when g,, = 0.2 and 0.8, B=0 
and 5, and Pr = œ = 0.7. The M, = O curves have the expected monotonic behavior. Panels for 
the larger M, values show some temperature profiles with overshoot and some with undershoot. 
Overshoot, of course, is caused by viscous dissipation, which is most intense near the wall. 
Undershoot can occur when f is large and M, > 0 ; i.e., there is a strong favorable pressure gradient 
that tends to cool the flow in the streamwise direction in the outer portion of the boundary layer. 
(These heating and cooling mechanisms should also occur in compressible transitional and turbulent 
boundary layers.) This streamwise cooling is evident from the fuller profiles for f' when the flow 
is accelerating (Haridas, 1995). By differentiating Equation (21.86a) with respect to 7, we observe 
that the temperature extremums occur when 


g = 2sf'f" (21.93) 


Moreover, both extremums can occur in a single profile, as is evident in the M, = 1, B — 5, 
g, = 0.8 and M, = 6, B=5, g,, = 02 profiles. In these double-reversal profiles, the heat transfer 
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is into the wall, but there is a middle region, inside the boundary layer, where the transfer is in the 
opposite direction. In the latter instance, the heat transfer is into the cooler, outer portion of the 
boundary layer. 

Double-reversal profiles are unexpected, since the corresponding g and f’ profiles are sometimes 
monotonic, even with a double-reversal temperature profile. In the literature, profiles are occasion- 
ally shown for g, which represents the stagnation enthalpy, but neither f' nor g exhibits a profile 
with two extremums. The Pr = œ = | temperature profiles are similar to those in Figure 21.18. 
The 0.7 curves are slightly smoother, however, since they correspond to a relatively large thermal 
conductivity. For example, the M, = 3, B = 5, g,, = 2 curve has a double-reversal profile when 
Pr = œ= 1 but does not when Pr = œ = 0.7. Since the density is inverse to the temperature, a 
double-extremum profile can also occur for this parameter. 

Laminar boundary-layer studies often invoke the Crocco-Busemann quadratic velocity relation 
for the temperature (White, 1991). This relation is exact when Pr = œ = 1 and f = 0 but is 
inappropriate when there is a double reversal. This type of profile may not have been recognized 
previously because it does not occur in the commonly studied cases of an adiabatic wall or for flat 
plate or stagnation point flows. A second reason is that the first temperature reversal is close to the 
wall, as in the M, = 1 and 3, B — 5, g,, = 0.8 profiles, or the undershoot is quite modest, as in 
the M, = 6 = 5,g,, = 02 profile. When the first reversal is close to the wall, it may be quite 
difficult to resolve with a nonsimilar boundary-layer code. 

Viscous and thermal edges of the boundary layer are typically defined by 


f'(Ne) = 099, g(n4) = 0.99 + 107g, 


Figure 21.19 shows the Mach number when 7 = Ne, for M, = 3 and 6, g,, = 0.2 and 0.8, and 
Pr = œ= 0.7. The edge value, M,. , is close to 3 when M, = 3 but is well below 6 when M, = 6, 
except when $ is large and g,, is small. A similar result is obtained for T/T, and p/p, , and with 
the thermal edge thickness n., (Haridas, 1995). That is, when M, is large, Ne, and Ne, may 
significantly underpredict the layer's thickness. This result also holds for Pr = œ = 1. The under- 
prediction when Pr = œ = 0.7 is, in part, caused by a small overshoot in the f’ profile. Overshoot in 
this profile, however, does not occur when Pr = @ = 1. In this case, the profiles go to unity at different 
rates. For instance, when Pr= @=1, M, = 6, B=0, and g,, = 0.8, we have T/T, = 1.01 at 1] 2 4.30, 
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FIGURE 21.19 Mach number when 7) = Ne, for Pr = 0.7, œ = 0.7, M, = 3 and 6, and g,, = 0.2 and 0.8. 
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but f' = 0.99 at 7 = 3.47 and g = 0.99 at 1] = 2.77. An underprediction by N., and N., results in a 
similar underprediction for the viscous and thermal thicknesses, 6 and 6,. 


SUMMARIZING DISCUSSION 


In summary, we observe that the use of Pr = 1 does not cause a significant error in the skin friction, 
while the Colburn analogy yields accurate results for the Stanton number, especially at low Mach 
numbers, and at moderate supersonic Mach numbers for a cold wall. The use of C = 1 is also accurate 
at low Mach numbers but results in a slowly increasing error for an adiabatic wall as the edge Mach 
number increases. Nevertheless, both approximations, with the Colburn analogy, provide satisfactory 
results for a flat plate when M, <6. A similar statement holds for other wall configurations; e.g., 
Back and Witte (1966) show this to be the case for stagnation point flow. Additional discussion of 
these approximations can be found in Schlichting (1979), Dewey and Gross (1967), and Back (1970). 

At Mach number values larger than six, the question of accuracy of the Pr = 1 and C= 1 
approximations is less relevant, since Equations (21.46) may need to be replaced with a formulation 
that incorporates real-gas effects (Nagamatsu and Kim, 1986) and chemical reactions (Blottner, 
1970). For air at a large M, value, vibrational excitation, molecular dissociation, and the formation 
of nitrogen oxide should be considered. At somewhat higher Mach numbers, radiative heat transfer 
becomes important. The results shown in Figures 21.14 and 21.15 are theoretical; they should not 
be relied on at Mach numbers of 6 or more. 

In conclusion, Tables 21.1 to 21.7, in conjunction with the equations of the last few sections 
and the Colburn analogy, provide an efficient means for obtaining estimates for various boundary- 
layer parameters when the external Mach number is subsonic or has a modest supersonic value. 
Of primary importance are the skin friction, heat transfer, and displacement thickness. Perhaps the 
most difficult aspect of these estimates is obtaining values for p. We illustrate the overall approach 
with several examples in the next chapter. 


21.11 NONSIMILAR BOUNDARY LAYERS — I 


A boundary layer may be nonsimilar because of rapid changes in the inviscid flow or because of 
wall changes, such as its shape or temperature distribution. These lead to changes in f and g,,. In 
addition, suction, transpiration cooling, or ablation may occur, in which case the boundary layer 
is generally nonsimilar and f, and f; are not zero. 

A variety of techniques has been developed for solving the nonsimilar, boundary-layer equations. 
These techniques can be subdivided into incompressible or compressible techniques, since incompress- 
ible techniques often are not suitable for the compressible equations. Approaches are further subdivided 
according to the choice of dependent and independent variables. Thus, one might solve Equations (21.5) 
to (21.7), which use primitive variables, or Equations (21.46) in which all dependent and independent 
variables are transformed. The choice for the transformed variables is by no means unique. In early 
studies, Crocco variables (Van Driest, 1952; Cook, 1977; Ruger, 1967) are sometimes used. 

The discussion in this section focuses on numerical methods for directly solving the boundary- 
layer equations as PDEs. An alternative approach is to first reduce the equations to ODEs, which 
are then solved numerically. This topic is the subject of the next section. 


INCOMPRESSIBLE FLOW 


Smith and Clutter (1963) use a numerical technique to solve the transformed boundary-layer equa- 
tions. A number of flows are solved, including that approaching a separation point and around a 
cylinder and a sphere. For the separation point, the Howarth flow speed is utilized: 


u 


gum 1-gi 
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which results in an adverse pressure gradient. For some of the cases, such as a circular cylinder, 
experimental wall measurements provide u,. A number of subsequent papers compare their results 
with those in Smith and Clutter (1963), which are viewed as providing exact numerical solutions. 
Our discussion will focus on an approach for incompressible boundary layers given in Sparrow 
et al. (1970). (Also see the comments on this approach in Coxon and Parks, 1971; Sparrow, 1971; 
and Rogers, 1974.) After the method is presented, we briefly mention its extension to a compressible 
flow. With a unity Chapman-Rubesin constant, the incompressible version of Equation (21.46a) is 


Fann * ff + Bg) =) T 2E(f afin — fef nn) (21.94a) 


with the boundary conditions 


f($0)2f450)20, faé) = 1 (21.94b) 


We now introduce 


g($ m) = fe (21.95) 


where g should not be confused with the g defined earlier. Equation (21.94a) becomes 


Fann t fh nn + BO — fn) - 26 ngn- fng) = 0 (21.96) 


where only derivatives with respect to 7 explicitly appear. This relation and Equations (21.94b) 
are differentiated with respect to & with the result 


ias e EOD Ses Ra ro DES aby S (21.972) 


8($0)25,050 20,  g,($9)20 (21.97b) 


The only nonsimilar terms are on the right side of Equations (21.94a) and (21.97a). For a 
nonsimilar flow we might use, as a first approximation, Equation (21.94a), with the right side set 
equal to zero. This results in the Falkner-Skan equation. A better approximation (hopefully) would 
use Equations (21.96) and (21.97) with only the right side of Equation (21.972) set equal to zero. 
This assertion, however, is without mathematical justification. Intuitively, we might anticipate that 
the right side of Equation (21.972) is relatively small compared to the left side in a nonsimilar flow, 
whereas the right side of Equation (21.94a) may not be as small compared to its left side. A better 
justification is that the solution of Equations (21.96) and (21.97) is in better accord with that of 
the Navier-Stokes equations than is the solution of Equations (21.94). 

With the right side of Equation (21.972) set equal to zero, Equations (21.96) and (21.972) repre- 
sent two coupled, ordinary differential equations of the sixth order for f and g. At a given wall 
location, values are required for the parameters é, B, and dp/dé that appear in these equations. The 
equations are repetitively integrated numerically from the wall outward with assumed values for 
f nn(€ 0) and g,,(& 0). The assumed values are correct when the external boundary conditions 


fa) = 1,  g4(59)20 


are simultaneously satisfied. 
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This procedure can be extended by defining a third dependent variable 


E ie Or 


o6 gg 


and deriving an equation for h by differentiating Equation (21.97a) with respect to &, with the right 
side of this equation now retained. The only nonsimilar terms are placed on the right side of the 
h equation and they are set equal to zero. Thus, there are three coupled, ninth-order ODEs for 
which three infinity conditions must be simultaneously satisfied. The procedure appears to have 
been convergent when it was applied to a series of four flows (Sparrow et al., 1970). Local similarity 
thus becomes the first approximation in a systematic, but otherwise heuristic procedure. 

Nath (1976) provides a modified version of the above approach that is computationally faster 
but more complex from the programming viewpoint. Good accuracy in the solution for the above 
four flows usually required the f, g, h ninth-order system of ODEs with three infinity conditions 
to be satisfied by iteration. For a compressible boundary layer, these numbers would be doubled. 
To the author's knowledge, neither the method nor its modifications appears to have been adapted 
to a compressible flow. In view of its complexity, this is not unexpected. It appears that the direct 
numerical solution of the primitive variable or transformed boundary-layer equations is both simpler 
and more efficient. This would certainly be the case, for instance, if nonequilibrium reactions need 
to be considered. 


CowenissiBLE FLOW 


One of the earliest analyses of the compressible, nonsimilar boundary-layer equations is by Chapman 
and Rubesin (1949). Flow over a flat plate is considered when its wall temperature distribution is 
a prescribed polynomial. Since fj = 0, the Blasius function f(n) is a solution of Equation (21.462). 
The constant, but nonunity, Chapman-Rubesin parameter is absorbed in normalizing the stream 
function. In their analysis, the energy equation is linear and the first step in its solution is the use 
of separation of variables. 

Another early analysis of the nonsimilar compressible equations is provided by Bush (1961). 
The technique is unwieldy and apparently has not been further utilized, although Problem 21.3 is 
based on this approach. We previously discussed the experiment of Marvin and Sinclair (1967) in 
Section 21.6. They utilize the é, independent variables that are favored in this chapter. Their 
numerical approach, which does not presume Pr = 1 or C = 1, is straightforward and effective. In 
addition to the foregoing references other nonsimilar studies are provided by Kramer and Lieberstein 
(1959), Smith and Clutter (1965), Sullivan (1970), Hsu and Liakopoulos (1982), Cebeci et al. 
(1983), Vasantha and Nath (1985), and Bansal (1980). These references, and the references con- 
tained therein, provide a diverse selection of numerical techniques as well as a selection of flow 
fields. This later point is evident by simply scanning their titles. 


21.12 NONSIMILAR BOUNDARY LAYERS — II 
GENERAL DISCUSSION 


Even in the elementary case of steady, incompressible flow over a flat plate, the boundary-layer 
equations are nonlinear PDEs. Blasius (1908) was able to reduce the problem to a nonlinear ODE 
for which approximate analytical and hand-generated numerical solutions could be obtained. A few 
years later, Hiemenz (1911) solved the problem of stagnation-point flow. There was, nevertheless, 
a pressing need for solving the incompressible boundary-layer equations for a surface with an 
arbitrary pressure gradient. Since Equations (21.5) and (21.6) are nonlinear, the method of solution 
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would most likely be approximate. A key step was taken by von Karman (1921), namely, to 
transform the streamwise momentum equation into an ODE by analytically integrating it across 
the boundary layer. Thus, the momentum equation is satisfied only on an averaged basis. This idea 
is the genesis of all integral methods. As later references will indicate, such methods are still popular 
since they provide an elegant and relatively simple way of obtaining nonsimilar solutions. It is 
worth noting that Kármán's integral equation holds for incompressible and compressible laminar 
and turbulent boundary layers. Shortly, we shall derive this equation. 

In the journal article immediately following Kármán's paper, Pohlhausen (1921a) utilizes 
Kármán's equation to develop the first practical method for evaluating the skin friction for an 
incompressible, two-dimensional, laminar boundary layer. (Remember, this is a decade before the 
Falkner-Skan, 1931, publication.) In order to perform various integrals, such as the ones that yield 
the displacement and momentum thicknesses, the velocity profile, u(s, n)/u,(s) , is written as an 
explicit, but approximate, function of n = n/ó(s). The e subscript here denotes the outer edge of 
the boundary layer, at n = 6. A fourth-degree polynomial is utilized: 





E -ane-bmoecpecdm (21.98) 


e 


which automatically satisfies u(s,0) = 0. The four coefficients are determined by three imposed 
conditions at 7] = 1: 


Nude. i8 p. ug (21.99) 


and a wall compatibility condition 





OT dp, 
(A). =P (21.100) 
This relation is obtained by evaluating Equation (21.6) at the wall and by replacing u(ðu/ðn) 
with the shear stress. (This replacement allows the momentum equation, on a time-averaged basis, 
to also hold for transitional and turbulent boundary layers.) It is through the compatibility relation 
that the pressure gradient enters into the formulation. Further details on Pohlhausen’s approach are 
given at the end of the next subsection and can be found in many books, e.g., Schlichting (sixth 
edition), White (1991), and Walz (1969). 

Integral methods for a steady, laminar boundary layer are provided by Walz (1969), Millikan 
(1932), Rott and Crabtree (1952), Libby et al. (1952), Tani (1954), Cohen and Reshotko (1956b), 
Pallone (1961), Libby and Fox (1965), and Lida and Fujimoto (1986), where Walz's monograph 
is primarily devoted to this topic. Millikan's (1932) early analysis is for incompressible, axisymmetric 
flow over a dirigible. A polynomial is used for the laminar portion of the boundary layer, while 


is used for the turbulent portion. Rott and Crabtree (1952) survey the different approaches available 
at that time and investigate laminar, incompressible flow over a yawed, infinite circular cylinder. 
Libby et al. (1952) survey compressible integral methods and observe that Pohlhausen's approach 
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provides reasonable results when the pressure gradient is favorable but is inadequate for an adverse 
gradient. This method is particularly poor for predicting the location of separation. In this paper, 
as well as in the others, adequacy is evaluated by comparing results with more exact boundary- 
layer solutions and with experimental results. A one-parameter formulation with a sixth-degree 
velocity profile is recommended by Libby et al. (1952). 

The reason for the unsatisfactory adverse pressure gradient result is the use of Equation (21.100) 
(Tani, 1954), which only holds at the wall. Because separation largely depends on the overall 
velocity profile, Tani replaces the compatibility condition with a new integral relation, referred to 
as an energy integral. This relation is obtained by multiplying the longitudinal momentum equation 
by u and integrating with respect to n from zero to 6. Tani (1954) primarily deals with incompressible 
flow; the energy-integral relation should not be confused with an integrated form of the energy 
equation. Tani’s method yields substantially better agreement for predicting separation. Cohen and 
Reshotko (1956b) treat the compressible boundary layer for a perfect gas by first transforming the 
equations to an incompressible form with a transformation somewhat different from that used in 
Section 21.2. Pallone (1961) uses a strip method for a compressible boundary layer in which the 
strips are in the flow direction. With a single strip, the method reduces to a standard integral method. 
The nonsimilar heat transfer and skin friction are evaluated (Pallone, 1961) along an impermeable 
wall that is located downstream of an injection-cooled surface. Libby and Fox (1965) develop a 
general integral moment method for a compressible, laminar boundary layer. As will be the case 
in the last subsection, they first transform the equations to €,7 variables. Each of Equations (21.46) 
is multiplied by 7” and integrated from zero to n = n,(&), where n, corresponds to n = 6. 
Excellent results are obtained using m equal to zero and unity for both the transformed momentum 
and energy equations. A fourth-degree polynomial with one free parameter is used for u/u, , while 
a fifth-degree polynomial with two free parameters is used for the stagnation enthalpy ratio, g. Lida 
and Fujimoto (1986) describe a numerically efficient method for a two-dimensional, incompressible 
laminar boundary layer. The unique feature of their approach is to use the energy-integral equation 
as a second ODE that is numerically integrated with the skin friction as an unknown. Three flows 
(flat plate, stagnation point, and the Howarth retarded flow) are utilized to develop approximate 
correlation formulas for various coefficients, such as ó/ 0, in the two ODEs. As a consequence, 
a specific functional form for the velocity profile, such as Equation (21.98), is not required. 

Truckenbrodt (1952), Rasmussen (1975), and Dey and Narasimha (1990) utilize the integral 
method for transitional and/or turbulent boundary layers. Lees and Reeves (1964) and Ko and 
Kubota (1969) apply the integral method to the interaction of a supersonic, laminar boundary layer 
with an impinging shock wave that not only can cause the boundary layer to separate but also to 
become transitional. 


KARMAN’S MOMENTUM INTEGRAL EQUATION 


As previously indicated, we assume a compressible (or incompressible), steady boundary layer that 
may be laminar, transitional, or turbulent, or all three if the Reynolds number is sufficiently large. 
(Averaged equations are used if the boundary layer is transitional or turbulent.) At the edge of the 
boundary layer, where n = 6, we prescribe 


P = Pes U = U,, V= Va, T=0 (21.101) 


Our presentation first utilizes continuity to evaluate v,, which is not zero. We shall need to evaluate the 
flux of mass across the boundary layer in order that v, be given in terms of 6 and 5 . The momentum 
equation is then integrated across the boundary layer and, along with v, and the momentum flux across 
the boundary layer, yields Kármán's equation. This subsection concludes with a brief description of how 
this equation is utilized to provide the skin friction. 
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Equation (21.5) is multiplied by dn and integrated from zero to 6, to yield 
ô 8 
f 2 Spun + J Z (rpvydn = 0 
or 
?9 
r(pv), = -Í —(r,pu)dn (21.1022) 
o 95 
Leibniz's rule, see Section 1.6, can be used to obtain 
à ô 
ral rpudn = f Gorton dn ttn, A 
On the other hand, the left side of the above equation can be written as 
de od foa f _ dry? sdf 
al r,pudn = as]. pu dn) = Tl pudn+r, al pu dn 
Equation (21.1022) thus becomes 
o dr, (? df? dô 
(pv). = E at pu dn — al pudn+ (pude; (21.102b) 


The integrals are next eliminated in favor of boundary-layer thicknesses. 
Equation (21.57) is approximated as 


: ó pu 1 ó 
ó = | ]1-——— |dn = 6- | d 
Í d i (pu), ahs : 
or 


ô 


Í E E AS, (21.103a) 
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This integral represents the mass flux, per unit depth, across the boundary layer when o = 0. The 
mass flux for an axisymmetric flow is provided by the same integral multiplied by 277,,. The s 
derivative of this equation produces 





(21.103b) 


d(pu), dó 2) 
ds 
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These equations are substituted into Equation (21.102b), with the final result 


d(pu), © dr, . dd 
2 p a (pi), | 8 à ) + (pu), 7. (21.104) 





(pv). = -| 


Equation (21.6) is now written as 





(ut +H) = A 
p ðs on) ds ðn 


We again multiply by dn and integrate, with the result 


ô ô 
ou ou dp. 
Rae gas Pra = 97s PU 





t, (21.1052) 


where the rightmost of Equations (21.101) is used. The second integral on the left side can be 
integrated by parts: 


à 6 
Qu _ [| ,9Xev) 
f pv5, d^ = (puv), IE 2n dn 


However, continuity can be written as 


2 rsen culto CPI)" co ds 
3s Y) = E 3; COP) = Os ly ds (pu) 





so that the above integral becomes 


6 6 ô 
ou = 9 dry 2 o(pu) 
Í Pv” = (puv),- m P J pu dn * J ee dn 


0 


This relation, along with Equation (21.4), is substituted into Equation (21.105a), with the result 


tess (21.105b) 
Os 





ô 2 6 
alpu’) o dr, Ey: 
J Js dn + (puv), + ds f pu dn = (pu), 
where two of the integrals combine to yield the leftmost one. Leibniz’s rule provides 
df 2, _ ("9(pw) 2, dó 
rae pu dn = J —9 9 + (pu eT 
so that Equation (21.105b) becomes 


d (5.5 o dr,(5 > 2, dó du, z 
al purdn+ © a]. pu'dn - (pu), - (pu) E+ (puv), = -t, (21.1050) 


w 


and only a pur integral remains to be evaluated. 


632 Analytical Fluid Dynamics 


The momentum thickness, Equation (21.58), is approximate with 


B52 1 of? 1 
pu (1 -£an = c] pu dn — Lf pu "dn 
0 (pu), Ue (pu), 0 (pi Je 


We insert Equation (21.103a) and solve for the pu integral, to obtain 





ô 
Í gun 3 (pi «(08 — 6) (21.1062) 
0 
where the integral represents the momentum flux. The s derivative of it yields 


df puan = E S- 6) « qué (48. dó «4 


AUN (21.106b) 


Equations (21.104) and (21.106) are substituted into Equation (21.105c), with the result 








din Ir pu’), 
W H dl * ' 
dð L" d DEA us c 0 (21.1072) 
ds ds ds (p U de 
after some algebraic simplification. This is one form of Kármán's equation. If o = 0 and the flow 
is incompressible, it reduces to the more familiar relation 


sl ons zi te (21.107b) 


2 
pu. 





When the external inviscid flow is isentropic at the wall and the gas is perfect, Equation (21.1072) 
becomes 








do. o dr, 2-M, dM, 04 1 dM, x» 
ds r,d a (1 tht) ds mfi tim?) ds 
; W(y-1) 
y-1452 
(1 +2540?) t, 
= M.———M——— = (21.107c) 
yM: Poe 


where use is made of Equations (21.35). Problem 21.25 obtains the energy equation counterpart 
to Equation (21.107a). 

We briefly outline the Pohlhausen method of solution when the flow is incompressible and 
two-dimensional. Equations (21.98) and (21.99) yield 





3 4 A 2 3 4 
= (2-27 +1) + E(0- 37 +37 -m) (21.108) 
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where the parameter A is 





ó. du, 
A=- 21.109 
v ds ( 09) 
With this profile, the thicknesses and shear stress become 
«(3 A 
222 ($ 35) 
1/37 A X 
CERIN a S 21.110 
p a5 15 Ai) ( ) 
AM 
- ul2452]- 
s = u(2+ 2) 


Thus, Equation (21.107b) becomes a messy first-order ODE for 6(s). Once solved, however, the 
skin friction is readily obtained as a function of s. Schlichting (sixth edition) organizes Equations 
(21.107b), (21.109), and (21.110) in a manner that expedites their solution. Although we have only 
discussed the simplest of cases, other integral approaches are conceptually similar in that a system 
of one or more ODEs is established where the solution can be obtained with a computer using, 
e.g., a Runge-Kutta integration procedure. 


INTEGRAL FORM Or THE TRANSFORMED EQUATIONS 


As Marvin and Sinclair (1967) and Vasantha and Nash (1985) demonstrate, it is advantageous to 
start with the transformed nonsimilar equations. We thus write Equations (21.46) and their boundary 
conditions as follows: 


(Cf a), ffs + Bla, + (0 - 8)G-fil = 26G ufu - Sef nn) (21.111a) 


US SAI + fG, = 2E nG: fG) (21.111b) 
n 


f(E, 0) = f.(5,0) = 0, faé) = 1, 


(21.111c) 
G($,0) = 0, G($,-)-1 
In the above, C is given by the relation 
l-o 
C(é,n) = ONE el E (21.111d) 
g,*(l -8g)G-Sf, 


which does not assume a similar boundary layer. We treat œ and Pr as constants, while p, g,,, and 
S are known functions of &. (It is possible to have the Prandtl number depend on 1]; however, the 
subsequent presentation is then more involved. An adiabatic wall can also be considered.) In writing 
Equations (21.111), we have assumed a perfect gas, u ~ T^, and an inviscid flow that is isentropic 
and isoenergetic along the wall. 
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Equations (21.111a,b) are multiplied by dn and integrated from the wall, where 7 = 0, to a 
location 7. Subsequently, the 7 upper limit of the integrals will become infinite, thus allowing 
boundary-layer thicknesses such as 5 and Oto be introduced. The arbitrarily defined thickness 6, 
however, does not appear in the formulation. In the interest of brevity, equations involving higher 
moments, as is done in Libby and Fox (1965), are not obtained. In addition to Equations (21.111c), 
we also impose the following self-evident boundary-layer edge conditions: 


tile om, Gel, vo) = 0, G,(€,0°) = 0 (21.112) 
Based on Equations (21.70) and (21.72), the additional edge conditions are introduced: 


FE n) = n-C,(B, 8w) (21.113a) 


n 
Í G dn = n-C,(B, g,) (21.113b) 
0 


where 7] — ee, and C, and C, depends on € through f) and g,,. These two relations are approx- 
imate; they stem from the earlier similarity analysis. 

Each term is now systematically evaluated in Equation (21.1112), starting with the leftmost 
one and then moving rightward. Hence, we have 


"g Son 2 
J C man : J dO = Cf- CH. 


nw 


(21.114a) 


where 





» 1-$M-? 
TN TED cm ( = ) 


Later, when 17) > œ, we set 
C(g,0°) = 1 


and use Equations (21.112) to evaluate f,,, as zero. In view of Equation (21.68e), the second term 
in Equation (21.111a) becomes 


n n 
Í Sfan@n = ffn -Í faan (21.114b) 
0 0 


Equations (21.111c) and (21.113a) will result in ff, equaling 1] - C, when 7 — ee, with all 7] 
containing terms canceling in Equation (21.111a). The next term on the left side of Equation (21.1112) 
becomes 


n 2 n T] 2 
pj ig, * (1-8,)G - fŻldn = Bg,n« BU -evf Gan-B | fan (21.1140) 
0 0 0 
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where the G integral will be replaced with the aid of Equation (21.113b). For the rightmost term in 
Equation (21.111a), an integration by parts yields 


n " 
| fsfun = fifa [ fuf 
0 0 
We thus obtain for the right side 
n n 
| Gufe- fifi = 2 [| Pafendn-Feln 
0 0 
Since & and n are independent variables, this becomes 
: 9 f" 
| Gf fefodan = g| fdn- sf 
0 IJ 


We set n > œ and use Equations (21.111c) and (21.113a), to obtain 


ar ac, 
26 Palen Ferman = 263. f Fran +269 





where 


dC, _ 9C, dB , 9C, dg, 
dE ƏB dë Og, dé 





although this C, derivative will not appear in the final result. 
Equations (21.114) are combined with 7 — œ , to yield, for Equation (21.111a) 


26 (I. [riim +048) f fan -n) 


+C, +B -8,)C,+ Cyf =0 (21.115a) 


Ne 


Equation (21.61) for the momentum thickness can be written as 


Te = (forsan) - (r- J Fan) 
n>% ne 


n 
- (n- [ fran) "e 
0 N° 


or as 


7] 
(f fdn- n) -= -Y0-C, (21.116a) 
0 Noe 
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where Y, 0, and C, are functions only of €. The € derivative of this relation is 
d [5,2 d dC 
m dn = ——(Y0)-—-z 21.116b 
ge] fen = ~ 7078) TE (21.116b) 
With Equations (21.116), Equation (21.115a) becomes 
26 (78) +(14+ B)YO+ B[C,-(1-2g,)C,] = Cp fk (21.115b) 


Recall that € is given in terms of the wall arc length s by Equation (21.9), and that Y is 





o R V2 
Lou) _ ( 3) L (21.117a) 
(25) c See 
Hence, we have 
as 2 (pnt), (21.117) 
a E [mend k i | (21.1170) 


In accordance with Kármán's equation, we replace f% with the skin-friction coefficient, Equation 
(21.65). We thus obtain the final version for the momentum equation 


s, |p pde BG-U eC, Gie qs, 
where 
Tin Mos 
$  (puu),r, 
Equations (21.35) can be used to replace p,, Ue S, ... with M,-containing terms, as was done 


earlier for Kármán's equation, and Equation (21.42) can be used for f. For a flat plate, one can 
show that the above equation reduces to 


d0 C, 
deco E 


ds 
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The foregoing type of analysis is repeated for Equation (21.111b). We thus obtain 


af ace ydg e tego 
Pr , 2n qM Pr n er 





lf oa C,G, 


Pr 
28(Pr - 1) [" a _ 2S(Pr - 1) 
mul. att nn) dn = PIS) Ff nn 
or 
28(Pr-1) (72. 


PROS 3]. an ^ an) dn = 0 


This last result is the reason the Prandtl number does not have a stronger effect on the heat transfer 
than it does, and why a simple Pr ^? factor is sufficient to correct Reynolds’ analogy. The next 
term in Equation (21.111b) is evaluated as 


Jr, im = fa- f ofan 


To evaluate the rightmost integral, we introduce the stagnation enthalpy defect thickness in the form 


Yo = (fo - Gf,)an) 


ne 


which becomes 

n 

([G5m-1) | -»-e- c, 

0 ]2 

We thus obtain 
| /G,4n = vo 
0 

The first term on the right side of Equation (21.111b) becomes 

" n 

| fuGedn = 16;- | fazan 

0 0 

thereby yielding 


7] T] Q 7] 
| 6: eom = £6;- | i639 foam = £6; 5 | r6,m 
0 0 0 
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In view of Equations (21.112) and (21.1132), the product fGz is indeterminate as 1 ee; we take 
its limiting value to be zero. Hence, we obtain 


21 (f4G;- f,G,) dn = -26 POO 
0 


By combining the relevant terms, we have 


C,,G;,, 
26 F218) +16 = Cu 





With the aid of Equations (21.66) and (21.117), this becomes 


dg dinkrs(pudel y | C st 


cet eo 7 pP (21.118) 


Equations (21.115c) and (21.118) represent two ODEs whose dependent variables are 0 and @. In 
conjunction with Equation (21.117b), these relations yield @(s) and $(s), provided c, and St can be 
determined in terms of & or s. One way of doing this is to introduce velocity and stagnation enthalpy 
profiles, as is done in Libby and Fox (1965). Alternatively, correlation formulas can be introduced, 
as in Lida and Fujimoto (1986). The appearance of C, and C, in Equation (21.115c) can be viewed 
as being comparable to correlation formulas. Another possibility, suggested in the next paragraph, 
would combine the approaches of these two references. 

In order to have a closed system of equations, two additional relations are required for the skin- 
friction coefficient and for the Stanton number. These equations can be obtained by taking one 
moment of Equations (21.111a,b). Thus, each equation can be multiplied by ndn and then integrated 
from zero to infinity. Alternatively, Equations (21.111a,b) can be multiplied by f'dr] and then 
integrated. This approach represents a generalization of that used for the incompressible energy- 
integral equation. In either case, profiles such as Equation (21.108) are not required and the arbitrary 
boundary-layer thickness 6 does not appear in the formulation. Of course, several new parameters, 
analogous to C, and C, , will require evaluation. 
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PROBLEMS 


21.1 Start with Problem 13.5 and use the procedure in Section 20.2 to derive the first-order 
boundary-layer equations for a steady, compressible flow using natural coordinates. Do 
not retain second-order terms. Transform back to the original variables after the boundary- 
layer simplification is completed. 

21.2 (a) Continue with Problem 21.1 and determine the solution for the streamline angle 0 (s, n). 
(b) Assume a perfect gas and Pr = 1. Use the momentum and energy equations to derive 

a simple equation for the stagnation enthalpy 7. 
(c) What are the boundary conditions for h, and the flow speed w? 
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21.3 Consider the similarity case when C = 1 and f = 0. An approximate solution to the 
momentum equation is (Bush, 1961) 


f'zerf(an) 


where a is a constant. 
(a) Determine the most appropriate value for a. 
(b) Utilize the repeated integral of the error function, i" erfc z, and determine f (m) and 


n 
hz J ronan 


(c) Start with Equation (21.46b) and the part (a) assumptions and derive an ODE for 
G(n). Assume Pr is a nonunity constant. 

(d) Use the method of variation of parameters to obtain a solution for G that satisfies 
G, = 0 and G(%œ) = 1. 

(e) Assume incompressible, adiabatic flow and show that (6/6,) = 1.04x Pr? 
(Pohlhausen, 1921b). 

21.4 Derive Equation (21.68h). Use this result to analytically evaluate the right side of 
Equation (21.82) 


fe - f^)dn 


where your result will involve a quadrature whose integrand is f Me 
21.5 Consider a very cold wall (g,, — 0) at a two-dimensional or axisymmetric stagnation 

point. 

(a) Assume Pr = 0.71 (Colburn's analogy) and tabulate 6,/6, 5 /6,0/6,0/0, Re 
R eS t. 

(b) Assume the vehicle has a nose radius R and is flying at a Mach number M., where 
M..> 1. Determine equations for 6, 7, , and q, in terms of freestream conditions. 

(c) Assume the vehicle of part (b) is flying at 20 km altitude with 


1/2 
x 


Cr, and 


y= 14, M,, = 6, R = 10cm, gy = 0 


Determine 6, 7, , and q,, at the axisymmetric stagnation point. (Use standard tables for 
atmospheric air properties at 20 km.) 
21.6 Consider the flow of air at M. = 6 over a highly cooled (g,,— 0) semi-infinite flat 
plate. 
(a) Assume Pr = 0.71 (Colburn’s analogy) and tabulate 6,/6, 5/6, 0/6, 0/6, Reic,, 
and Re?’ S t. 
(b) As in Problem 21.5, assume the plate is at an altitude of 20 km. Determine ô, 1,,, 
and q,, at a point 2 m from the leading edge. 
21.7 Repeat Problem 21.6 but now assume the wall is adiabatic. Also, evaluate the temperature 
of the gas adjacent to the wall at a point 2 m from the leading edge. 
21.8 (a) Show that the vorticity in the boundary layer is 2&,, — 2(Q0u/On). 
(b) Use the result of part (a) and Equations (20.2) to determine, to first order, the vorticity 
0X6, n) in the boundary layer. 
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(c) Under what condition can @ have a zero value inside the boundary layer? What is 
the value of œ at the wall? 
(d) Derive a relation for u,@/t that only depends on 7] and the g,, and S parameters. 
21.9 (a) Start with Equation (21.53) and derive an algebraic equation for Yn, except for an 
integral of G. 
(b) Check this result by taking its partial derivative with respect to n. 
(c) Show that the s derivative of Equation (21.10) is 


on dYp 
ds ds p. 
Observe that this result cannot be obtained by directly differentiating Equation 
(21.10) with respect to s, since both p and p, are functions of s. In particular, o 
depends on s through n. 
(d) Derive a general algebraic relation between n and 77 for large 1] and compare your 
result with Equations (21.75) and (21.76). 
(e) Derive the condition on M, such that n = Yn when 77 is large. 
21.10 Use Equation (21.45) to determine r, = r,(s) and f, if (u, = ke"), where k and m 
are constants. 
21.11 Assume a similar boundary layer with B = 0, Pr = 1, C = C(1]), and Equation (21.83). 
(a) Show that Equation (21.46a) becomes 


a-9" | — | + ff” = 0 
[ey (1-89 Sf] 


(b) With the usual boundary conditions for f, numerically solve this equation for @ = 
0.7, S = 0, 0.5, 0.9, and g,, = 0.2(0.2) 1, 1.5, 2(1)5. 
(c) Tabulate C,, f%, and Gf, and compare with the 0.4696 value of Tables 21.6 and 
21.7. 
21.12 Consider the $ 1 limit. 
(a) For an adiabatic and diabatic wall, determine the behavior of Y6, Yô, Yô, and 
Poe/p in this limit. 
(b) With œ< 1, discuss what happens to the equation given in part (a) of Problem 21.11 
when (S — 1). Introduce a small parameter € and rescale 7] and f such that all 
boundary conditions on f can still be satisfied by the rescaled equation from part (a) 
of Problem 21.11. The rescaled equation and boundary conditions would provide a 
uniformly valid solution for a flat plate in the S — 1 limit. 
21.13 Consider the near adiabatic wall case 


Ew = l-e 


where |s| «< 1 and € may be positive or negative. 
(a) Set 


f= folm+efi(m + 
G = Go(m) + eG, QD += 


and show that f, is a solution to the Falkner-Skan equation. 
(b) Determine the governing equations and boundary conditions for f, and Go. 
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(c) Show that the heat transfer is given by 


o 
Kr P)wUeT oe ~ 
ie LOE DWT m 


(ey? 


21.14 (a) Show that the local heat transfer to the wall can be written as 


Va 


E a y i D, Mor F(M,) 67 
= 4RT s 2 (7+ D/I4Q- DI 
ies uf r? Fds (1 + rw) 
0 





w 25 
Pr 


(b) Assume a flat plate with Pr = 1. Suppose T„ and K, are zero. Explain why q,, is 
finite and not zero. 

21.15 Use the stagnation point theory in Chapter 17 to show that the constant c; in Equation (17.29b) 
is given by G;, when the Prandtl number is unity. 

21.16 Repeat Problem 21.11 but with Pr equal to a nonunity constant. In this case, Equations (21.46) 
do not reduce to the equation shown in Problem 21.11. 

21.17 For a diabatic wall, show that it is not possible to simultaneously have a boundary layer 
with both velocity and temperature overshoot. 

21.18 (a) Determine formulas for the pitot pressure p,, with the form 


Pt = P(N, y, S, By) 
p 


e 


where p, is the stagnation pressure when M < 1 and is the Rayleigh pitot pressure 
when M 2 1. This latter case assumes a normal shock upstream of the pitot probe 
and an inviscid flow between the shock and the probe's entrance. 
(b) Consider airflow over a flat plate with M, = 1,5 and g,, = 0.2, 1. Plot and tabulate 
D./p, VS. N and vs. n/s for these four cases when Re, = (pu/H)..s = 10°. For the 
connection between n and rj, use part (a) of Problem 21.9. For f'(1)) you may want 
to use the error function form given in Problem 21.3. 
21.19 Consider Equations (21.28) and (21.29) for an adiabatic wall in the limit of B > co. 
(a) Introduce £= (1/D) and determine the first approximation f,(7) for the outer region. 
Use Table 21.2 to numerically estimate the constant of integration. 
(b) Determine the first approximation f;(7]) for the inner region, where 7] is the new 
indpendent variable. 
(c) Determine a uniformly valid composite solution for u/u, and T/T, in terms of n. 
21.20 Reconsider part (a) of Problem 21.19 with g, z 1. Derive the first-order result 


~w 


erf[ (N — C,)/27] + erf( C,/2?) 


1/2 


1 + erf( C,/2/^) 


G, = 


where C, = C,(ee, g,,). Show that this result is spurious. 
21.21 Use results of Problem 21.19 to obtain f% and Yô when g, = land Bo ee. 


644 Analytical Fluid Dynamics 


21.22 A compressible, two-dimensional boundary layer has M, = M,,e“’, where a is a con- 
stant and s is nondimensional. Assume the hypersonic limit 


y-1,,2 
-_-M 1 
z Me > 


and use this to simplify the analysis. 

(a) Use Equation (21.42) to determine an ODE for f. Integrate this equation subject to 
the initial condition, B(0) = f. 

(b) Assume a constant wall temperature, and determine an approximate relation for & (s). 
Write the constant coefficient as &.. 

(c) Determine how ó depends on s. Leave B, f%, C,, and C, in the equation, although 
the last three parameters depend on f and, therefore, on s. Other parameters, however, 
should be written in terms of s. 

21.23 (a) Determine the time rate of change of T/T, for a fluid particle in a steady laminar 
boundary layer. Your result should be in terms of (yR Dye B (aM /ds), 2w 
S, G, f , and the 7 derivatives of G and f. 
(b) Determine the condition for T/T, to increase or decrease following a fluid particle. 
21.24 Parts (a) and (b) of this problem obtain the energy equation counterpart to Equation (21.1072). 

(a) Multiply Equation (21.5) by dn and integrate from zero to 6,. Use the e subscript 
to denote conditions at n = 6,. Derive the (pv), counterpart to Equation (21.104). 

(b) Do not assume Pr is a constant, but assume h,, is a constant while T„ can depend 
on s. Derive the energy equation counterpart to Equation (21.1072), starting with 
Equation (21.8) and using @ as the dependent variable. 

(c) Obtain a general solution to the @ equation of part (b) that contains a quadrature. 
Evaluate the constant of integration by setting s = 0 at stagnation point. 

(d) Utilize material from Chapter 17 and determine an algebraic equation for $,, where 
a zero subscript denotes conditions at a two-dimensional or axisymmetric stagnation 
point. Use Equation (21.66) and the $, result to obtain an equation for sSt. 





2? Supersonic Boundary-Layer 
Examples 


22.1 PRELIMINARY REMARKS 


As an illustration of the local similarity theory in Chapter 21, we discuss several supersonic boundary- 
layer examples. The first one treats a thin airfoil at zero incidence in a uniform flow. A number of 
boundary-layer parameters are evaluated at the trailing edge of the airfoil. The second example utilizes 
a design approach for a compressive ramp that can be used to avoid laminar boundary-layer separation. 
A third example determines the shape of a wall with a zero value for the displacement thickness. A 
discussion of the performance of a scramjet propulsion nozzle constitutes the last example. Although 
this chapter focuses on compressible boundary layers, several problems deal with an incompressible 
boundary layer. 


22.2 THIN AIRFOIL THEORY 


A schematic of a lens-shaped airfoil is shown in Figure 22.1. The upper surface is given by 
x 
y = 4kx (1 - z) (22.1) 
c 


where k « 1 and is nondimensional, c is the chord length, and at mid-chord, y = kc. (As long as 
the flow downstream of an attached forward shock is supersonic, the airfoil need not be symmetric 
about the x-axis. In our discussion, however, it is occasionally convenient to assume symmetry.) 
We begin by determining u,, 6, and fj as functions of s on the upper surface using small perturbation 
theory for the flow field. Subsequently, we determine at the trailing edge various boundary-layer 
thicknesses and the skin-friction coefficient. 


SOLUTION FOR A PERTURBATION POTENTIAL 


From small perturbation theory for supersonic inviscid flow, the perturbation potential satisfies the 
wave equation (see Liepmann and Roshko, 1957, Section 8.7) 


A $.-0,-0 (22.2) 
where 
u = U,+u’ = Us+ O, 
v= 9 (22.3) 
and 


645 


646 Analytical Fluid Dynamics 


M. $ kc 





w- X 


FIGURE 22.1 Lens-shaped airfoil in a supersonic flow. 


The general solution to Equation (22.2) is 
9 = o(x — Ay) (22.4) 


which must satisfy the tangency condition, evaluated on the x-axis, 





v(x,0) _ dy _ ( _ 3 
pog Ak| 1-27 (22.5) 


From Equations (22.3) and (22.4), we have 








v(x,0) = decim i ge m S -AL(x.0) (22.6) 
We eliminate v from the above, to obtain 
TE 
In view of Equation (22.4), $ is given by 
(xy) = S (Gà) Lady)" (22.7) 


where the constant of integration is set equal to zero. For this perturbation solution to be valid, the 
coefficient 4k/A must be small compared to unity. Consequently, M > — 1 cannot be small; i.e., the 
flow cannot be transonic. 


EVALUATION OF THE PRESSURE GRADIENT PARAMETER 


From Equations (22.3) and (22.7), we obtain for the x and y velocity components 


u=U 1-3 p-3e- t 


x 4U. [1 -Se- A») 22.8) 
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The component of the velocity that is tangent to the surface of the airfoil is 
u, = (uw + yy 


where the y in u and v is given by Equation (22.1). We thereby obtain 
EREA [ Š -B (22.9) 


to O(K). This result is consistent with Equation (22.3), with y = 0, since v? is of O(K?) and does not 
contribute to u,. We readily determine 


itj u.(1- 32) neys Us uoz u. (1*2) (22.10) 


and the flow accelerates along the airfoil. In turn, this means a favorable pressure gradient and a 
positive value for B. Since the arc length s along the surface (see Figure 22.1) is to O(k) 


F d 2 1/2 " 2 2 1/2 » 
s=| hgj dx = | [reise] aes | dx =x 
0 dx 0 C 0 


we have 


poet i z Pit E 3 22.11) 


To evaluate é, we will need p, and T, as functions of s. Because the inviscid flow is homen- 
tropic, it is convenient to introduce the Mach number M, in order to utilize standard isentropic 
relations. With 


T.- L RN (22.12) 
$ y-1,,2 
1+ — M. 
we have 
RT 1/2 
ue = (RT) M, = M, EN 
1+2 M? 
2 e 
We now write 
M,=M,,+M’ (22.13) 


along with Equation (22.11), to obtain 





(1 z i) (22.14) 
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where 
= yRT..M2, 
_ (Y- DM2 
E y-21,,2 

1+ — M. 
Equations (22.13) and (22.14) then result in 

(1+ ] = (14% 3, li-mo- omit (1-22) 

to O(K), where m is a constant. With m equal to —1 and -(y— 1), respectively, we obtain for T, 


and p, 
nuire] 


di pcd 4 ae 2 3 (22.15) 


- 
M 


E -I/(y-1) 
Pe = Pali F tM) 
2 
24k s 
= p. f + M, 1 (: - 2) (22.16) 


With u ~ T and Equations (22.11), (22.15), and (22.16), we have 


(pun), = 2n fj. rere maet (a-af) v. h-S(-2) 


M 


, 2 4k 
- (quen. +M- (1-23) 
to O(k). Equation (21.9), with o = 0, thus becomes 


é= (put). [ i + (YM? ne (1-28] di 





= (PUU). [ien o£: (YM. reas (22.17) 
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where 


&(0) = 0, 5c) = (puv)..c 


The pressure gradient parameter can be written as 





pes dpa (22.18) 


From Equation (22.11), we have 


du 8U.k 
ds | cÀ 


e 








and, consequently, the other factors on the right side of Equation (22.18) need to be determined 
only to O(1). Hence, with 


E= (pLU)..s 
2 = (puu). 
U= U. 
y = = =1+ rw 
Equation (22.18) becomes 
1+ Yi 
Pus 16 = = DE (22.19) 


Thus, the pressure gradient parameter increases linearly along the airfoil. 


TABULAR RESULTS 


Let us now determine, at the trailing edge of an adiabatic wall, several boundary-layer thicknesses 
of Section 21.7, normalized by the chord length, and c,. We use local similarity theory along with 
the prescribed numerical values 


yea: HAAS. Re a CURL peg. uod 


oo 


With this k value, a symmetric airfoil has a maximum thickness of 6% of the chord length. 
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We readily determine the following parameters: 


à = Me eat) = 1.718 
16 x 0.03 x (1 +0.2 x 1.9887) _ 





Bic) = I6X009x(L* 02x L988.) L 0,500 
rx 7 SE EIE id 
2 
plo » Lo x p -24x L988 002 = 0.8896 
2 
E - |e = 0.7239 
S. SEAS = 0.4415 
I (ess 1288x Or 0.2486 


0.5585 x 1.718 
M.(c) = 1.988 + 0.2486 = 2.236 


y-la,g 
^ M.G) 


S(c) = = 0.500 


1 + Mic) 


Note the difference between S,, and S(c). We will also need é, x, Re,, and Y, all evaluated at the 
trailing edge. These are given by 


E = (puU).c = HRe, 
E  _ (PUU). r 











a See gt Ta ee ee AS 
: (puu)? (Puu). ^ 7 0.7239 x 0.8896 x 1.07 : 
LES eL _ 0.7239 e Xl45g, = 1264Re. 
oe Gor 21734 
2 X c 


Let y represent any of the adiabatic wall boundary-layer thicknesses at the trailing edge of the air- 
foil, where the tilde notation of Section 21.9 is not used. We then have 


Yy 


173.4 


ak 


With B(c) = 0.5, g, = 1, and S(c) = 0.5, we use Tables 21.2, 21.4, and 21.6 to obtain the results 
that are summarized in Table 22.1. 


DISCUSSION 


Since ó(- à) is determined by Equation (21.81), it equals 6. As expected, Ó and @ are less than 
6. The result that 0 is substantially less than 6 is typical of a high-speed boundary layer. The most 
important result is 5/c. Recall that y/c is only 0.03 at the half-chord location. Although ó'/c is 
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TABLE 22.1 

Boundary-Layer Values at the 
Trailing Edge of an Adiabatic Airfoil 
when fj = 0.5, g, = 1, and S = 0.5 


dlc 2.25 x 102 
6,/c 2.25 x 102 
ó [c 1.13 x 102 
Ac 2.02 x 103 
f 0.9277 
6 3.69 x 103 





small, it is still a substantial fraction of the maximum airfoil thickness and would contribute to the 
form drag of the airfoil. 

As a consequence of the monotonic increase in ó along the airfoil, an inviscid flow based on 
the airfoil's thickness plus the displacement thickness will have a reduced pressure gradient and, 
thus, a reduced ß value. Examination of Equation (21.74), with fixed g, and S values, shows that 
a corrected calculation will have a larger 5/c value than the one given in Table 22.1. A more 
accurate computation would use second-order boundary-layer theory, thereby accounting for the 
effects of both longitudinal curvature and displacement thickness. A second possibility would be 
to use a nonsimilar approach while simultaneously accounting for the displacement thickness. This 
is done by using either shock-expansion theory or small perturbation theory to establish an equation 
for p, with respect to s, that simultaneously accounts for the effects of airfoil thickness and of the 
boundary-layer displacement. No iteration would be involved, since the solution for the inviscid 
flow is coupled to that of the boundary layer in a self-consistent fashion. Finally, the full viscous 
governing equations can be used. With a refined mesh in the viscous region, this approach should 
provide the most accurate result. Various boundary-layer thicknesses can be obtained numerically 
from this solution at arbitrary locations along the airfoil. 


22.3 COMPRESSIVE RAMP 
GENERAL DISCUSSION 


Figure 22.2 is a sketch of a curved ramp in a supersonic flow with a planar upstream wall. The 
compressive turn may be abrupt or gradual. If the corner is contoured, it generally consists of a circular 
arc that connects two planar walls. A turn angle of only 5 to 10° is usually sufficient to cause a 
laminar boundary layer to separate from the wall. Depending on the turn angle, length of the 
downstream wall, etc., the separated layer may or may not reattach. A lambda shock system forms 
if reattachment occurs. Further discussion of supersonic laminar boundary-layer flow over a com- 
pressive ramp can be found in Lewis et al. (1968). 

Upstream of the ramp in Figure 22.2 there is a plate, with a sharp leading edge, of length s, 
that is aligned with the freestream. The ramp itself starts at the origin with a zero slope, and the x 
coordinate is aligned with the freestream. A compression wave is generated by the ramp that 
gradually becomes an oblique shock wave. The leading edge of the compression is a Mach line 
labeled OC. The shock starts on this Mach line at a point removed from the origin (Johannesen, 
1952), for example, point C. Above this point the shock gradually increases in strength as com- 
pressive wave Mach lines merge with it. However, for the inviscid flow streamlines that pass through 
OC, the flow is homentropic. 

Because the upstream plate is aligned with the flow, its leading edge causes, at most, a weak 
shock wave that we will ignore. However, it does have a laminar boundary layer with a f value 
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FIGURE 22.2 Schematic of a compressive ramp in a supersonic flow. 


of zero. If point C is interior to the layer, there will be shock wave—boundary layer interaction. In 
this situation, the boundary layer experiences a relatively sudden adverse pressure gradient and 
may separate. Because of the interaction, the point of separation is upstream of the origin and the 
separated flow results in an oblique shock wave. (Normally, the boundary layer is thin and point 
C is well outside it. In a low density flow, however, the boundary layer can be thick and shock 
formation may start inside it.) 

On the other hand, point C may fall outside the boundary layer. This condition can be met by 
either reducing s, or increasing, at the origin, the initial radius of curvature of the ramp. If the 
boundary layer with point C external to it does not separate, then the above interaction is avoided. 
This avoidance condition can occur if —f is not too large along the ramp. 

Examination of the compressible boundary-layer equations shows that the separation condition, 
f, = 0, occurs at a value, denoted as Bsp» that depends only on g,,. This result presumes that the 
Prandtl and Chapman-Rubesin numbers are unity, while yis arbitrary. For an adiabatic wall, D,, is 
—0.1988 (see Table 21.1). The more negative f, the more intense the adverse pressure gradient 
can be without separation. Thus, the boundary layer is most likely to stay attached to a cold wall. 
With a cold wall, g is small, relative to unity, throughout much of the boundary layer. As is evident 
from Equation (21.22), this reduces the importance of the pressure gradient term. As a consequence, 
a cold wall can accommodate a larger adverse pressure gradient without separation. 

There is a variety of applications where compressive ramps are required in a supersonic flow. 
Two examples are engine inlets and wind tunnel diffusers. For instance, on the supersonic B-1 air- 
craft, the engine inlet is approximately a two-dimensional diffuser. Of course, any engine inlet 
operates as a diffuser, especially when the flight speed is supersonic. 

For efficient engine operation it is desirable that the boundary layer does not separate near the 
inlet. (This can lead to “buzz” and excessive inlet flow spillage.) In addition, the shock system 
should be as weak as possible. A weak system minimizes the mass-averaged loss of stagnation 
pressure. Recall that this loss is quite large across a normal shock at high Mach numbers. For 
instance, with y= 7/5 the stagnation pressure ratio across a normal shock is 


Po 617x107, M, 
Poi 


M 
Nn 


154x107,  M,=7 


One way of avoiding such a severe loss is to use an oblique shock system in preference to a single 
normal shock. The average stagnation pressure loss can be further reduced by having the shocks first 
form at some distance from the wall. As previously noted, this helps avoid shock wave-boundary layer 
interaction and boundary-layer separation. When the shock system forms away from the wall, some of 
the flow is compressed isentropically. In addition, for the flow that passes through the weak part of the 
shock wave, just above point C in Figure 22.2, the compression is nearly isentropic. The diffuser, or 
inlet, efficiency improves to the extent that more of the flow is compressed isentropically, or nearly so. 
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Emanuel (1984) presents a technique for the design of a compressive ramp that avoids boundary- 
layer separation and shock wave interaction. The approach can be used in a variety of situations. 
However, for purposes of brevity, our discussion is limited to the theory for a two-dimensional 
compressive ramp in a uniform supersonic flow. Since the loss of stagnation pressure can be 
considerable when the inlet Mach number is large, the approach to be outlined may prove advan- 
tageous even if the ramp only provides a modest Mach number reduction. The remainder of the 
inlet or diffuser would then be of a conventional design. 

Our purpose in this section is to design, without laminar boundary-layer separation, a supersonic 
compressive ramp. Moreover, the design is to be an optimum one in that the compression is to be 
as rapid as possible, thus minimizing the length of the ramp wall. 

Conceptually, the solution is simple. We presume a known value for g,, and select from Figure 21.6 
or Table 21.1 a fj value, denoted as B,, that just exceeds B,,. The theory in Section 21.5 is then 
used to determine M,(s), which, in turn, determines the inviscid wall contour. In the balance of this 
section, we present the consequences of this procedure. 


DESIGN PROCEDURE 


Since f, is a constant, a global similarity solution is obtained. (As we will see, this is not precisely 
correct at the start of the ramp.) With o = 0, we obtain from Equation (21.44) 


dM p 1-"-M 








«| 1 (dM 
TV) EMEN NR: xls ?) =0 (22.20) 
ds B, 1+ M; e\ as 


which holds for a subsonic or a supersonic flow. (It also holds for an expansive as well as a compres- 
sive wall turn.) The solution of this equation will parametrically depend on y and f), and two initial 
conditions. These are imposed at the start of the curved ramp: 


dM, ; 
M.) = M,, uq. S E M; (22.21) 


where M, = M... 

While a flat plate can represent the upstream wall for a wind tunnel diffuser, it is also essential 
from a theoretical viewpoint. By its presence, an infinite value for M; is avoided. Furthermore, 
boundary-layer theory is not valid at the plate's leading edge, which must precede the start of the 
ramp. 

From the theory of characteristics (Emanuel, 1986, Section 16.1), we know that derivatives can 
be discontinuous across Mach lines. Most frequently this occurs on the leading and trailing edges 
of expansion or compression waves. This is the case on the leading edge Mach line, OC, where 
(dM,/ds) = 0 upstream of this line and dM,/ds is negative, with a finite value, immediately down- 
stream of it. This result is true even though the wall slope is continuous at the origin. As a conse- 
quence, f changes discontinuously at the start of the ramp from zero to B,, where f, is slightly 
negative. Such a change results in nonsimilar effects, which are restricted to a region just down- 
stream of the origin and are expected to rapidly decay (Smith and Clutter, 1963). 

The initial conditions, Equations (22.21), are evaluated just downstream of the origin, where 
M, = M... For Mj, we use Equation (21.40): 


si 
2 Í r? Fds 
mua A 
Po M, rr 
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which simplifies to 





M 
Mi = Bo (22.22) 
28, 
since 
51 j 
Í ri F ds 
0 _ 
oF " 
Thus, | M; | decreases as s, increases. Physically, this is because the boundary layer at the origin 





is thicker and more readily separates as s, increases. (On average, a thin boundary layer is more 
energetic than a thick one.) In other words, a thin boundary layer can accommodate a relatively 
large | M; | value, other factors being the same. 

We now proceed to integrate Equation (22.20) by setting 

















M 
6 = UE 
and 
d'M, dó _ do dM, _ n 
ds? ds | dM, ds dM, 
to obtain 
yt1,,2 





Upon integration, we obtain 


ytla.g 
* dé. ae uM AIT UEM am 
m, 9 BoJu, M 


+2 — 
1e EM M 


The rightmost integral becomes 


1-2!’ 
2 Cour HM €n[ MF(M)] + constant 
14 Yl? M 
2 


where F is given by Equation (21.39). After simplification, we have 


dM, 


qe KM? F(M,) (22.23) 
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where Equation (22.22) is used and the constant K is 





B, M^ 
= — 22.24 
K = aS FM.) Gee) 
A second integration would result in a quadrature solution that is not needed. 
The coordinates of the ramp are parametrically represented by 
X, = x(s), y, = ys) (22.25) 


where s is arc length along the ramp and now is measured from the origin. Let 0 be the wall slope, 
as shown in Figure 22.2, so that 


dx, = cosO ds, dy, = sin ds (22.26) 


Eliminate ds between Equations (22.23) and (22.26) to obtain, after integration, 


pee MOP 
Yw = as sep. dM 


These results actually hold for subsonic as well as supersonic flow and for a contoured ramp that 
produces an expansion or a compression (Emanuel, 1984). In the case of an expansion, D, is a 
positive constant. Furthermore, the theory can be extended to ramps with an axisymmetric config- 
uration (Emanuel, 1984). 

The wall geometry must be consistent with the inviscid flow along the ramp. However, we 
know from gas dynamics that a homentropic, simple wave, supersonic, two-dimensional compres- 
sion or expansion is governed by 


0 = v(M..)-v(M,) 


where v is the Prandtl-Meyer function, Equation (8.29). Thus, x, is given by 


M (2/B,)-1 


T f estara -van Fay d (22.27) 


with a similar relation for y,. A solution of these equations is provided by a straightforward 
numerical integration. The result is the wall shape with M, as an intermediate parameter. Of course, 
the ramp must terminate at an angle 0 where M, is still supersonic. It is also worth noting that x, 
and y,, are conveniently normalized by s,. We thereby obtain 





x,  2F(M.)(" MQ/B5-1 
X, = = = M.) - v(M)|——— dM 
ae p, MP. M, E E F(M) 


with a similar result for Y,, = (y,,/s,). Thus, x, and y, linearly scale with s}. 
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Bo = -0.199 











FIGURE 22.3 Optimum wall shape when f), is —0.1988 or —0.3272. At the start of the ramp M, is 2, while 
at the end M, is 1.4 (Emanuel, 1984). 


Figure 22.3 shows the nondimensional wall shape for two cases, given by 


| 
© 


-0.3272, g, = 
y=14, M.-2, B= 
-0.1988, g, 


where the 2, = 1 case is for an adiabatic wall. The two curves terminate when the wall Mach 
number has decreased to 1.4, where X, = 20 and Y, = 4.5 for the g,, = 1 case. 

The ramp size is dramatically reduced by wall cooling. This sensitivity to ß, is primarily due to 
the M^» factor in the integrand of Equation (22.27). The result is in accordance with the experi- 
mental observation that a boundary layer on a cold wall is less prone to separate. Since a laminar 
boundary layer results in a wall that may be of excessive length, it would be of interest to reexamine 
this procedure for a turbulent boundary layer. In this circumstance the ramp size should be 
significantly reduced. 


22.4 ZERO DISPLACEMENT THICKNESS WALL SHAPE 


Normally, a cooled wall can have a negative displacement thickness over a limited region, where 
the wall is cold and the pressure gradient parameter is sufficiently positive. At the start and end of 
the region, 6 would pass through zero. In line with the discussion near the end of Section 21.8, 
we now show that it is possible to shape a cold wall so that 5° is zero along its entire length. In contrast 
to a compressive ramp, such a wall is of limited utility. It may be of interest, however, in second-order 
boundary-layer studies. (For possible use in boundary-layer transition studies, Problem 22.6 considers 
the shape a wall would have whose momentum defect thickness is zero.) 


DESIGN PROCEDURE 


Equation (21.74), with 5 = 0, yields 
Sfo+(1+(1-S)BILC,-(1-g,)C,] = 0 (22.28) 
It is easy to show that this equation is satisfied only if 


0 « p, 0€g,«l 
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least square curves 





By = 0.2 


FIGURE 22.4 X vs. D for g, = 0, 0.2, 0.4 and y, = 1.4. 


Equation (21.48) is used to replace S with M,. Upon solving for (y— 1)M 212, we obtain 


-1 1 
X(B; g,) = PM: - pth _ (22.29) 
aoe: 


In this relation, g, is a prescribed constant parameter, whereas fj must vary along the wall if M, is 


to change. Figure 22.4 shows X vs. ß for three values of g,, and y = 1.4. The asterisks are exact 
values, whereas the curves represent the quadratic 


X = a+bB+cp (22.30) 


The a, b, and c coefficients depend on g,, and are determined by a least-square fit to the points 
located at B= 1, 2,..., 15." Thus, for g,, = 0.2, the least-square fit yields 


X = —0.008981 + 0.178578 — 0.0031197 f? 


Note that as g,, increases, larger f values are required for X to be positive. In view of its definition 
in terms of M,, Equation (22.29), only nonnegative X values are of interest. 
For simplicity, we set o = 0 in Equation (21.44), with the result 








(22.31) 


for a two-dimensional flow. Equation (22.29) is now written as 


2 1/2 js 
M, - (A) x 


* I am indebted to Dr. H.-K. Park for the calculations in this section and for the associated figures. 
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and its first two s derivatives are 





dM, _1( 2 Y^,n, dB 
3(4) rg ae 





ds 2\y-1 
dM, 1( 2 Vy d 
e gh n one] nn 
where 
y,- dX _ Hx 
B= og p 7 ap 


These relations are inserted into Equation (22.31), to obtain 











4B _ (dB 
de " ey (22.32) 
where 
3 1 
J(B; LUE, By I B2. 1537.71 (22.332) 
(89) - a, Be ee 1+% $ ; 
With Equation (22.30), J simplifies to 
B 3 1 X 
E b b-2cD|2 y-1^ 1 
"(bx2cDB x | DT ) Fem 


and this approximation is used in all subsequent calculations. Figure 22.5 shows J vs. D for the 
same yand g, values used in Figure 22.4. 

The shape of the wall is determined by a numerical integration. For this, it is convenient to 
introduce 


_ dp 
ds 


and Equation (22.32) becomes 


dB  dBdB _ 
ds dBds ` a 


= JB! 


Supersonic Boundary-Layer Examples 659 











&y= 





-14 





FIGURE 22.5 J vs. B for g,, = 0, 0.2, 0.4 and y = 1.4. 


or 


dB 

dB - JB (22.34) 
where J is a function only of f) for a given g,, value. A Cartesian coordinate system is used whose 
origin is at the start of the zero displacement thickness boundary layer. This point is denoted with a 
zero subscript. Moreover, we assume that M,ọ2 1 in order to take advantage of the analytical 
simplicity inherent in a supersonic flow. Downstream of this point the boundary-layer flow accelerates; 
thus, B and M, increase with s. The resulting curved wall therefore generates a noncentered 
Prandtl-Meyer expansion. 

The equations for the wall shape are 


dx _ dy "E 
acm cos 0, dum sin@ 


which become 





dx cos@ 

M E 22.35 
dp B Gee) 
dy sing 

a. 22.35 
dp B nd 


where 0 is given by the Prandtl-Meyer relation 
0 = v(M) -v(M,) 


Equations (22.34) and (22.35) are simultaneously integrated, starting with the initial conditions 


B(B,) = (2: x(B) 20, yB) = 0 (22.36) 
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FIGURE 22.6 Wall shape when y= 1.4, M, = 1.5, (dM,/ds) = 1, and g,, = 0.2. 


Thus, B and the independent variable f) are introduced for computational reasons; the resulting system 
of equations is easily solved numerically. With y= 1.4 and given values for g,, and M,o, Figure 22.4 
can be used to determine fj. The quantity (dp/ds) is a free parameter that must be positive. A large 
value for this parameter results in a more rapidly turning wall. The computation terminates when fj = 15, 
which is the upper limit used in the least-square fit that yielded Equation (22.30). 

Figure 22.6 shows the wall shape when g,, = 0.2. At the start of the wall, 0 = 0°, Ma = 1.5, 
(dB/ds), = 1.5, and fJ, = 3.202, while at the end, 0 = 39.2°, M, = 3.072, and B = 15. (If the upstream 
wall is a flat plate with B = 0, there will be a nonsimilar region during which the flow adjusts to its 
zero displacement thickness condition.) The wall has a similar appearance for other values of M,o 
and (dM,/ds),. In spite of the g,, dependence shown in Figures 22.4 and 22.5, the wall shape itself is 
barely influenced by g,,. The wall shape for g,, equal to O or 0.4 nearly overlays the one shown in 
Figure 22.6. An important difference, however, is that as g, increases the wall length rapidly decreases. 
For example, with the same conditions used for Figure 22.6, except with g, = 0.4, we have M, = 1.74, 
0 = 7.07°, x,, = 0.2184, and y,, = —0.00130 at the terminating point, where f) again equals 15. Thus, a 


> w 


zero displacement thickness wall no longer exists well before g,, equals unity. 


22.5 PERFORMANCE OF A SCRAMJET PROPULSION NOZZLE 


An asymmetric thrust nozzle is generally used with a scramjet engine. This type of air-breathing 
engine is supposed to operate in the upper atmosphere when the flight Mach number is in excess 
of four. The engine’s efficiency rapidly decreases below this Mach number and the engine is 
incapable of operation at subsonic Mach numbers. The combustion process is supersonic and the 
Mach number at the inlet to the nozzle is also supersonic. It should be noted that, at the time of 
writing, a scramjet engine that can actually accelerate a vehicle at hypersonic flight speeds has yet 
to be demonstrated. Remember that the drag (wave, viscous, form, ...) of a vehicle flying in air at 
a high Mach number is formidable. On the other hand, in contrast to a rocket engine, there are 
limitations on how much thrust is available from the engine. Simply producing thrust on a test 
stand is not the issue; the thrust must exceed the drag in order to attain hypersonic cruise conditions. 
This limitation is discussed shortly. 

A convenient model for an asymmetric nozzle can be based on minimum length nozzle (MLN) 
theory. This section utilizes the figures and analysis of Bae and Emanuel (1991), which in turn 
stems from Bae’s (1989) dissertation. There is, unfortunately, a mixup in most of the figures and 
their captions in the journal version. For this reason and for the considerable amount of material 
in the dissertation not discussed in the abbreviated journal article, the dissertation is recommended 
if the reader is interested in pursuing this topic. 

MLN theory minimizes the length of the supersonic portion of a nozzle subject to the constraints 
of inviscid flow and a uniform flow in the exit plane. This directly implies a shock-free flow inside 
the nozzle. A basic reference for the theory is Emanuel (1986, Chapter 17) with additional material 
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FIGURE 22.7 Schematic and part of the upstream combustor for a curved inlet MLN with M; > 1. 
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FIGURE 22.8 Actual shape of the nozzle when M; = 2, M;= 6, and y = 1.4. 


in Argrow and Emanuel (1988), Aldo and Argrow (1995), Argrow and Emanuel (1991), and Ho 
and Emanuel (2000). 

As elsewhere in this chapter, a perfect gas with unity values for Pr and C is assumed in Bae 
and Emanuel (1991). A hypersonic vehicle of the type under discussion generally has a diffuser 
and a nozzle that can be approximated as two dimensional. Because of the high operational altitude, 
p.. is small, and the nozzle inlet height, Z, in Figure 22.7, is also small. A characteristic Reynolds 
number Re, is based on Z; and on stagnation conditions at the nozzle’s inlet; hence, the flow speed 
is (2h,)'?. In Bae and Emanuel, 2; is only 4 cm and Re, is 1.3 x 10°. For this type of Reynolds 
number definition, a laminar flow in the nozzle might be anticipated. 

An arc of a circle, AA' in Figure 22.7, is used for the inlet, where the flow in region AA'B'BA 
is a cylindrical , inviscid source flow. Region BB'C'B is a simple wave region, where downstream 
of BC’, which is a Mach line, the flow is uniform and parallel to the Z-axis. On the circular inlet, 
the Mach number, M,, is sonic or supersonic. When sonic, the wall has a shoulder at A’; otherwise, 
the contour is smooth, as shown in the figure. The lower wall of the nozzle is AB, which is planar 
and which ends at B. The upper wall usually has a planar section, A'B', which has an angle 0* 
relative to the lower wall. The upper wall then has a contoured section, B’C’, where the slope at 
C' is parallel to AB. For a scramjet engine, the exit Mach number is typically rather large and, 
therefore, the exit plane Mach angle 4, is small. For instance, for the baseline case in Bae and 
Emanuel, the full nozzle, to scale, is shown in Figure 22.8. The inlet height of 4 cm is not discernible, 
nor is the A'B' wall segment, and the upper wall is too long to be practical. Thus, the quite modest 
effect on performance of severe upper wall truncation is established in this paper. 

There are other possible MLN configurations; this one, however, is unique in that an analytical 
solution exists. This solution provides the flow field as well as the wall shape. MLN theory provides 
the correct value for the inlet wall angle 0', as shown in Figure 22.9 for various M, and y = 1.4. 
For example, if M; = 2 and M, is between 2 and about 4, 0' is provided by the dashed curve, and 
points A’ and B’ coincide. For M, in excess of 4, @ is given by the nearly horizontal line and 
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FIGURE 22.9 Initial expansion angle 6' vs. the exit Mach number M, for various inlet Mach numbers and 
y -14. 


there is a planar wall section at the start of the nozzle's upper wall. For scramjet nozzles, M; is 
expected to be sufficiently large such that the upper wall has a planar section. 

The detailed inviscid theory in Bae and Emanuel (1991), or Bae (1989), enables explicit algebraic 
relations for D to be established. There is a separate f) relation for each of the three wall segments. 
For instance, along wall a (i.e., wall AB) the pressure gradient parameter is 


_ 2X°(E,+ KJ) 


- (22.37) 
K(M’ -1) 


p 


where the constant K depends on y, M, p,, ...,ó; represents the length of the boundary layer that 
is upstream of A, and 





kois rw (22.382) 
2LÍIM;XyA| yel (1 1 
i sn E E wen es x) (22.38b) 
At point A, we have 
2X;5 
Ba = A (22.39) 
K(M;-1) 


and & is taken as zero if M, is unity. Although the AB wall is a flat plate, the Mach number and 
pressure along it are associated with a cylindrical source flow. The pressure gradient parameter varies 
with M and parametrically depends on y, M, K, and &,. Figure 22.10 shows how £ varies along the 
three wall segments, where walls b and c are, respectively, A'B' and B’C’. The curves are for conditions 
specified in the figure caption (i.e., a nominal case) and the three curves, per panel, are for different 
é, values, where the upper wall é; value equals €. As the length of the upstream boundary layer 
increases, so does &,. This effect is especially significant for the two planar wall segments. Remember 
that B is large when the pressure is rapidly decreasing along a wall. This effect is most pronounced 
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FIGURE 22.10 Distribution of f along the nozzle walls when M, = 2, M; = 6, and y = 1.4 for three €; values, 
where & = €. 


along wall a. Note the discontinuity f in at point B’, where the wall slope is continuous but its curvature 
is not. For a short distance downstream of B', the boundary layer is nonsimilar. 

Viscous, and when appropriate inviscid, nondimensional parametric results are provided for 
the thrust, lift, heat transfer, pitching moment, and a variety of boundary-layer thicknesses. In 
addition to global results, wall distributions of the thrust, heat transfer, etc. are given. The analysis 
demonstrates that the nozzle produces a considerable lift force whose magnitude may actually 
exceed that of the thrust and a significant pitching moment. The lift result is real but deceptive. 
Upstream of the nozzle, there will be a negative lift force of the same magnitude. Thus, the nozzle 
does not supplement the lift of the rest of the vehicle. 

The thrust rapidly decreases as M; increases. This stems from the assumption of a constant 
stagnation pressure, p,, at the inlet of the nozzle. Thus, as M; increases, the static pressure force 
on the nozzle's wall decreases. Consequently, the thrust is a maximum when M; is sonic. The heat 
transfer is most intense on the upstream edges of walls a and b. There is little loss in thrust when 
the upper wall is significantly truncated. 

All results in Bae and Emanuel are nondimensional. For example, forces are normalized per 
unit depth of nozzle, with p,Ri , where R; is the radius of arc AA’. As a consequence, the thrust 
per unit nozzle exit area, in a plane normal to the jet, is considered. This parameter can be viewed 
as the thrust throughput and is of major importance from a vehicle system viewpoint. If the thrust 
is below flight requirements, the only options are to reduce the overall drag, increase the thrust per 
unit area, increase the area, or a composite of all three. Increasing the nozzle exit area in turn 
means increasing the vehicle’s projected frontal area with a corresponding increase in drag, espe- 
cially wave drag. In Section 14.10, e.g., we saw how sensitive the wave drag of a wedge is to 
changes in its thickness. Of course, the depth can be increased, but this simply increases the thrust 
and drag proportionately. 

Alternatively, the thrust per unit area can be increased by, e.g., decreasing M; to near unity. 
Another possibility would be to increase p,. The freestream stagnation pressure is given by 


oo 


a yi(y-1) 
Pom = » (1 +t 1m2] (22.40) 


For Mach 5 flight at 30.5 km (100 kft), p,.. is 5.66 x 10° Pa, which is not very large. This value 
then decreases across the bow shock and across the diffuser’s inlet shock system. Inside the 
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combustor, there is a further decrease. From a one-dimensional viewpoint, the influence coefficient 
method of Section 13.5 yields 





(22.41) 


dp, _ yw (= =) 
Po 2 


T, + 4er] 


where, of course, both dT,/T, and 4c,dx/d are positive, with dT, /T, substantially so because 
of the highly exothermic combustor reactions. This relation is independent of any changes in the 
combustor's cross-sectional area. Of importance is the magnification of (dT, /T, * 4c,dx/d) by 
the yM AQ coefficient, since the Mach number is supersonic. Thus, the shock, combustion, and 
frictional losses represent a major hurdle for scramjet engines. Of course, po» can be increased 
by flying at a lower altitude, thereby increasing p... This, however, also increases the drag. 

The thrust throughput for a scramjet engine can be estimated, under relatively favorable 
assumptions, for a variety of flight conditions. When this is done, it is found that this parameter is 
about two orders of magnitude smaller than that for a rocket engine, going as far back as the V-2 
engine. It will therefore be difficult to develop scramjet engines that can accelerate an air-breathing 
vehicle at hypersonic speeds. 


REFERENCES 


Aldo, A.C. and Argrow, B.M., “Dense Gas Flow in Minimum Length Nozzles,” J. Fluids Eng. 117, 270 (1995). 

Argrow, B.M. and Emanuel, G., “Comparison of Minimum Length Nozzles,” J. Fluids Eng. 110, 283 (1988). 

Argrow, B.M. and Emanuel, G., “Computational Analysis of the Transonic Flow Field of Two-Dimensional 
Minimum Length Nozzles,” J. Fluids Eng. 113, 479 (1991). 

Bae, Y.-Y., “Performance of an Aerospace Plane Propulsion Nozzle,” Ph.D. Dissertation, University of Oklahoma, 
1989. 

Bae, Y.-Y. and Emanuel, G., “Performance of an Aerospace Plane Propulsion Nozzle,” J. Aircraft 28, 113 
(1991). 

Emanuel, G., “Supersonic Compressive Ramp without Laminar Boundary-Layer Separation,’ A/AA J. 22, 29 
(1984). 

Emanuel, G., Gasdynamics: Theory and Applications, ALAA Education Series, Washington, D.C., 1986. 

Ho, T.-L. and Emanuel, G., “Design of a Nozzle Contraction for Uniform Sonic Throat Flow,” AJAA J. 38, 
720 (2000). 

Johannesen, N.H., “Experiments on Two-Dimensional Supersonic Flow in Corners and over Concave Sur- 
faces,” Philos. Mag. 43, 568 (1952). 

Lewis, J.E., Kubota, T., and Lees, L., “Experimental Investigation of Supersonic Laminar, Two-Dimensional 
Boundary-Layer Separation in a Compression Corner with and without Cooling,” AJAA J. 6, 7 (1968). 

Liepmann, H.W. and Roshko, A., Elements of Gasdynamics, John Wiley, New York, 1957. 

Smith, A.M.O. and Clutter, D.W., “Solution of the Incompressible Laminar Boundary-Layer Equations,’ AJAA 
J. 1, 2062 (1963). 


PROBLEMS 


22.1 One measure of the mass flow rate inside a boundary layer is 


1° E 
ms = sj omms] pu dn 


where the last equality requires r, >> 6 when o = 1. 
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22.2 


22.3 


22.4 


22.5 


(a) Derive the approximate result 


ev 


ig = QT (n Lc) 
Ty 


Roughly speaking, how does ms vary with s? 

(b) For the example in Section 22.2, what is ms at the end of the airfoil when normalized 
by p..U., times the airfoil’s projected frontal area? Utilize the boundary layer on 
both airfoil surfaces. 

Consider a compressive ramp with an adiabatic wall. Conditions correspond to those in 

Section 22.3; i.e., 


where the ramp terminates when M, = Mp. With s, = 2x 10? m and Re, = 10°, 
where Re, is based on s,, estimate 5; at the end of the ramp. 

Consider a flat plate of length c at an y 

angle of attack, œ, in an incompress- 
ible flow with a freestream speed U.. 
The exact potential flow solution that 
satisfies the Kutta condition yields 


AT d -6/2 C/2 


u(x,0) _ "E 1- X^? _ 2x 
U. = cosæ+ sina (15 ; Xan 





for the flow speed on the upper (+ sign) and lower (— sign) surfaces. 

(a) Determine the location X, of the stagnation point on the lower surface as a function 
of a. 

(b) Determine f(s) for the boundary layer downstream of the lower surface stagnation 
point. 

(c) Introduce the assumption that o is small and obtain fX(X). Interpret D at the stagnation 
point, at the wall location where f has a minimum value, and at the trailing edge. 

(d) Use the results of part (c) to evaluate Yô, Yó, YO, and Re,” c, at X = 0.9371 when 
ais 5°. 

Continue with Problem 20.1 for incompressible flow about a circular cylinder. Consider 

only the upstream half of the cylinder, of unit depth, where —z/2 < 0 € 7/2, and ignore 

any question of boundary-layer separation. 

(a) Derive separate equations for the pressure drag, Cp, , and viscous drag, Cp, , where 
Cp is the force in the freestream direction divided by pU} A,/2 and A, is the 
projected frontal area. 

(b) Write Cp = Cp, + Cp, and estimate the value for Cp when the fluid is air, U. 

50 m/s, d=2 cm, p. = 105N/m’, and p = 1.2 kg/m’. 

A slender wedge is in an M,, = 4 air wind tunnel flow whose plenum condition is p, =4 

atm and T,= 1050 K. Consider only the first centimeter of the upper surface of the 

wedge whose length along its upstream edge is b. Evaluate the skin-friction drag, pressure 
drag, and heat transfer for this surface when its inclination angle, relative to the freestream 
velocity, is 0 or 20°. Assume the surface is kept at 300 K and use Colburn's analogy. 
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22.6 (a) Asin Section 22.4, establish the differential equations for the shape of a wall whose 
momentum defect thickness is zero. Assume o = 0 and the initial Mach number 
M,, is sonic or supersonic. 
(b) Numerically determine the wall shape when 





dM, 
y214, g,=2, May = 13, ( ) - 0.5 


22.7 The displacement thickness has a maximum negative value when g,, = 0 and f ee. 
(a) In this limit, show that 





Yó 2 C,-C, 
for any S value, and that 
C, - C, = -0.3465 
(b) With u = C,T, show that 
1/2 M 
Re, = =(¢ ) 2e nepa n7 
ART) T. erst 
where 
x= =| r2?F ds 
ry F(M.) 0 


(c) We apply the above to the throat of a small rocket nozzle, where, for simplicity, a 
two-dimensional flow is assumed. We thus have the following conditions: 


0-0, M.=1, py =2Xx106Pa, T, = 2861K, 


W = 21.87 kg/kmol, y=1.229, s=02m,  C,-5x105 as 


Estimate x and determine Re., Y, and 5, where Ó assumes g, = 0 and f ce. 

22.8 Consider the steady, homentropic flow of a 

perfect gas in a two-dimensional or axisym- 

metric nozzle. As shown in the sketch, the wall 

contour is a hyperbola, with an asymptotic 
angle 0, whose equation is 
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(a) Introduce X = (x/r;,), and R = (r/r;,), and determine S = (s/r;,) as a function of X, 
where s is measured from the inlet at x;. 

(b) Assume flow conditions are uniform in any plane that is perpendicular to the X-axis. 
Assume subsonic flow for negative X and supersonic flow for positive X. Develop 
a relation between M, which is equivalent to M,, the inviscid Mach number at any 
nozzle cross section, and X. Use this relation to obtain equations for dM/dX and 
d MlaX.. 

(c) Develop expressions for dM/ds, d^ MlIaS,, dX/dS, d X/dS°, and d(In ry/dS. 

(d) Utilize the foregoing results and start with Equation (21.42) to obtain an equation 
for dB/dS that depends on M, X, and various constants. 

(e) With M; small and positive and a favorable pressure gradient, D is positive everywhere. 
Evaluate the derivative (dM/dX)*. Consider the o = 0 case, and derive the condition 
such that dB/dS is finite at the throat. Next, determine an appropriate value for f;. 
Results for all parts of this problem should be simplified as much as possible. 

22.9 Consider the flow of perfect gas in a conical duct with a half-angle of œ, see the sketch 
below. The inlet and exit planes are spherical caps with radii of r' and r p, respectively. 

Treat the inviscid flow as a spherical source flow, where M“ = 1 and M >L 

(a) Obtain the inviscid solution for p, p, T, r/r', and w in terms of y, R, p,, T,, and M. 

(b) Determine the pressure force F, exerted by the fluid on the wall in the z direction 
by an integration over the wall. Your final answer should involve only y, M s Po r^, 
and o, and should involve an integral of the form 


rs Í 1 F(Y, M) dM (1) 


(c) Determine F, using the momentum theorem of Chapter 14, where your result should 
parallel the part (b) answer as much as possible. Establish that the two answers for 
F, are consistent. Determine F, when y = 1.4, p, = 30 atm, & = 15°, r = 8 cm, 
and the conventional (one-dimensional) area ratio is 15.08. 

Consider the laminar boundary layer 
on the inside of the cone that starts as 
s = 0. Write the radial coordinate mea- 
sured from the symmetry axis as 7. 
Assume the viscosity is given by C,T, 
where C, is a constant. Derive an equation for &(M,), where M,= M, that 
depends on constants and an integral of the form of Equation (1) above. To evaluate 
the integral, hereafter set y = (9/7). With this y value, obtain &(M). Obtain an 
equation for B(M) and evaluate B* = B(1). 

(e) Assume CO, gas with the following data: 


(d 


~w 








y= 5, p, = 30 atm, T, = 10°K, a = 15°, r = 8cm, 


A ] 
“f= 1508, — C, = 4983x 107 A. T, = 400K 


Determine the skin-friction coefficient at the exit of the nozzle. 





2 j Second-Order 
Boundary-Layer Theory 


23.1 PRELIMINARY REMARKS 


In view of its remarkable success, it is natural to ask if boundary-layer theory can be extended or 
generalized. For instance, suppose there is a curved shock wave, Figure 5.2, that generates vorticity. 
This vorticity, which is largely external to the boundary layer, can be expected to have some effect 
on the wall’s heat transfer and skin friction. As a second example, suppose a body possesses both 
longitudinal and transverse curvature. Aside from its effect on the pressure gradient parameter, the 
surface curvature of the body will also alter the skin friction and heat transfer. 

The above are referred to as second-order effects; there are others that will be discussed shortly. 
They usually occur in combination, although the analysis, to some extent, will treat them separately. 
Analytical and physical insights are gained into the mechanisms involved in a laminar viscous flow 
by examining these effects. 

Later we will write an asymptotic expansion for u as 





u(s,n) — u,(s,n) + eu;(s,n) +: (23.1) 
where € is a small parameter, 
z LL. 1/2 7 1 
e= (54) = Re (23.2) 


£ is a characteristic length, and u; and u, are, respectively, the first- and second- order terms in the 
expansion. For example, the length € could be the nose radius of a blunt body or arc length along 
the wall for a pointed body. As in Chapter 19, n = en and s, n, u,, and u, are of O(1) in the 
boundary layer. The quantity u, will be decomposed in Section 23.5 in a way that accounts for all 
second-order effects. Third-order terms, which would be proportional to Re?!, are not considered. 
The analysis requires equations similar to Equation (23.1) for the other dependent boundary-layer 
variables. For the same variables a separate set of asymptotic expansions will be written for the 
external inviscid flow. The small parameter in both sets of expansions is £. 

The balance of this section is devoted to additional discussion, starting with a catalog of second- 
order effects. It concludes by providing the governing equations in a suitable, body-oriented, 
nondimensional form. The next four sections then provide a detailed description of the general 
theory with emphasis on the derivation of the appropriate equations and their associated boundary 
conditions. This will be done in a computationally suitable format whenever possible. In contrast 
to Chapter 21, unity values for the Chapman-Rubesin parameter and Prandtl number are not 
assumed nor is a similarity form assumed. The Prandtl number, however, is assumed to be constant. 
Since the gas is perfect, u and K then have the same temperature dependence. 

The last three sections are largely devoted to a treatment of compressible flow over a flat plate 
or along a circular cylinder. In order to utilize the theory in Chapter 21, unity values are here 
assumed for the Prandtl number and Chapman-Rubesin parameter. Section 23.8 concludes with a 
brief discussion of general trends and is not limited to flow over a flat plate or along a cylinder. 
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SECOND-ORDER EFFECTS 


Our presentation often closely follows the approach and nomenclature developed by Van Dyke 
(1962, 1963, 1969). For a compressible flow he classifies second-order phenomena as seven 
independent effects: 


A. Curvature 

1. Longitudinal 

2. Transverse 
B. Interaction with the external flow 

3. Displacement 

4. External entropy gradient 

5. External stagnation enthalpy gradient 
C. Noncontinuum surface effects 

6. Velocity slip 

7. Temperature jump 


The first two items refer to the geometry of the wall or body, while item 2 is not present in a 
two-dimensional flow. A semi-infinite flat plate has zero values for both curvatures. Realistic shapes, 
however, are subject to both effects. 

The displacement effect, item 3, is caused by the first-order boundary layer slightly displacing 
the inviscid flow, by an amount 6° from the surface of the body. 

A primary cause for an external entropy gradient is a curved shock wave, downstream of which 
the flow is rotational and not homentropic. Stagnation enthalpy gradients, item 5, are typically 
produced by nonuniform heat addition or combustion, and the inviscid downstream flow is not 
homenergetic. These gradients are particularly evident in combustion processes where the fuel and 
oxidizer are not premixed; examples are jet engines, rocket engines, and chemical lasers with 
supersonic mixing. Nonuniform heat addition without combustion, for example, occurs when a 
nonuniform laser beam is used to excite molecules in a flowing gas; a prime example is laser 
isotope separation processes. Although external vorticity is often present, since it is produced by 
both nonuniform heat addition or combustion and a curved shock, it is not in the above list. By 
Crocco’s equation for a steady flow with no body forces, Equation (5.30), the vorticity is determined 
by the entropy and stagnation enthalpy gradients. Consequently, it is not an independent effect. In 
an unsteady flow, external vorticity is an independent effect and should be added to the above list. 

Effects associated with the second viscosity coefficient, or the bulk viscosity, are third-order (Van 
Dyke, 1962). For some gases, such as N,O and CO, (Emanuel, 1990), the bulk viscosity 4, is three 
to four orders of magnitude larger than u. In the momentum and energy equations, U, is multiplied by 
the dilatation, V - W. In a high-speed boundary layer, where V - W^ can be significant, it may be 
necessary to retain the bulk viscosity terms when dealing with the above gases (Emanuel, 1992). In 
effect, these terms should be promoted to second or even first order. Despite its name, in a CO, 
hypersonic boundary layer u, produces an increase in the heat transfer but no change in the skin friction 
(Emanuel, 1992). In this chapter, however, Lt/L, or A/LL is presumed to be of order unity. This assumption 
is appropriate for all monatomic gases, air, and some other polyatomic gases (see Section 13.4). 


VELOCITY SLIP AND TEMPERATURE JUMP 


As the Reynolds number decreases, noncontinuum effects may appear in the form of velocity slip 
and a temperature jump at the wall, items 6 and 7 in the above list. These effects depend on the 
value of the Knudsen number, 


Kn = 4 
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where À is the molecular mean-free path. We evaluate À in the freestream and obtain, from kinetic 
theory (Chapman and Cowling, 1960), 


«eis E 
~ 0.4994 8 pa), 
where a is the speed of sound. With this relation a Knudsen number can be written as 


M 
Kn = 1.2642 <2 
n 6A Re 


where Re is based on €, which here is a wall length. For example, if y = 1.4, M., = 5, and Re = 104, 
we have Kn =7.5 x 107^. Continuum and slip flow, respectively, occur when the Knudsen number 
is in the ranges 


0<Kn< 1075 continuum flow 


10^ € Kn < 107, slip-flow 


Hence, the above supersonic boundary layer is squarely in the slip-flow regime at this wall location. 
As the Reynolds number increases, however, the boundary layer gradually changes from one with 
velocity slip and temperature jump to one without these effects. An incompressible boundary layer 
has Kn — 0 and thus does not exhibit velocity slip or temperature jump, regardless of the Reynolds 
number. 

Once again let us consider the boundary layer on a flat plate. A boundary-layer thickness is 
physically more appropriate for the length € than is distance along the plate. Since the momentum 
thickness provides the simplest result, we set € equal to 0. From Equation (21.73), we have 


YO = f” = 0.4696 


where X = s and 


cM 
2 s 
Although € = 0, the Reynolds number is still based on the dimensional wall length s. The corresponding 
Knudsen number, which differs from the preceding one, is 


> 1.89% M., 
Kn = 1/2 


Re, 


1/2 


Hence, when € equals 0, an Re, dependence is obtained, indicating a second-order effect. 


DISCUSSION 


Second-order boundary-layer theory was developed with some difficulty in the 1950s and early 
1960s. The initial controversies were resolved by the systematic application of the method of 
matched asymptotic expansions (Van Dyke, 1963) to the incompressible Navier-Stokes equations. 
Third-order theory has received little attention, in part because of the considerable complexity of 
the second-order theory. It has been further argued that a meaningful third-order theory should be 
based on the (still uncertain) Burnett equations (Van Dyke, 1962) rather than on the Navier-Stokes 
equations. 
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Despite its promising beginning and the importance of the phenomena involved, second-order 
theory has not had a major impact on fluid dynamics. One reason is that the first-order theory often 
provides adequate results for engineering purposes. The complexity of second-order theory is 
another factor. This is evident in the dissertation of Werle (1968), where a variety of incompressible, 
second-order solutions is obtained. Werle discusses the lack of validity of the second-order theory 
in the vicinity of a separation point, the difficulty in solving the equations, and the presence of 
singularities and eigensolutions (discussed in Section 23.8). A final comment would note the 
widespread development of Navier-Stokes computer codes that simply bypass boundary-layer 
theory in its entirety. 

In spite of these comments, we examine second-order theory because of the understanding it 
provides of viscous phenomena. We are also interested in the analytical methodology involved in 
applying matched asymptotic expansions to a significant, albeit complicated, problem. Some of its 
complexity is mitigated by retaining, whenever possible, the approach, notation, and most of the 
assumptions of the preceding chapters. We thus assume a Newtonian/Fourier gas that is thermally 
and calorically perfect. The laminar flow is steady, compressible, and two-dimensional or axisym- 
metric, and the bounding wall is smooth and impermeable. As with the first-order theory, in certain 
circumstances the second-order inner equations may possess a similarity solution (Werle, 1968; 
Afzal, 1976). We will see how such a solution naturally arises for the example considered in the 
last few sections. Finally, more cross-referencing of equations will be done than in the previous 
chapters. This sometimes results in a wordy text but is essential for technical clarity. 


VALIDATION 


Comparisons with numerical solutions of the governing (Navier-Stokes) equations are warranted, 
since the theory represents an approximate solution of these equations. For instance, Schlichting 
(1979) contains a comparison of the first- and second-order theories with numerical solutions of 
the Navier-Stokes equations. Incompressible, two-dimensional flow is considered in the vicinity 
of the stagnation point of a parabola, at zero incidence, and with a uniform freestream. The error 
in the skin-friction coefficient at the stagnation point for the first-order theory, relative to a Navier- 
Stokes solution, equals 2% when Re = 1.5 x 10° where this Reynolds number is based on the 
freestream speed and the radius of curvature of the parabola at its apex. This remarkably small 
error vanishes as the Reynolds number becomes infinite. The second-order solution, which encom- 
passes the first-order result but also accounts for longitudinal curvature and the displacement 
thickness, however, is accurate to 2% down to a Reynolds number of only 10?. Hence, an important 
contribution of second-order theory is to provide accurate results at Reynolds numbers lower than 
those attainable with the first-order theory. 

There are exceedingly few comparisons with either compressible Navier-Stokes solutions or 
with experiments. In the latter case, the second-order effects may be small and several often simul- 
taneously occur. (We return to this topic at the end of the chapter.) Moreover, depending on what 
is being measured, these effects tend to cancel each other. Thus, the experimental signal-to-noise 
ratio is a considerable problem. Another difficulty is that one measured quantity may agree with 
theory but a different quantity may not. For instance, Fannelop and Fliigge-Lotz (1966) observe 
poor agreement for the heat transfer but good agreement with respect to pressure for measurements 
made in a hypersonic flow across a circular cylinder. 

To put this in focus, we quote an early assessment by Van Dyke (1969): 


Convincing quantitative experimental confirmation (or refutation) of the validity of higher order boundary- 
layer theory has not yet been achieved. Measurements are meager at low speeds, where the theory is 
nearly unassailable. At high speeds, where we have seen that kinetic theory casts some doubt upon 
even the second approximation, experimental data are more numerous but often in disagreement. 
Nevertheless, most experiments seem to show at least qualitative accord with the predictions of second- 
order theory. 
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A more current assessment apparently has not been made, and consequently the status of the theory 
with regard to its limitations is still unsatisfactory. 


NORMALIZATION 


The conservation, or Navier-Stokes, equations of Appendix H are utilized, since they are written 
in the requisite body-oriented coordinate system. The normalization, i.e., nondimensionalization, 
provided by Equations (13.10) is used, but with the constants A. and Prk,./c, replaced with 4... 
Hence, only one Reynolds number appears, and 5*, n^, r^, and 1/k* are all normalized by a charac- 
teristic length, €. In the normalization, all infinity-subscripted quantities are dimensional constants 
that are associated with the freestream flow. Inviscid quantities along the wall are still denoted with an 
e subscript and are functions only of s. If the freestream is nonuniform, the infinity-subscripted quantities 
represent a single fixed point in this flow. The gradients that may be present in a nonuniform freestream 
are invariably very mild compared to those in a boundary layer. Hence, a nonuniform freestream is 
always considered inviscid; i.e., it is independent of a Reynolds number. 
In addition to Equations (13.10), it is convenient, at this time, to introduce 


w = >a, h =h,h* = c,.Th* 
(23.3) 
h, = hh? = h. (+27 un; $285.46, 


p 


where o is the scalar vorticity, and a tilde is used to distinguish the entropy from the s coordinate. 
The particular normalization that we are using is not unique and does not necessarily lead to the 
simplest form for some of the resulting equations. It has several advantages, however, such as 
highlighting the important role of the freestream Mach number and systematically using a fixed 
freestream state for the normalization. As in Section 13.3, the asterisk notation is hereafter omitted 
for all nondimensional quantities. 


GOVERNING EQUATIONS 


With x replaced with Lc,/Pr, we obtain for the governing equations 














gor ^pu) +> 2 Ch, r°pv) = (23.4a) 
Du , kuv) | 1 Op , 1 
"(25 E )-- Econ " ky Day. i) (23.4) 
Dv kw E 1 op 1}. ð 3 
o|- £) A PeR av- RS 





DE 1-1 De, 1 (pip T IER 
Ppr ~ y Di ` PrRe HY BE an yp Os os 


2 
Y= DAMES 


Re (23.4d) 
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In the above, all variables and parameters are nondimensional, k, r,,, and @ are functions only of 
the arc length along the wall, the PrRe product is the Peclet number, and 


Ww = uê, + ve, (23.5a) 

D [7 G] 
Er (23.5b) 
h, = 1+kn (23.5c) 
r=r,+ncos@ (23.5d) 

U. 
on nup m (23.5e) 
To Equations (23.4), we append 

p = pT (23.6) 


for a perfect gas and consider u as a known function of temperature. 
Van Dyke (1962) has shown in the hypersonic limit of M. — œ that the viscous flow field 
depends on 


2 -0/2 


Iy- om” 


1/2 
Re 


rather than on the parameter defined by Equation (23.2). The œ exponent stems from writing u(T ) 
as T ^. Thus, the flow depends on the above combination instead of M., and Re separately. However, 
we will not be concerned with this similitude in the subsequent analysis, since we consider M. to 
be of O(1), as has been the case in the preceding chapters. 


23.2 INNER EQUATIONS 


BOUNDARY-LAYER EQUATIONS 


A small parameter £ is defined by Equation (23.2), and the boundary-layer scaling 


is introduced into Equations (23.4). Only terms of O(1) and O(&) are retained; hence, the following 
terms of O(£?) are discarded: 


1 oot 


PrReh? ds ds 


Dy 
Ppr 








zl «2v . |, 


Second-Order Boundary-Layer Theory 675 


In addition, we utilize 


h, = l—ekn 
1 1 encos0 
ron ri 


w 


~ 
a 
Il 


r? + o€ncosé 


s_ 1 ðf dui. ocos@) du 
RSS xU) Her 7 \u A idu) 


yr- t e , eese ar 
CE da^ eE an 








r 


w 


= £ (25) _ 2kuu du 


gg € on 


in which only relevant terms are retained. Equations (23.4) thus become 
a| o oencos 0 gag ass ocosQ |l _ 
a som (1 + oe ) + 2i wPV| 1+ efx + EE y -0 (23.7a) 


I EN ap. 2 (uSt) + e kou (nS - v) + En p 
Par yy as” anan pras yM às 








«(ae ges), 2s EU (23.7b) 
ly on 
op = yM? ekpu’ (23.7c) 
on 3 


dT | y-ldp =2( a) a nu(p -2 2) 
Pu 7 d t Pr ont! *(y-DM.iu A) tE knu P; 2 





hs Ocos0 oT 2 du 
«ge = js; -20- 1)M.kuu J (23.7d) 


where the inner region substantial derivative is 


A nondimensional version of the first-order boundary-layer equations in Chapter 21 can be obtained 
from Equations (21.7) by setting €= 0. 
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DISCUSSION 


Equations (23.7) are combined first- and second-order boundary-layer equations. The terms con- 
taining k and o/r, provide for the effects of longitudinal and transverse curvature, respectively. 
The method of treatment of the other second-order effects is discussed in Section 23.5. A number of 
authors (Back, 1973; Fannellop and Flügge-Lotz, 1966; Van Tassell and Taulbee, 1971; Kleinstreuer 
and Eghlima, 1985) have directly utilized Equations (23.7) for numerically computing boundary- 
layer solutions. As with the first-order equations, these are still parabolic and are about as difficult 
to numerically solve as are the first-order equations. 

Observe that Equation (23.7c) means there may be a transverse pressure gradient across the 
boundary layer. For a convex surface (see Figure 19.2), k > O and the pressure increases with ñ, 
whereas it decreases for a concave surface. In the convex case, an increasing pressure is required 
to balance the centrifugal force, which tends to separate the flow from the wall. Observe that the 
transverse pressure gradient is particularly significant when the product, kM is large. This occurs 
at supersonic or hypersonic Mach numbers and when the normalized radius of curvature of the 
wall is small. 

As pointed out by Kleinstreuer and Eghlima (1985), the second-order equations are not unique. 
(The first-order equations, however, are unique.) To illustrate this point, suppose Equation (23.4b) 
is multiplied by h,, which is given by Equation (23.5c). In this case, the terms of O(&) in Equation 
(23.7b) would be different; e.g., the term containing k7/(Op/ds) would not be present. The equation 
corresponding to Equation (23.7b), while different in appearance, is still correct to second order 
and would yield a theoretical formulation equivalent to Equation (23.7b). 


INNER EXPANSION 


For some time, it has been known (Van Dyke, 1975) that the first correction to first-order boundary- 
layer theory only involves terms containing integer powers of €. In other situations, terms propor- 
tional to a Ine, for example, may appear (Van Dyke, 1975). It is through the matching conditions, 
discussed in Section 23.4, that the need for such terms is usually noticed. Hence, we assume integer 
powers of € for the inner asymptotic expansions (Van Dyke, 1962) 


u(s, N3E) ~ u,(s, n) + &us(s, n) ++ (23.82) 
V(s, n;£) ~ vi(s, n) + £vo(s, n) t + (23.8b) 
p(s, n;E) ~ p(s, n) + Epo(s, n) ++ (23.8c) 
p(s, n3€) ~ pis, A) + epo (s, n) + + (23.8d) 
T(s, n;£) ~ ti (s, n) + &£t(s, n)  --- (23.8e) 
and 
LCs, n;£) = WT) = M(t) + 8&5 * -:)- Ut) + E et tee = Uy FEU te 
(23.9) 


These expansions can be substituted into either Equations (23.4) or (23.7). Since the later equations 
are simpler, they are used. For the first-order equations, we thus obtain 


d,o d, o 
Jy C») + 3g Civi) -0 (23.102) 
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du, | | Op, a Qu, 
pi dit Ml em xU) (23.10b) 
oP = 0 (23.10c) 
on 
dti y-ldp,1 23 Ot, 
P dt yY dt TP xí rj 
duy? 
+ (7-1) Mey (52) (23.10d) 
and, from Equation (23.6), 
pi = Pit (23.10e) 


These equations represent the conventional, nonsimilar, boundary-layer equations for a perfect gas. 
The notation 


d_ ð ð m 
qum His +v; EL b= 2 (23.11a) 
is introduced for the expansion 
d d d 
di gy di + ET + (23.11b) 


of the inner region substantial derivative. Note that Equations (23.10c) and (23.10e) provide 


1 ot, 1 Op, 
PLE (23.122) 
and 
Di Ag OP ICH (23.12b) 


= —— = + 
ðs ds 3." 
For the second-order equations, we have 


aro + pius + pun cos | + 2 boo: + V2 + (x $ zn ps =0 


w 


(23.13a) 
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ES Qu, kn 9p, ocos 0 Qu, 
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3 
Pa = yMlkp,i (23.13c) 


dt, dt) dt, y dp, dp; 1 of ,ətı Ot; 
"(2 nue (F e$ J- a lei aet + ins) 
;| ,f(9u Qu, du)  ,- Ot, y-1 Op, 

+(Y- LL (Se J ty + 2U => on On = iu (P y A) 


1 ocos@)\ Ot, Qu, 
+p (e+ " Jus 3i 20- 1)MZ ku (23.13d) 





P2 = lips * pilo (23.13e) 


The inhomogeneous terms can be simplified and p, can be eliminated by introducing Equations 
(23.10), (23.13c), and (23.13e). For instance, Equation (23.10a) can be written as 


d E ; 
(m) = EE E 


ly 


resulting in Equation (23.13a) becoming 


d- o d-o 
3; On + pii)] + 3c Ernst Piv2)] = 


i5 Apt) E EAA B "(e , Zes = pw (23.14a) 
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w w 


Similarly, Equations (23.13b) and (23.13d) become 
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y {Seine Aerea par omi m (5) 2+2 Se Se 


zo oa Obi ð ðu 
-kpv z rg dm 1)M⁄ zc Ae -2u jt 2^ pu, 


(f+ T) dt, 1 2 (u , Ot; x) 


dg Beg on an 








Pr r 


w 


C E) (23.14c) 
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In addition, Equations (23.10c), (23.10e), (23.13c), and (23.13e) yield 
o 2 2 
3s iP» + Pih) = yM„kpıui (23.14d) 


[In the interest of symmetry, Equation (23.12a) has not been introduced.] Equations (23.14) are 
four coupled, linear PDEs for u», v>, p;, and t,. The pressure p, is given by Equation (23.13e). 
Each PDE possesses inhomogeneous terms, written on the right side, that depend on the solution 
of the first-order inner equations. The coefficients of the second-order terms on the left side also 
depend on this solution. 

We conclude by providing relations for the first- and second-order scalar vorticities. We start 
with (see Problem 21.8) 


1 ou ov 
-—EÉ [a +kn) $ + ku- ] (23.15a) 
and scale @ as 
@ = €@ 
with the result 
= : _ Ou , OW 
© = -(l-ekn+ |a + ek) 25 + eku- e A 
With the aid of Equations (23.8a,b), this becomes 
à o 
@ = (-1+ekn- “fa + exny( + e2 + D + €ku; +: + — g2 - za 
on on os 
Qu, Qu; 
= 33 + e(ku + JE 
(23.15b) 
We next write 
@(s, N3E) ~ @ (s, n) + E@ (s, n) + °° (23.16a) 
and compare with Equation (23.15b), to obtain 
Q, = Lon (23.16b) 
on 
ms Sag ce (23.16) 
an 


Note that @, depends on the longitudinal curvature of the wall. 
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23.3 OUTER EQUATIONS 


These equations hold in the region external to the boundary layer, where the flow is considered 
inviscid and adiabatic. In this region, s, n, r, 0, k, and h, are unaltered, while for the dependent 
variables, we write 


u(s, n3€) ~ U,(s, n) + €U,(s,n) + °° (23.17a) 
v(s, n;£) ~ Vi (s,n) + EV (s, n)+ + (23.17b) 
p(s, n3€) ~ Pi(s, n) + €P2(s, n) +++ (23.17c) 
p(s, n;£) ~ Ri(s, n) + eRo(s, n) +++ (23.17d) 
T(s,n;£) ~ Ti(s, n) + eT; (s, n) t + (23.17e) 


where € is still defined by Equation (23.2). Observe that none of the dependent or independent 
variables are stretched. 
FIRST-ORDER EQUATIONS 


The above expansions are substituted into Equations (23.4) and (23.6), with the following first- 
order result: 

















2 (RU) + Zhe RV.) =0 (23.18a) 
R, (5 af 7} + an = a6 (23.18b) 
R, (5 - 3 i ? " ut or = (23.180) 
LÍ a Lr T -0 (23.18) 

P, = RT, (23.186) 


In the above, h, and r are given by Equations (23.5c,d), respectively. The first- and second-order 
substantial derivatives, for the outer region, are 


D U; ð 0 M 
Di = h, ae Vos l = 1, 2 (23.192) 
where 
D D D. (23.19b) 


+ 
Dt Dt Dy 


Although their appearance may be unfamiliar, Equations (23.18) are just the Euler equations for a 
perfect gas. 
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INTEGRALS OF THE FIRST-ORDER EQUATIONS 


We expand a nondimensional stream function, y, as 
Ws, n;£) ~ V,(s, n) + eWo(s, n) + °° (23.20) 


Because Equations (23.4a) and (23.18a) have the same form, we have 


oy _ 6 oy = o 

a r pu, mm -h,r pv (23.21a) 
gin P RS ge -h,r?^R,V, (23.21b) 
on Os 


Since the first-order stream function is constant along first-order streamlines, we can write 


DY, U, ðY, OW, 


Dir = — =0 (23.21c) 


n cy d oe 


This PDE can be solved using the characteristic theory of Appendix E. Of course, the velocity 
components, U,(s,n) and V,(s, n), must first be known. 

The nondimensional (see Equations (23.3)) entropy and stagnation enthalpy are also expanded 
as 


S(s, n5) ~ S(s, n) + ES (s, n) ++ (23.22a) 
h(s, n3€) ~ Hi(s, n) + eHo(s, n) ++: (23.22b) 
where $ and h, are given by 
ees (23.232) 
Y p 
h, = xi? ata) v» (23.23b) 
TU Oe 2 BS 


with 


i 5 i (23.23c) 
By expanding the right side of Equations (23.23a,b), we obtain (see Problem 23.1) 
gj clquo (23.242) 
Y Ri 
P, R 
geli% (23.24b) 
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1 y-1l,52,92 2 
H == Inn «E Mui + vd (23.25a) 


H, = [Tat Q7 )MŻ(U, U3 + V V3)] (23.25b) 


Equations (23.18) are just the Euler equations for an isentropic and isoenergetic flow. Conse- 
quently, both S; and H, are constants along the first-order streamlines; i.e., 


$i = SCF), A, = H,4() (23.262) 
or 
DS; .. DH, _ 
Dit = 0, DET 0 (23.26b) 


The functions S,(YV,) and H,(VP,) are determined in the upstream flow, or in the case of S,, just 
downstream of a shock wave, if one is present. Equations (23.262), in conjunction with Equations (23.24a) 
and (23.25a), thus constitute two integrals of the first-order outer equations (see Problem 23.1). 
Because of Equations (23.26a), we can write 


Ov, dS 
on - mm dy. = rR, US% (23.27a) 
and 
ðS, OW, dS 
3 - ae ut = -h,?^R,V,S, (23.27b) 
1 


where S; = dS/dW,. There are similar equations for H,. The S, and H, derivatives, when evaluated 
at the wall, $1(0) = Sj, and H:(0) = H},,, will play an important role in the subsequent analysis. 

If the flow is rotational, the first-order vorticity is related to $^ and H' by Crocco’s equation. 
We first write the vorticity expansion 


Q(s,n;£)- Q,(s,n) + EQ (s, n)+ °° (23.28) 
and with the aid of Equation (5.30), we obtain (see Problem 23.1) 
(Y- DM2Q, = r^R(T,S, — X.H?) (23.29) 


Because R, and T , are not solely functions of Y, Q,, is not constant along streamlines. Knowledge 
of two of the Q,, $5, Hi functions is sufficient to determine the remaining one. 
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Norma. Derivatives EVALUATED AT THE WALL 


In addition to quantities such as U,(s,0), we will later need the normal derivatives of U,, V;, 
P,, R,, and T, when evaluated at the wall. This evaluation requires the boundary condition estab- 
lished in Section 23.4, 


Vi(s,0) = 0 (23.30) 
which yields 


av, 
Os 


w 





From Equations (23.18a) and (23.18c), we readily obtain 


JP, 





xe YMLK(RU)), (23.31) 
n 

25 x gedi 4 RUD (23.31b) 
dn |y — r,R,s,0) ds 





Note that r and h,, respectively, become r,, and unity at the wall. 
From Equation (23.152), we have, for the first-order vorticity, 


QU, k 1 OV; 


Mi E UU S 


We eliminate ©, from this relation and Equation (23.29) and set n = 0, to obtain 


aU, 


on 


ryR ; ; 
= fv, + N [TSi — xana] (23.31c) 





wW: w 


We next differentiate Equation (23.25a) with respect to n, utilize the form of Equation (23.27b) 
for ðH,/ðn, and set n = 0, with the result 


OT, 


L^ [(y- DMIKU] + rP U: Si], (23.31d) 
0n 





w 


Finally, Equations (23.18e), (23.31a), and (23.31d) are used to obtain 


OR) _ |RU 2 Bis 
po = a, ry Pisi) (23.31e) 





w 


Equations (23.31) provide the desired derivatives that are normal to the wall. 
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SECOND-ORDER EQUATIONS 


In contrast to the second-order inner equations, the second-order outer equations are relatively 
easily obtained because the Re^ terms in Equations (23.4) are of third order with respect to 
Equations (23.17). The second-order equations, therefore, are still inviscid; in fact, they are the 
small perturbation equations for an inviscid flow, with € as the small perturbation parameter. We 
thus have 














E [r (U,R; + R,U)] + Shr (Vis +R,V>)] = 0 (23.32a) 

R, ES + wo + twv, + vito) + (Fe + 220 " zm ue = 0 (23.32b) 
"(oa Euu e| aso 
e(Te pr F(a) = 0 (23.324) 

P, = R,T*T,R, (23.32e) 


Alternate forms for these equations are possible. For instance, P, and P, can be eliminated with 
the use of Equations (23.18e) and (23.32e). Moreover, the factors multiplying R, in Equations 
(23.32b to d) can be replaced by utilizing the first-order equations. Equations (23.32a to d) are linear 
equations, but, in contrast to their boundary-layer counterparts, they are homogeneous regardless 
of the form used. 


INTEGRALS OF THE SECOND-ORDER EQUATIONS 


Equations (23.4), with (1/Re) = 0, admit as integrals 


S(s, nse) = SQ) 
h(s, nse) = hy) 


Consequently, y, 5, and A, are equal to the sum of the O(1) and O(&) terms on the right side of 
Equations (23.20) and (23.22). Hence, we can write 


Ds DS, D$, DS, 
= — + +e— = 


Dt Dt Dt Dıt 


with a similar equation for h,. In view of Equation (23.26b), we have 


DS, DS, 
Dit = “Dat (23.33) 
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with a similar relation involving H, and H;. Thus, the second-order entropy is not constant along 
the first-order streamlines, and the first-order entropy is not constant along the second-order stream- 
lines. With the aid of Equations (23.27), the right side becomes 


DS, U, ðS, ƏS; 


ma on A 


The second-order entropy S, (and H, ) is a function only of Y, and Y,. We first evaluate (see 
Problem 23.2) 


DY, U, oY, ƏY, 


Dic- "cea um rR, (VU - UV;) 





Except for the inhomogeneous term, this is the same PDE as Equation (23.21c). To determine 
V; (s,n), the PDE is solved by means of the characteristic theory in Appendix E. The left side of 
Equation (23.33) now becomes 


D$, 0$, DW, 9S, DW, 
Dt | OV, Dt OV, D, 





as 
= UR(QAU- UVa) 5 


and Equation (23.33) can be written as 


B _ os 
Ow, oF, ^7 


Integration with Y, held fixed yields the integral 
Sa = V,SIQP,) + SCOP) 


The function of integration, S, equals zero by evaluating S, at the location, e.g., just downstream of 
a shock wave, where ($ = S,). (The corresponding stagnation enthalpy equation is H, = V,H1.) 


FINAL FORM FOR THE SECOND-ORDER EQUATIONS 


With the aid of Equation (23.24b), we obtain 


As demonstrated in Problem 23.2, we finally have 


Pr = -G RIL(TS) = X.HOW.*(y- )MIQSUSEY,V)) — Q334a) 


R ^ L4 
Re = -or OTS = X-H) Pa + (- M(U U2 + ViVa)] — (23.34b) 
= 1 


T, = XHY, -(y-1)M2(U,U, + Vi V3) (23.34c) 
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These relations assume a perfect gas but otherwise are quite general in the sense that a specific 
flow configuration, such as flow over a cylinder, has not been assumed. 

In view of Equations (23.34), the unknown variables are reduced to U}, V5, and Y,. (We are, 
of course, assuming that a solution of the first-order equations is available.) Problem 23.4 shows 
that this group can be further reduced to just V;. One can show that the equation for Y, is a 
second-order, linear PDE without any inhomogeneous terms. Consequently, a single PDE provides 
the general equation for the second-order outer region flow. Boundary conditions for the U3, V3,... 
variables are discussed in the next section. 


23.4 BOUNDARY AND MATCHING CONDITIONS 


Since the wall is impermeable, we have Equation (23.30) and 
vi(s,0) = 0, v2(s,0) = 0 (23.35a,b) 


The first-order outer variables also satisfy the possibly nonuniform freestream conditions. Conse- 
quently, U,,..., T; go to zero in the freestream. 


VELOCITY SLIP AND TEMPERATURE JUMP 


In dimensional form, these conditions can be written as (Street, 1960) 


HT erry 2 4 3p 
TES aeri 


20T 
on " 


= 
Il 


T=T,(s)+c Ken 
p 


where a, and c, are coefficients that, respectively, depend on the velocity and thermal accommo- 
dation coefficients. Hence, a, and c, are treated as O(1) constants; e.g., if the accommodation 
coefficients are unity, then a, = 1.25 and c, = 2.35 (Street, 1960). (The a, and c, coefficients 
become infinite if the accommodation coefficients are zero. Realistic values for the accommodation 
coefficients, however, are near unity, not zero.) With our nondimensionalization, these relations become 





u(s,0) = £^ M. e (ar n E: z) (23.36a) 
p ðn Ay'?M., às 
T(s,0) = T, «c, Y^ M, (Eres ) (23.36b) 
p dn), 


We next introduce 7 and Equations (23.8) and (23.9) with the following first- and second- 
order inner results: 


u,(s,0) = 0 (23.37a) 
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u i? Ou 
E 1/2 ea OMI 
un(s,0) = ay [7 x| (23.37b) 
t\(s,0) = T,,(s) (23.38a) 
1/2 
Jut ot 
t(s,0) = san. " J (23.38b) 


The oT/Os term in Equation (23.36a) is of third order and does not contribute to Equations (23.37). 
For an adiabatic wall, Equations (23.38) are replaced with 


gt, 
on 


Ot; 


, SE 0 (23.38c) 


w 








w 


We thus obtain the usual wall conditions for the first-order inner equations. As noted in Section 23.1, 
there is no velocity slip or temperature jump in an incompressible flow. The second-order importance 
of these slip-type conditions increases with y"M ., but decreases if the wall is highly cooled, since 
t, and u, both become small for a gas. 


RESTRICTED MATCHING PRINCIPLE 


The expansions, Equations (23.8), hold in the viscous layer, whereas Equations (23.17) hold in the 
external flow. Thus, inner variables are generally unable to satisfy upstream (i.e., freestream) or 
any other condition imposed outside the viscous layer. On the other hand, the outer variables are 
unable to satisfy Equations (23.37) and (23.38) at the wall. Matching provides the missing boundary 
conditions for both expansions. This is possible because the region of validity of each set of 
expansions overlaps at the outer edge of the boundary layer. In our case, matching, which hinges 
on the expansions overlapping, is justified by obtaining physically and mathematically appropriate 
boundary conditions. In situations where matching appears to be impossible, either terms such as 
those containing a logarithm, are missing, or an additional buffer layer may be required. 

Matching is usually based on the restricted matching principle of Lagerstrom (Van Dyke, 1962, 
1963; Davis and Fliigge-Lotz, 1964; Fannelop and Fliigge-Lotz, 1965), which states: 


m-term inner expansion of the p-term outer expansion = p-term outer expansion of the m-term inner 
expansion 


In its application, we would set p = m for the mth-order boundary-layer approximation. For the 
pth-order outer flow approximation, we set m =p — 1. As we shall see, this outer flow procedure 
only yields results for V,. We next derive matching conditions for u, p, p, and T; later, the condition 
for v is separately discussed. 


MATCHING CONDITIONS FOR U, p, D, AND T 


As pointed out by Davis and Flügge-Lotz (1964), the restricted matching principle is sometimes 
ambiguous. Instead, we utilize the equivalent, but straightforward, procedure of these authors. Let 
us begin by matching the two expansions for u at the outer edge of the boundary layer, where both 
expansions are presumed valid. For the inner one, we have 


u~ u,(s, n) + Eu (s, R) t, no (23.39) 
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where 7 — œ represents the outer edge of the inner layer. A Taylor series expansion about n = 0 
is used for the outer expansion; i.e., 


n^ 9?^U, 


QU, QU, 
u~ U,(s,0) n 3 09 + 5 a 09 ++ £US(5,0) + En 3, 09 * 


(23.40) 


where each term in Equation (23.172) is separately expanded. We shift the outer expansion to inner 
variables 


-. 9U, 27° OU, 
u~ U,(s,0) + en "ag OSEE 5 EE 





(s,0) + ++  £US(s,0) + ea iso) foe 


in order to compare the two expansions. (Note that derivatives, such as 0U,/dn, are not trans- 
formed, since they only depend on s.) Upon comparison, the O(1) and O(é) terms yield 


u(s, ee) = U,(s,0) (23.41a) 


zer. ce 2U; , 
uy(s,n)-n On 6:99 + U,(s,0), ne (23.42a) 


The same two relations are obtained from the restricted matching principle with m = p = 1 and m= 
p = 2, respectively. In the process of obtaining Equation (23.42a), a Taylor series expansion is used, 
which requires that u be analytic with respect to n. Hereafter, analyticity is assumed whenever a 
Taylor series expansion is utilized. 

If matching is to be done in terms of outer variables, i.e., n instead of 7, then Equation (23.40) 
is unchanged but Equation (23.39) has to be written in terms of n and expanded for small £. Several 
difficulties are encountered, such as an indeterminate term in the inner expansion and an infinite 
series of O(1) terms in the outer expansion. Consequently, this approach is not pursued. 

Equation (23.412), at a fixed s value, has the form, u,(s, n) = U,,, = constant, with ri eo. 
This result is in accordance with first-order boundary-layer theory. On the other hand, the u, 
condition involves an zi term that dominates as ñ — oo. Nevertheless, the U5(s, 0) term must be 
retained; it yields a displacement matching condition, as discussed in the next section. Note that 
both the first- and second-order outer solutions, evaluated at the wall, are required for u». These 
observations will similarly apply to the other dependent variables. 

The procedure used to obtain Equations (23.41a) and (23.42a) is repeated for p, p, and T, with 
the O(1) result 


PCs, eo) = Py(s, 0) (23.41b) 
piG, eo) = R\(s, 0) (23.41c) 
t(s, c») = T,(s, 0) (23.41d) 


and the O(&) result 


P 
p(s, i) - n a +P,(s,0), i> (23.42b) 
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p»(s,n)-n oR +R(s,0), too (23.42c) 
to(s,n)~n on +T,(5,0), ne (23.42d) 





In view of Equations (23.10e) and (23.18e), Equation (23.41b) provides an inconsequential redun- 
dancy for the pressure. 

Equations (23.41) represent the conventional boundary conditions for the first-order boundary- 
layer equations in which U,(s, 0),...,T,(s, 0) are known functions that stem from a solution of 
the first-order (Euler) outer equations. Furthermore, Equations (23.10c), (23.18b), and (23.41b) 
provide the usual pressure gradient condition 


dpi a? 9U, 
T = y nio ji (2343) 


which can be used to replace the first-order pressure gradient that appears on the left side of 
Equation (23.14c). Equations (23.35a) and (23.41) provide sufficient boundary conditions for the 
n variation of Equations (23.10). Initial conditions at some s value, e.g., a stagnation point, may 
also be required. Initial conditions, however, are not necessary for a similarity solution. 

Equation (23.41b), e.g., can be written as 


p(s, n) ~ Ps, 0), n — oco 


Hence, Equations (23.41) and (23.42) are asymptotic boundary conditions that hold when ni — eo. 
Equations (23.42) can be written in a more explicit form by combining them with Equations (23.31). 
(It is for this purpose that Equations (23.31) were originally obtained.) We thus have 


oR 

us, A) - AL kU, +—*— [7,8 - XHi]} + Us, 0) (23.44a) 

(7-1) Mz, " 
po(s, 8) ~ YMZKR(R, US), + Ps(s, 0) (23.44b) 

= = RU, 2 o , 
p2(s,n)~in T (MLkU,- r,P,S)) -Rj(s,0) (23.44c) 
1 w 

h(s, 8) - R [(y-1)MzŻkU} + r2U,P,S’ lue Tos, 0) (23.44d) 


where ri — œ. These boundary conditions consist of a term, which is multiplied by 7, that depends 
on the first-order outer solution. In particular, the entropy $1,, and stagnation enthalpy H |, gradients 
are encountered, where the derivatives are with respect to the first-order stream function Y. In 
addition, the second-order outer solution, evaluated at the wall, is required. 

The leading terms in the expansions, Equations (23.16a) and (23.28), for the scalar vorticity 
can be matched using a procedure analogous to the one to be used for v. This will not be done, 
because the vorticity is an auxiliary quantity for which boundary conditions are unnecessary. 
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MATCHING CONDITION FOR V 


Matching requires v, not v; hence, Equation (23.8b) is written as 
v~ Ev (s, n) + &vy(s, R)t:, Nao 


As before, this expansion is compared with its outer expansion, when written in terms of ñ: 
ƏV, 
v~ V,(s, 0) + En; (S 0) + £v4(s, 0) ++ 
We thus obtain Equation (23.30) and 


viGs, 8) ^R un +V,(s,0), a0 (23.45) 


w 


Since an explicit ñ — œ condition for v, is not required, this relation will be used to derive a wall 
boundary condition for V,. This can also be obtained using the restricted matching principle with 
m= | and p=2. 

An alternate form for Equation (23.45) is obtained by differentiating, with respect to n, the 
lead term in both v expansions and letting €— 0: 


Qv QV, 


M QV, 
on ~ £3, 089 s £3, 09 


ov ov, = vi n 9v, 
on ~ £3, 080 cx es z) > £3i 0709 


Consequently, we have 


QV, | 0v, 
3, 99 = On 9) 


and the equation for V,(s, 0) becomes 


_ dv, 


Va(s,0)~ vi(s, ñ) -n—-c, noo (23.46) 
on 


where the right side depends only on the first-order boundary-layer solution. In Section 23.6 (see 
also Problem 23.6), we show that the right side has the form of a constant divided by s!/? for a 
flat plate. For this to be the case, the v, term must be linear in 7 in such a way that the 7 -containing 
terms cancel. Equation (23.46) provides for the effect of the displacement thickness, which manifests 
itself here as a displacement speed V,(s,0) and is equivalent to a distribution of sources or sinks 
along the wall. Sources normally occur, but sinks occur when 6” is negative, as previously discussed 
in Section 21.8. 
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Alternatively, outer and inner expansions for the stream function can be written as 


w~ PY +eP%,+°° 
V -EV FE Wt 


which yields 


Vs, 0) ~ v, G, ñ) - a, acus 


Thus, the second-order outer stream function, Y,(s,0), is not zero along the wall but varies in a manner 
that provides for the displacement effect caused by the presence of the first-order boundary layer. 

An additional form for V,(s,0) is obtained by combining Equations (23.31b) and (23.45), with 
the result 


n ad 


V5(s, 0) ~ ——— 
á r°R,(s,0) ds 


(TRU), vis, n), n — œ (23.47) 


If the arc-length derivative is zero, as it would be for uniform flow over a flat plate, this term is 
then indeterminate, since 7 — ee. In this circumstance, Equation (23.46) should be used for 
V5(s, 0). 

As discussed in Section 19.2, the first-order outer equations do not have a unique solution, 
since they only satisfy a velocity tangency condition at the wall. An analogous situation holds for 
the second-order outer equations, for which only Equation (23.46) or (23.47) holds at the wall. 
Thus, improving the accuracy of the approximation by going to second order does not alter this 
fundamental nonuniqueness associated with the Euler equations. 


23.5 DECOMPOSITION OF THE SECOND-ORDER 
BOUNDARY-LAYER EQUATIONS 


SUMMARY OF FIRST- AND SECOND-ORDER RESULTS 


We succinctly summarize the theory before breaking new ground, starting with the first-order outer 
equations, given by Equations (23.18). At the wall, these satisfy Equation (23.30), while away from 
the wall they satisfy the imposed freestream conditions, which may be nonuniform. Equations 
(23.24a) and (23.25a) provide two first-order integrals of the motion. 

Equations (23.10) are the first-order inner equations, in which dp,/ds is given by Equation (23.43). 
An unspecified set of initial conditions may be required, while the wall boundary conditions are provided 
by Equations (23.35a), (23.37a), and (23.38a), or an adiabatic wall condition. Equations (23.41) apply 
as the outer edge of the boundary layer is approached; there is no outer edge condition for v,. 

Equations (23.32) represent the second-order outer problem. The variables U,,...,7 go to zero 
as the freestream is approached. There is only one wall condition, given by either Equation (23.46) 
or (23.47). 

Finally, Equations (23.13) or (23.14) govern the second-order inner problem. The associated 
inner variables go to zero at the upstream location of the first-order initial conditions, except when 
a second-order similarity solution is found. Equations (23.35b), (23.37b), and (23.38b) apply at 
the wall, while Equations (23.44) hold when 7i > ee. 
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DECOMPOSITION 
As previously noted, the second-order inner equations, Equations (23.14), and their boundary 


conditions are linear, thus allowing for superposition of solutions (Rott and Leonard, 1959). To 
take advantage of this fact, the left side of the first three of these equations is written in operator form: 


0 o o o 
A(Up, V2, P2) = 3; 0n + pıu)] + agr OP + pıv2)] (23.48a) 


em 2 ( Qu; ,2u, 1) 





du, 
B( Up, v5, p», t2) = aF dei diP 35 I» t ui JR 
1 
t yv Z inp + pitz) (23.48b) 
dt, dt) dt -1 ð 
C(u», v» Pa, tr) = [s : «eque. - r uis (tpa + Pita) 


1 9 Oty ; 9n, 
- p 5 (in aa * ag ; 


2 QU, ou, Ou, Qu; (23.48c) 
«omni (nu) v - (25). - uum E 


where Equation (23.112) defines d( )/d;t. The A, B, and C are linear differential operators whose 
unknown functions are shown as their arguments. Observe that only first-order derivatives of second- 
order variables are present in A. Second-order derivatives, 0^ u,/3n^ and 0°t,/dn’, are, respectively, 
present in B and C. Hence, the system is fifth-order with respect to its ñ derivatives. The variable 
v, enters both B and C through the d( )/d5t derivative. 

Equation (23.14d) is not written in operator form, since it can be integrated (Van Dyke, 1962). 
We start with 


z on NE E 
PAs.) = f(s) + yk [ pian 
0 
where f is a function of integration. The integral is written as 


| ouian - f [p.d - (R,UŻ)„] dri + (R,UD) 
0 0 


aRU,- | [(R, U3), - pada 
0 


+ | CRUD. puitlan 
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with the result 
Dc 2 2a" 2 35 gs 
pic f+ YyML ER QRSUD, + YM2 | IRUD- pul dn 
3e[ 2 $2 1. 
-yuk[ IRUD,- pui dn 
0 
The function of integration is evaluated by utilizing Equation (23.44b), with n — ce: 
YMAR, UL), + Pis, 0) = f + YMKR(SUI), 
Arf. 2 PE 
-yu*k[ ta UD, - pul dn 
0 
to obtain 


£-ywts| [UD - pud] di = P,(s,0) = (TR) RT, 
0 


This yields the elegant result (Van Dyke, 1963) 


ps, n) = tjs, 1) P2(s, n) + pis, n)to(s, n) (23.492) 


YM2 ki (R,UD,, + (TR + RTs), + YM [(R\Uj)»—pimildi  (23.49b) 


Thus, an explicit solution for p, is available that satisfies its boundary condition. When ñ = 0, 
Problem 23.5 shows how this equation can be written in terms of the boundary-layer thicknesses 
introduced in Section 21.7. 

Equation (23.492) is a linear relation that, in principle, can be used to eliminate either p, or 
t, from the A, B, and C operators. This will be done in Section 23.8, where t, will be replaced. 
The reason for this choice is that t, primarily appears only in C, whereas p, appears in all three 
operators. Moreover, the quantity (1,05 + pıt ) can be eliminated with the use of Equation (23.49b). 
On the other hand, the second-order inner boundary conditions become somewhat more compli- 
cated, since in their initial form they are in terms of t. 

Following Van Dyke (1962), we decompose u,(s,n) into seven terms, one for each of the 
effects listed in Section 23.1. We thus write 


€ T d 
icu dou qq ow ES OE ua yu (23.50) 


where a 2 subscript is not used on the right side for notational simplicity. The superscripts represent, 
in order, longitudinal curvature, transverse curvature, velocity slip, temperature jump, entropy gradient, 
stagnation enthalpy gradient, and displacement. The constant coefficients o,...,H;,, identify five 
of the terms. Longitudinal curvature cannot be identified in this manner because the curvature, k, 
is generally a function of s. Similarly, there is no constant coefficient that is uniquely associated 
with displacement. For the coefficient of u” Van Dyke (1969) uses c, — a, which, however, is 
not always convenient (Fannelop and Flügge-Lotz, 1965). Relations analogous to Equation (23.50) 
can be written for v5, P2, P2, and t;. Both p, and f, however, will be eliminated by utilizing 
Equations (23.49). Hence, only three relations of the form of Equation (23.50) are required. In 
summary, this decomposition replaces uz, v», and p, with 21 new dependent variables. 
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The first three equations of (23.14) are now written as 





wh 1 


A(u5, V», P2) = «pen -rop v2 gre E rwP1V1) (23.51a) 


(23.51b) 





A i ocos@ Ou, 


ð Qu ð , 
B( Uy, V» p» ty) = eiam -omga - ae T., n 


"HM DAC 
C(u, V» P» ty) = REDE xn m) 


gu, du, OcosÓ li 9t, 
+(y-1) M4 (a Se -2u J palis] T. Pron (23.51c) 





w 


where the unknowns are u“ s po edu t? In this formulation, only longitudinal and transverse 
curvature terms appear on the ight sides. The other five effects enter through the wall or the infinity 
conditions. Thus, only three forms of these equations need to be considered. The first is 

A=0, B=0, C=0 (23.52) 


where the arguments of A, B, and C are u, u”, ae and these equations are used for all effects 


other than curvature. The second form is used for longitudinal curvature: 


Au, a p?) - «Re rtp (23.532) 
d(_. ð Dus , 9t 
BU? y, p® (9) = n (un) - pir. Giu) —u{ u, : (23.53b) 


cfu”, y po 1°) = e- apm + = 2 (m2) 
d dii 
«Q- alg a - 2u Ju S ~ ELI (23.53c) 


while the last form holds for transverse curvature: 


cos 0 





A(u® v9, p®) = puts sin @— r,p,v,) (23.54a) 
Bu, v®, p®, 1) = ose (23.54b) 
cos Ih 9t, 


Clu”, v9) p?) (y (23.54c) 


r, Pron 
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Note the presence of rẹ in A and on the right side of Equation (23.53a). Hence, a transverse 
curvature parameter appears in the longitudinal curvature problem. 

Before discussing the complete problem for each effect, we interject several remarks of a 
general nature. Since p, is given by Equation (23.49b), boundary conditions for it are unnecessary. 
Moreover, p; does not have a prescribed, or imposed, value at the wall; its i — œ value has 
already been used when writing Equation (23.49b). This equation further removes the need for 
boundary conditions, at the wall and at infinity, for p», if t; boundary conditions are imposed, as 
will be done in this section. When using Equation (23.492) for p°, e.g., we replace p, and t, 
with pe and P respectively. 

As previously indicated, the A, B, and C operators are fifth-order with respect to n derivatives, 
thus requiring five boundary conditions for u, v, and t for each of the seven effects. As in first-order 
theory, there is no infinity condition for v. A unique solution, in terms of ñ, for each effect is thereby 
provided by wall conditions for u, v, and t (i.e., u y ER t”) and infinity conditions for u and t. 
These conditions are constructed from Equations (23.35b), (23.37b), (23.38b), and (23.44). 

We start with longitudinal curvature, where Equations (23.53) apply. The wall conditions are 


u®(s,0) 2 v®(s,0) = i?(s,0) = 0 (23.55a) 
and the infinity conditions are 


u(s, n) - —kU,(s,0), A> (23.55b) 


(s, i) ~ (y- DMlnkUTs,0), n ee (23.55c) 


For instance, the us, œ) result in Equation (23.55b) stems from the right side of Equation 
(23.44a). The other terms in Equation (23.44a) will appear in the u, infinity conditions for the 
entropy gradient, stagnation enthalpy gradient, and displacement, respectively. 

For transverse curvature, Equations (23.54) are utilized in conjunction with 


u(s,0) = v(s,0) = ¢°(s,0) = 0 


and 
u (s, oo) = t(s, oo) = 0 


It would appear that transverse curvature enters only through the inhomogeneous terms in Equations 
(23.54). This is not correct, however, since a transverse curvature parameter, 7, also appears in 
the A operator and in the inhomogeneous terms in Equation (23.53a), and it will shortly appear in 
the boundary condition for the entropy and stagnation enthalpy gradients. Although there is a 
distinct problem for the transverse curvature, this effect is nevertheless coupled with the others. 

The remaining five effects all utilize Equations (23.52); only the boundary conditions differ. 
For velocity slip and temperature jump these are 


u(s,0) 2 ym (B0 ^) 


AH. 0n (23.56a) 
1 


v? (s,0) = 1*?(s,0) = 0 (23.56b) 
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u(s,00) = t(s, 00) = 0 (23.56c) 
u^ (s,0) = t(s,0) = 0 (23.572) 
1/2 
(5,0) = y"! M, (= Zr) (23.57b) 
1 w 
u’ (s, œ) = t(s, œ) = 0 (23.570) 


For the remaining three effects the wall conditions are 
u(s, œ) = v(s,0) = t(s, œ) = 0 
while the respective infinity conditions are 


xus Se 
es: ETT. P,(s,0), A> 


t° ~ar (UP), A> 


X. 
u P ny? —— — ——R,(s,00 ne 


"(Q- DMZ 
t 


u\(s,00) = U,(s,0) (23.58a) 


t” (s,%) 


T,(s,0) (23.58b) 
The only place the second-order outer solution enters is in the displacement boundary conditions, 
Equations (23.58), and in Equation (23.49b). To obtain U5(s, 0), Ro(s,0), and T5(5,0), Equations 


(23.32) are to be solved subject to the wall condition given by Equation (23.46). We finally see 
precisely how the displacement speed V,(s, 0) enters into the analysis. 


SURFACE PROPERTIES 


The shear stress is normalized with u..U../€ and we write 


lfa) 21 RE [a Qu; uj 
Ty = s) = "Uh + eut; + dw Ou Com , 


- i( x) «( Ow A) pe 
= aJa), Er Dr 
Hence, set 


1 
Ty ~ p + Tyo Tos 
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where 


Ou, 
Ty = (un) 
T NE. 
ES (ue eur t; c) (23.592) 


Since the only nonzero f,(s,0) quantity is given by Equation (23.57b), we can write 


Qu; 
Ty. = (u =) 


where the c, constant stems from Equation (23.38b). All seven effects can contribute to the first 
term on the right side, whereas the temperature jump term can provide an additional contribution. 
A local skin-friction coefficient is introduced as 


+ 


(5) c, t ts, 0) (23.59b) 


l/w 


27, 
C; = —— 
f 
PU $ 
where 7,, is dimensional, to obtain 
Cp ~ 2ET, t 287, T (23.60) 


The parameters 7,, and 7,; are provided by Equations (23.59). 
The dimensional wall heat transfer is given by 


where the rightmost term is due to sliding friction (Van Dyke, 1969; Maslen, 1958), which occurs 
when there is velocity slip. We normalize q,, with (uc, T)../€ and write 


1 
—— + + eee 
dw gd"! qw2 


With this normalization, we obtain 


"E: Qt, 
Qwi = a) (23.61a) 


for g,,,, while for q,;, we have 


EM Ot,  , Oty 2 Ou, Ou, 2 Qu, 
Jw = mn ruit Rt DM (mn S + Hig, bet E) 


w 
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Note that (u,),, = 0 and with Equations (23.56a) and (23.57b), we can write 


| (, a 1 s 
ana = -p (HSE) +E) atO- -DMa s0) a3) 


where the a, constant stems from Equation (23.37b). Thus, temperature jump and velocity slip each 
now contribute two terms to q„2, where two terms stem from (0t,/0n),,. The contribution of the 
once controversial sliding friction term yields the rightmost term in Equation (23.61b). In terms of 
a Stanton number, Equation (21.66), we have 


au RC MEN TS 
SM UEOBU. aaa XQ At p a 


where g, # 1. (The wall is adiabatic when g, = 1; the above formulation of the boundary 
conditions does not include this case.) The quantities in the second term from the left are dimen- 
sional, and g,,, originally defined by Equation (21.27), is given by 


Ts) 
g,(5) = X. 
where T„ is normalized with T... 
A wall pressure coefficient is defined as 
w(S ) — Fæ 
A 
2 Po Us 
or nondimensionally as 
c (s) = £60 -1 (23.63) 
YM I2 


where p is given by its inner expansion, Equation (23.8c). Second-order boundary-layer thicknesses 
can also be defined (Werle, 1968; Werle and Davis, 1970), although we will not do so. 


23.6 EXAMPLE: FIRST-ORDER SOLUTION 


GENERAL DISCUSSION 


The theory is illustrated by considering steady flow over two surfaces that differ only in their values 
for r;. The first case is the ubiquitous, semi-infinite flat plate. The other surface is a circular cylinder 
with zero wall thickness in which the upstream velocity is parallel to the cylinder’s axis. As with 
the flat plate, the cylinder has a sharp leading edge and the flow inside it is assumed inviscid. We 
will be interested only in the flow far downstream of the leading edge, along the upper surface of 
the flat plate and along the outer surface of the cylinder. The distance s, in each case, is measured 
in the flow direction from the leading edge. By making the cylinder’s interior hollow and the 
adjacent flow inviscid, we minimize any disturbance due to bluntness. 
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The inviscid flow external to the boundary layer may be subsonic or supersonic; if it is the 
latter, any weak shock wave that may occur near the leading edge is ignored. Nonuniform freestream 
conditions are considered by invoking the substitution principle of Chapter 8, which provides an 
exact, nonuniform solution of the Euler equations. The first-order (inviscid) outer flow is thus 
parallel to the surface but, at the surface, possesses entropy, stagnation enthalpy, and vorticity 
gradients normal to the surface. For the normalization, freestream values at the leading edge of the 
surface are used. The wall temperature is taken as a constant; hence, an adiabatic wall is not 
considered. 

The two geometries thus possess 


r? = (r,*n), r, = constant, k=0, h,21, @=0 


and a single formulation holds for both configurations. (In the axisymmetric case, by choosing € 
equal to r, we can set r7 = 1. For purposes of clarity, this will not be done.) With these two 
configurations, six of the second-order effects are involved; only longitudinal curvature is not present. 
For the first-order inner solution, the similarity theory of Chapter 21 is used. Unity values for the 
Prandtl number and Chapman-Rubesin parameter are thus assumed. 

The treatment of the second-order inner and outer problems is not as complete as that given 
for the first-order problems. For the second-order outer problem, a stream function equation is 
derived for which special-case solutions are provided. For instance, a flat plate solution with h/ 
small is obtained. Boundary conditions, including the displacement effect, are thus obtained for the 
second-order boundary-layer equations. Since these boundary-layer equations are rather complex — 
they require a numerical solution — only limited results are provided. 

A number of papers (Maslen, 1963; Gersten and Gross, 1973, 1976) have previously examined 
second-order theory for either the flat plate or the circular cylinder. (These papers, along with Van 
Dyke, 1969, can be consulted for additional references.) Nevertheless, our approach is quite different 
from these earlier studies; e.g., we use the substitution principle to construct the first-order outer 
flow. 


First-OrRDER OuTER FLOW 


The baseline flow is uniform, and with the current normalization, Equations (23.3), we have for 
Equation (8.16) 


A = h(n) 


The nondimensional stagnation enthalpy function is arbitrary but satisfies h,(0) = 1 and is pos- 
itive. For analytical simplicity, we assume a linear relation 


o 


d 
Se 





n=1+h{n 


o 


where the gradient at the wall, h’,, is a positive or negative constant. If negative, n cannot be too 
large since A, (n) > 0. 
From Section 8.3, we obtain the first-order nondimensional solution 


U,(s, n) = (1 + hin)? (23.642) 


Vi(s,n) = 0 (23.64b) 
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Pi(s,n) = 1 (23.64c) 

1 
R,(s,n) = LERA (23.64d) 
T,(s,n) = 1+hin (23.64e) 


With the above and Equations (23.21b), we obtain for the first-order outer stream function 


dY, (ry * n)? 
da = TETE (23.65a) 


which integrates to 


2 o 
Ys n) = FIA + hin)? -1] E [ -(1 - jan a + km (23.65b) 








72 


o o 


Thus, H, and the parameter Hj, are given by 


H,(s,n) = 1 + hin (23.66a) 

, dH, dH, dn ht 
H = S Bey eh = 2 23.66b 
"oH, dn dWi, ,— S 








where H, stems from Equation (23.25a). By means of Equation (8.17), we obtain 
Si(s, n) = Ind = In(1 + An) (23.672) 
and 


; dS, dS dn h’, 
u 7 Tu = — —_ = c (23.67b) 
TW, Q0 an d¥il,_, R 


for S, and Sj,,. Finally, Equation (23.29) yields for the first-order vorticity 


he 


UAE. ce e 
2(1 + hin)!” 


(23.68) 


Equations (23.64) to (23.68) fully describe the first-order outer flow. If h’, = 0, this flow is uniform, 
and only transverse curvature, velocity slip, temperature jump, and the displacement effects are 
present. When h‘,# 0, there are simultaneous gradients of H, and S, at the wall and Q, is nonzero. 
Observe that this solution is entirely independent of s; thus, the substantial derivative defined by 
Equation (23.19a) simplifies to 


D 0 
cL =(14h' ny2Z 
Dit Cin) os 
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FIRST-ORDER INNER FLOW 


Aside from unity values for Pr and C, we also have 


B= 0 
and 
pi(s, ñ) = 1 


MC, n) = ty(s, n) 
Pie = Hie = Ue = Note =1 


Recall that quantities, such as p, U, u, 6, X, and 6, in Chapter 21 are dimensional. For the boundary- 
layer coordinate transformation, we thus have 


E = (puU), € ^* 27s (23.692) 
1/2 
Te «(5:) (23.69b) 
1 f hos Hs 
d s, n)dn (23.69c) 
n n d Pil ) 
ð Pi 9 





^ Gon (23.694) 


where Re is still defined by Equation (23.2) and is a constant. Most of the solution in Chapter 21 
is provided by 


u = fn) 
hor = g(n 
G = SS = f) 
— 8w 
pnl fut ay) f'- Sf? 
"pe 1-5 


where the speed parameter S (defined by Equation 21.48) should not be confused with the entropy, 
and where the solution for v, is provided later. The function f, of course, is the solution of the 


Blasius equation, Equation (18.10). As expected, there is no dependence on o in the first-order 
inner solution. 


By means of the tables in Chapter 21, we have 


C, = C, = 1.2168 
Nea = Na = 34717 
fi = G, = 0.4696 
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when f = 0. The first-order boundary-layer thicknesses, skin-friction coefficient, and Stanton 
number are denoted with a unity subscript. They are 


Re 1/2 Re 1/2 1 
(55) & = (FE) bu = not GIN, - 75-2264 = nat € 


Re? 4 1 , . 
(52) & = iG +20) = C 


2s 
Re 1/2 Re 1/2 » 
(52) 0, = (¥) Q = fw 
2 2 1/2 p 
Cr = Ren = (=) tw 


G’ 
St, = Aw æ w 


(1 -= 8,)X Re” 1/2 


2(Res) 


where C, and C" are newly defined constants, and C" is associated with the first-order displace- 
ment thickness. This later parameter will frequently appear in the subsequent analysis; it is referred 
to as the displacement parameter. 

In contrast to a flat plate, the axisymmetric case has a naturally occurring length, €r,. In this 
circumstance, the ratio 6,/r,,, given by 





à = (2 


P 2 
r r,Re 


1/2 
) (Ne + Cy) 


must be small compared to unity, say less than 0.05. (Remember that 6,, r,,, and s are all normalized 
with €.) Thus, at a sufficient distance downstream of its leading edge, boundary-layer theory, of 
any order, becomes invalid for the flow along a circular cylinder. 

With the aid of Problem 23.6 and Equation (23.69d), we obtain, when f = 0, 


vi(s, ñ) = DAR S 


25 25)^p, 


and 


Ov, _ Rhpjf^ pif 
on 


Qs) pi 2s 


where pi = dp,/dn. Equation (23.46) is now utilized, with the result 


a a Re^, 
V,(s, 0) = Qs) EUIS (23.70) 


which establishes the connection between V,(s, 0) and the first-order displacement thickness, ó,. 
For the problem at hand, we see that the displacement speed is positive and decreases as Xu 
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23.7 EXAMPLE: SECOND-ORDER OUTER SOLUTION 
DERIVATION OF THE GOVERNING EQUATION AND ITs BOUNDARY CONDITIONS 


Since the first-order outer flow is rotational, there is no reason to expect its second-order counterpart 
to be irrotational. Hence, a second-order velocity potential (Gersten and Gross, 1973) is not 
considered. Instead, a stream function, defined in Problem 23.2, is utilized that satisfies Equation 
(23.32a). The equation to be obtained is a special case of the Y, equation discussed in the last 
paragraph of Section 23.3. With the aid of Problem 23.4, we write U5;(s, n) and V,(s,n) as 





1 EH 5M) h, 
AA I MSN Y — Y : 
A ot 2 LF hon ? ae 

1+ hin oY, 


V, = (23.71b) 


(ren)? s 


These relations are introduced into Equations (23.32b,c) and P, is then eliminated by cross- 
differentiation. We thus obtain 


2 2 
CR ON geb + FY, +G(n) (23.72) 


2 
Med) ds? gm? on 





after one s integration, where G is the function of integration. The E and F coefficients are given by 





E(n) = Cwt d (o hin)!” te Eu NEN. iiia 
(1 + hin)? dn (r, +n)" Al + hn) 14+hin r,+n . 
F(n) = hy (qukm df) 1 
2 (14 hin)? dn (r, +n) + n^n)? 
" hy ( h, , 26 ) 
~ AL + hin) thin’ rn (23.73b) 


Observe that Equation (23.72) is hyperbolic when M. ? > 1 and elliptic when M? <1. 
We eliminate V, from Equations (23.70) and (23.71b). The result is integrated with respect to s, 
to obtain 


P (s, 0) = -r2C* (2s)? (23.74) 


where the constant of integration is set equal to zero. This relation is the only boundary condition 
on Y¥,, aside from the condition that U, and V, should vanish far from the wall. In view of this, 
we take the function of integration, G, in Equation (23.72) to be zero. (Problem 23.14 formally 
demonstrates that G is zero.) 
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DISCUSSION 


One purpose of Equations (23.72) to (23.74) is to provide U,(s, 0), which is required for the wall 
pressure and for boundary conditions for the second-order inner-layer equations. In view of Equa- 
tions (23.71a) and (23.74), we have 


U,(s,0) = 5 


w 





Y 
2. cnp +(1 - 3M: hrec (5) ^ 
Oe Wr oF 
and the quantity actually required from Equations (23.72) to (23.74) is (OV;/dn),,. 
Equations (23.72) to (23.74), with G = 0, are exact for the assumed flow model. Four second- 
order effects are still present: (a) transverse curvature via o, (b) entropy and stagnation enthalpy 


gradients, both of which are represented by A7, and (c) displacement, represented by C". Velocity 
slip and temperature jump are not present in the problem for Y3. 


UNIFORM, SUPERSONIC FLOW OVER A FLAT PLATE 


For purposes of simplicity, let us initially consider a freestream that is supersonic, two-dimensional, 
and uniform. In this case we have h’, = o = 0, M. > 1, and the only second-order effect is 
displacement. Equation (23.72) reduces to the wave equation 


QV, OU, 
ds. on’ 





where A” = MŻ- 1, and Equation (23.74) remains as the sole boundary condition at the wall. The 
general solution of this equation is easily shown to be 


Vo(s,n) = f(s—Àn) * g(s— An) 


where f and g are arbitrary functions. As usual, we assume there are no incoming waves; i.e., g = 0. 
With Equation (23.74), we readily obtain 


V.(s,n) = -C'[2(s - An)] ? (23.75a) 
and by differentiation 
(oh 1 
U,(s,n) = CÀ[2G- Àn)]? (23.75b) 
Vy OPERE CREE (23.750) 


[2(s-An)]"” 
Hence, the desired wall speed is 


C 1 


U,(s,0) = AQ) 
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Since C" is positive, U,(s,0) is negative and is scaled by the usual (M2, - n factor. Moreover, 
it is easy to show that |U5(s,0)| ~ M- when M., >> 1. 


PERTURBATION SOLUTION 


The above result for a flat plate can be extended to a rotational, supersonic flow by assuming h’, 
is a small parameter compared to unity. For small A7, E and F become 


Ezh/, FzO(h? 
and a perturbation stream function, P, is introduced as 
V, = OV? e WW = -C'[2(s- An)] " n^ 


where V^ is given by the right side of Equation (23.75). This relation is substituted into Equation 
(23.72), with the result 


2 2 
20 ¥ OW — C (23.76) 


as Ow (s— An)? 
The constant C is 


urbe 


12 
2 


and the wall boundary condition on the perturbation stream function is 
V(s,0) = 0 (23.76b) 
To assist in obtaining a solution of Equation (23.76a), we change variables to 
€=s-dAn, n=stdAn 
and the second-order derivatives are given by 


2 2 2 2 
rE a 
à) OL akan an 
9? (2 9? 2) 
FEE EN) p 
ae 060] gw 








Equation (23.762) thus becomes 
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which can be integrated twice, to yield 





1/2 
v = ce. + [eiat eim 


where g, and g, are functions of integration. Incoming waves are excluded; hence, we set 
g5(1]) = 0. As a consequence of Equation (23.76b), the g, integral equals 


CET 
2A. 





jest = - 
Finally, after returning to the original variables and simplifying, the perturbation stream function is 
ls v2 
Y = 5€ n[2(s — Àn)] 


By combining this result with Equation (23.752), we obtain 


W5(s,n) = -c(i - gn) = An^ (23.772) 
C | d 
U,(s,n) = xcu +h; prem] (23.77b) 


and for the desired speed at the wall 


C 


PCT REEL 
(5) = Tog]? 


(1 + Akis) (23.770) 


Equations (23.77) are correct to O( h;). 

For later use, we obtain P,(s5,0), R,(s,0), and T,(s,0). These relations, along with equation 
(23.77c), are required for the second-order inner-layer boundary conditions. With the assistance of 
Equations (23.66b), (23.67b), and (23.77c), we obtain from Equations (23.34) 








2 
yMC* 
P520) = DTE (23.782) 
MiC 2x 
R,(s,0) = (1 " =) (23.78b) 
2 AQ)? M 


oo 


- MIC 2a 
T,(s,0) = nut i = ah (23.78c) 
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-2 The wall values for 


Thus, to first-order in h, P), is independent of A; and varies as (2s) 
U>, R,, and T, consist of two terms, one of which is proportional to (25) "^. the other to h' (23). 
This s dependence will be of importance in the next section, when a second-order inner solution 


is obtained and the skin friction and heat transfer are discussed. 


UNIFORM AXISYMMETRIC FLOW 


The axisymmetric problem, with h = 0, is given by 


aw, aw 1 9v 
2 2 Di cts. 2 
a D rs MICE (23.79) 











with Equation (23.74) as the boundary condition. This equation can be put in a standard form, used 
in the theory for slender bodies of revolution, with the substitution 


h-nctr, 


A potential function is normally used in slender-body theory, whereas we have used a stream 
function. This is the reason the signs in Equation (23.79) are different from those in slender-body 
theory. Presentations of this theory can be found, e.g., in Liepmann and Roshko (1957, Chapter 9) 
and in Ward (1955, Chapter 9). It can be used for both subsonic and supersonic flows. 


23.8 EXAMPLE: SECOND-ORDER INNER EQUATIONS 


WALL PRESSURE 


The second-order boundary-layer equations are formulated for nonuniform, supersonic flow over 
a flat plate in which the magnitude of A; is small compared to unity. In this circumstance, the 
second-order outer solution, at the wall, is given by Equations (23.77c) and (23.78). The first-order 
boundary-layer solution is provided in Section 23.6; it is the f = 0 similar solution for a compressible 
flow. 

From Section 23.6, we have 


Ui Pg = Riy Tay Hs Ai, = Siy = h, 
and Equation (23.49b) reduces to 
p(s, n) = (T; t R5), = Poy 
With Equations (23.78), this becomes 


yM..C* 


p(s, ñ) = As)” 


and the nondimensional pressure, to second order, is 


yMlC* 
1/2 


A) = 1+, 
mU * AQRe)) 
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where 
Re, = (Re)s (23.80) 


Hence, the second-order pressure is uniform across the boundary layer, and it slightly exceeds its first- 
order value, with the increment decreasing with s. A second-order pressure coefficient, Equation (23.63), 
can be written as 


2C* ó, 
M co eee (23.81) 
AQRe,)? un - Tu 


Cp 
which shows its dependence on the first-order displacement thickness and the A factor. Although 


h’, is not zero, the wall pressure does not depend on h’,, at least when h’, is small. 


SECOND-ORDER INNER EQUATIONS 


The term 


2 (np, + Pits) 
appears in both Equations (23.48b,c). With the aid of Equations (23.49), we have 
tips * pit; = Po, (23.82a) 
where P,,, is given by Equation (23.782), and 


ð P5, M? C* 
3; iP» + Pita) SoS Y 


a (23.82b) 





which will be used to simplify Equations (23.48). Equation (23.82a) is first used to eliminate f,, 
with the result 


pecan (23.820) 
Pop 


since pf; = 1. Recall that this elimination was discussed beneath Equations (23.49a,b.) 

Thus far, only easily procured results have been obtained. Further progress requires that we 
decide on a choice of coordinates for the second-order boundary-layer equations. We could use & 
or s and, for the transverse direction, 7 or 7. Since the boundary conditions, both at the wall and 
at infinity, are in terms of s, we will utilize this variable. Because the coefficients in Equations 
(23.48) stem from the first-order inner solution, the other coordinate to be used is 1]. It is worth 
noting that we are not necessarily trying to find a second-order similarity solution. At this time, 
our motivation for choosing s, coordinates is to obtain from Equations (23.48) as simple a set of 
equations as is possible. 

We shall need to replace 5 with 7 in these equations as well as in the 7 — œ boundary 
conditions. Problem 21.9, with f = 0, yields 


Yn = pegas a By) HST T P EVE 
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which here becomes (see Equation 23.69b) 
ae 
(25)? 
where N is defined as 
1 n ^ n 
NN: 8w S) = Tg ENHU -8S -SF F = fwd 
We also have 
S nau 2 
on (2s) on 
and with f~n-C,, f’~1, f”~0 
n = 
(2 y^ ~n, n,T] — © (23.83) 
s 
With the aid of Problem 23.6, we can write 
v = — (Np f- f) 
do v us 
and 
Qv, 1 " p^ 
Se = x (No Es) 


The combination, Np, f'—- f, that appears 
shows that it equals 


Npf- f = DP eunt! -D- sU" - FOI 


We also note that 


L 


uiu ET 


and 


, 


in v, frequently occurs in the analysis. Problem 23.8 


(23.84) 


_ &w+(-28y)f'- Sf” 
1-S 


z du, 


um mu 
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Hence, we have 








Chi, Bi 4 (4) = - MN S 
9h (2s)? dn Vp, (2s)? fi 
where 
Dto. Me gpe oT 


Do gy +(1-8,) f’- Sf” 


A number of other derivatives of consequence are 








du, _ pif” 

on (25)? 
9^u, 5 P em 
dj — 28\ pi 

du, pı Qu; 


on (25)? on 
Ota aa A 
oy Pı ON 
dt, 1 (51 2 p, e) 


On 2s)” p, Pi an pi 











where Equation (18.10) is used to simplify the 0°u,/d” equation. 
The inner region substantial derivatives, Equation (23.11a), become 


d 9, pv A " 
di - "Jt Qs) m DIzl.2 


We thereby obtain: 





du, ves 1 7 ” 

du 3, Pf c 

du, = pif” 

dt (2s) 

du, = ,Qu Uy Qu 
qo FE e Np - P 
as 

de sts aN PLS -f) 

dt, i pi 


dy (2s) Pı i: 


dt — Pop 2 p f'90; 
dit = Aw pa “vp. -n| * Qs) 15 pA ELLE 2s 





à, 
E qp - D 
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With the assistance of the foregoing relations (see Problem 23.8), Equations (23.52) now take 
the form 




















Pipi ee. pi ðv 
Qs) * x" pif" P. jore pid a; pfe ta 2s) on 
1 7 opa ur 
+5 Naif - £3 -0 (23.852) 
2 pem 
pif v A| E) id Pi du, 
Q29” +5, Np,f'-2f- Pot pif t3 “Nef fs Em 
n M EI ? 
br on 2s am ^ 2s yi PU (23.85b) 
= pi + 1 Piw j= 4D +9( 2) +( DAZ f" |p» £190 
(25)? 2spi[p Pif’ -f Pi Pi y p. p; os 
PE en 1 pip, 1 9 
7 Qs) 2: 30 py EM oon 2sp, on’ 
— Pow) 1 p^ pi 2. pm 
= Deus EuNp.f'- p) - 28 (Bt ) +y- DM pif (23.85¢) 


These are the flat plate equations for wu», v2, and p,. Although Equations (23.52) are homogeneous, 
the replacement of t; with p, introduces inhomogeneous terms that are proportional to P},,. 


BouNDARY CONDITIONS 


Boundary conditions at the wall and at infinity are required for u», vz, and p;. Since Equations (23.85) 
are fifth order with respect to 7 in these variables, five 7] boundary conditions are required. In 
Section 23.5, these conditions were formulated for t; rather than p,. Equation (23.82a) is used to 
transfer them to py. With 











pusilli plo) = 
i tiw Ew Xo. i t Pr 
we obtain 
c n0) 
P2(s,0) = e A (23.86a) 
Qs)" (X.g,) 
yMiC 
p2(s,%) = joy eeu (23.86b) 
s 
where the frequently encountered constant is 
2 ms 
dn Mee (23.86¢) 





Pare AX -8w 
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(This parameter is associated with several effects, not just velocity slip.) 
The decomposition in Section 23.5 is utilized. Hence, the velocity slip wall condition for u, 


stems from Equation (23.56a) and 
(52) i | pif” | & fa. 
on}, LQs) |, — g,X.Qs)? 


The density conditions stem from Equations (23.56b,c) and (23.86). We thus obtain for velocity slip 








(s) Jh 
Uy (s,0) = POM AX 80) 
v? (s,0) = 0 
(s) 
(s) C1 
p» (5,0) = Q3) 
uj (se) = 0 
(s) _ yM2C 
Pp» (s, ) ^ À(25)!2 
The temperature jump conditions are 
uj (5,0) = vi (s,0) = 0 (23.872) 
(T) |. 1 (s) y? 7 
pi (s,0) = gym [6s -TaM a -e9fz| (23.87b) 
uj (s,o) = 0 (23.87c) 
MC 
9 lee (23.874) 


Pr (5,9) = As) 


where the quantity within the square brackets in Equation (23.87b) is a constant that depends only 


on y, M., and g,,. 
For each of the effects associated with the entropy gradient, stagnation enthalpy gradient, and 


displacement, we have at the wall 


uj (s,0) = uf" (s,0) = u^(s,0) = 0 
v$^(s,0) = v¥?(s,0) = v (s,0) = 0 


(s) 
Cj 


(e) (H) (d) 
p; (5,0) = p2 (5,0) = p (s,0) = Qs) 


For the infinity conditions, Equation (23.83) is utilized. Hence, the entropy gradient conditions are 


1/2 
Poe (2s) UM N e (23.882) 
(y= TM 


pi--Qs'm, moe (23.88b) 
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For the stagnation enthalpy gradient, the infinity conditions are given by 


@ X- 1/2 
UM T TPM (2 s) n, 7] — œ (23.89a) 
(H) yM uos 
(s,oc) = ———7 (23.89b) 
P2 A2s)” 


Finally, for displacement, we have 


ide) = U80) = LS - 3C, Q^ 
M 
2 2 ^ 
pP (seo e) = YMC - T,(s,0) = Mee Cu (2s)? 
1/2 1/2 
AQs) AQs) 


d 


In contrast to other infinity conditions, uf? and p? are proportional to both (25) '? and h (2s)? 


terms. 


DISCUSSION 


Examination of Equations (23.85) and their boundary conditions reveals that (23)? only appears 
with a positive or negative integer exponent. In view of Equation (23.782), the nonzero right sides 
of Equations (23.85) contain the multiplicative factor (2s) ??. On the left side of these equations, 
s appears in the following combinations: 


Ou, — 196 — 19 

Os’ 2s On’ 2s on? 
V5 1 Qv, 
Qs) (2s)? on 


ly, æ 19$ — 195 
ZP? Os’ 2s on’ 2s on? 





Hence, a solution of the form 


us, n = as)" "D + mn V a(n) (23.90a) 
2s 


vo(s, N) = Bm) + v4() (23.90b) 


pr(s,n) = eQs)" "D s om Pan (23.90c) 
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is appropriate. The a; and c; are constants that will be chosen to simplify some of the boundary 
conditions for the ù; and p;, i = +1. (The a, and c, parameters : should not be confused with their 
similarly denoted counterparts in Section 23.4. In addition, Ď;, w;,... should not be confused with 
Pi, Uj;,-.., Which are first-order variables.) 

The above relations reduce Equations (23.85) to a system of ODEs, with one system per second- 
order effect. The ODEs will then satisfy boundary conditions that stem from the ones previously 
derived. We thus obtain a similarity solution; initial conditions, at some upstream location, are therefore 
unnecessary. Generally, the second-order boundary-layer equations do not possess a similarity 
solution. In the present example, such a solution is obtained because f) and g,, are independent of 
s and the first-order boundary-layer equations possess a similarity solution. 


APPENDIX J 


Equations (23.90) are substituted into Equations (23.85), with the result that each term in Equa- 
tions (23.85) is proportional to either (2s) '? or to (25) ??. The unity-subscripted variables appear 
with a (25s) !? coefficient, while the 21 subscripted variables appear with a (2s) ?? coefficient. For 
instance, the leftmost term in Equation (23.85a) becomes 


[PPP 
Q2 * (2s (sy | 


Each PDE is thereby reduced to two ODEs; these are shown in Appendices J1 and J2. Hence, we 
have six linear ODEs in which the i,,¥,,0,(#_1, V- P_1) set is fifth-order. The two sets are not 
coupled and only the J2 set possesses inhomogeneous terms, as shown on its right side. The 
formulation is completed in J3-J7, which provide values for the constants in Equations (23.90) 
and the requisite boundary conditions. 

For velocity slip and temperature jump, Appendices J3 and J4, the boundary conditions only 
involve Qs) 17. As a consequence of this and the fact that the two sets of ODEs are uncoupled, 
we CHE 5 i, Vi, D equal to zero for these two effects. The corresponding values for a°, c, aP, 
and cf are unnecessary. As indicated, the a ;, and c_, coefficients in Equations (23.90) are tien 
with an s or T superscript. The particular values shown in J3 stem from Equations (23.90) and the 
appropriate boundary conditions, written as 














a ” 
ue 5,0) = ai uo 0) =y!?M..(g,,X..)!2 fw 
2 ( ) (2s)? ( )- (g ) (ny? 
ay os 
uy)(s,00) = ct TS ute») = 
(s) ey o9 (0 c9 
2 (S, 0) = (2s jr P- 1 (0 d= = (2s Os 
ee * 
s ~ (s) yM.C 
pi (seo) = (2s yn pae) = 10s)” 


where the subscript 2 is now shown for purposes of clarity. 
Appendices J5 to J7 deal with the entropy gradient, enthalpy gradient, and displacement, respec- 
tively. A boundary condition of the form u,(7) ~ 1] implies that 7] — oe. This asymptotic condition 
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can be removed by replacing the u,(7) term in Equation (23.90a) with nu,(7), and the infinity 
condition now becomes (i,(cc) = 1). Unfortunately, the corresponding wall condition has 7,(0) 
equal to an unknown constant. This replacement is, therefore, of no advantage. 

The solution of the J1 equations, which are homogeneous, is not expected to be unique. 
Additional solutions, termed eigensolutions, should occur. As discussed in Van Dyke (1975) with 
regard to the Blasius equation, this nonuniqueness is to be expected for similarity solutions, since 
initial conditions, which are required for a unique solution, are not imposed. In view of this, we 
ignore all eigensolutions; i.e., we adopt (Van Dyke, 1975) the “principle of minimum singularity.” 
In other words, among the class of solutions that satisfy a given equation and its boundary 
conditions, only the least singular one is chosen. This is the solution normally obtained without 
concern about the presence of eigensolutions. 


DISCUSSION 


Values for y, M., and g,, are required for all five effects. With these parameters and f) = 0, all the 
constants in Appendices J3 to J7, except hj, are known; i.e., we can determine f;, c9, (Canoe 
Observe that the first-order displacement parameter, C*, appears in each of these appendices, whereas 
h; appears only in the displacement problem, Appendix J7. This is somewhat surprising, since h; 
is a measure of the entropy and stagnation enthalpy gradients. In view of Equation (23.50), ^; will 
appear with these two effects, e.g., when we evaluate the skin friction and heat transfer at the wall. 
The point of these remarks is that, despite the use of superposition, physical phenomena couple. 
(This was also noted in Section 23.5 with regard to the transverse curvature.) For instance, the 
gradient h/ will affect the skin friction and heat transfer associated with displacement. Similarly, 
the displacement parameter C" appears in all five second-order effects. 

As noted in Section 23.2, the second-order inner equations are not unique. Equally important, 
the decomposition used with these equations is also not unique. For instance, Van Dyke (1962) 
does not eliminate either p, or t5; hence, his analysis utilizes four differential operators instead of 
the three we use. As a consequence, numerical results for, say, u(? in Equation (23.50) will differ 
between approaches. It is not always possible, therefore, to compare results among different authors 
for what is presumably the same second-order effect (Adams, 1968). Moreover, as observed in the 
preceding paragraph, the skin friction and heat transfer associated with displacement, for instance, 
is affected by h;, while the two gradient effects depend on C". 

Composite second-order quantities, such as u, p», the net skin friction, and the net heat transfer, 
should be independent of the specific mathematical (Adams, 1968) or numerical approach. Again, there 
is an exception to this rule, since the specific treatment of the nonunique, second-order inner equations 
will alter composite results. Nevertheless, it is composite quantities that should be compared among 
authors, with CFD results, and with experiments. Of course, we can still attribute a certain fraction of, 
say, the second-order skin-friction coefficient to velocity slip or displacement, with the understanding 
that this attribution is only conceptual and is limited to the particular method of decomposition. 

As usual in boundary-layer theory, the second-order equations constitute a two-point boundary 
value problem, and an iterative numerical approach is required. In this procedure, two wall values are 
guessed, i.e., i, (ù) and p{(P’1) for the Appendix J, Section 1 (Section 2) equations, and these 
equations are then integrated starting at the wall. The iteration terminates when the two replaced infinity 
conditions are simultaneously satisfied. In contrast to the nonlinear first-order equations, convergence 
should be rapid because a linear combination of previous guesses can be used. (In this regard, we note 
that a numerical solution of the equations in Appendix J thus far, has not been attempted.) The principal 
results of the integration are numerical values for uu. ul. id ei. Jo ux ..., Which are needed 
for the skin-friction coefficient and Stanton number. 

Another complicating factor is the need to simultaneously obtain a solution to Equations (18.10) 
and (18.16). For a flat plate, this complication can be avoided by using the approximate solution 
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(Bush, 1961) outlined in Problem 21.3. This solution has the form 





f = merf(an) + (e - 1) (23.912) 
Tt a 
f = erf(an) (23.91b) 
prs cies? (23.91) 
Ac 


where, by setting a — 0.4162, f" equals its exact wall value of 0.4696. Equations (23.91) satisfy 
all the requisite boundary conditions and also provides an exponential behavior as 7 becomes large. 

More generally, if the first-order boundary layer is nonsimilar, the simultaneous solution of the 
first- and second-order equations is particularly difficult. In this case, as discussed in Section 23.2, 
the numerical solution of the equations that combine first- and second-order terms is advantageous. 
A comparison of first- and second-order results can still be made by solving Equations (23.7) with 
and without the second-order terms. 


SKIN-FRICTION COEFFICIENT 


We have already evaluated the pressure coefficient c,, Equation (23.81), to second order. The skin- 
friction coefficient is now similarly evaluated. In comparison to c,, the formulas to be established 
for c, (and St) are far more complicated. For the skin-friction coefficient, given by Equation (23.60), 
we first note that 





2 1/2 » 
ee 


€, = 281, = 
fi 1 (zc 


where Re, is given by Equation (23.80) and 


HN 
(23)? 





wl 


The quantity (s, 0) in c,;, Equation (23.59b), is given by Equation (23.57b). It involves 


u uU"? 
1*1 3/2 
ine, = X, x 
p») (X28) 


w 


and 


e nas (£) 20-7 8s 
9n. — X.g,Qs) gps) 


Second-Order Boundary-Layer Theory 717 


With the aid of Equation (23.90a) and Appendix J, after some effort (see Problem 23.9a), we obtain 


1/2 
T = 28 Tyo = fay” M UN Bee potat ud +c [a ea 


gy X.. 
"2 (ey ~(HY C ay 
XM (ansa? e (u^ + UL} yu E 
he ~(e)’ iis” a 1 *~(dy’ 23.92 
-— —4 a -xi M i" (2s) (23.92) 
(y- 1) M. 


w 


where a, and c, are the velocity slip and temperature jump coefficients of Section 23.4, respec- 
tively, and um. e.g., is the 7] derivative of the velocity slip component of u_,, evaluated at the 
wall. Consequently, to second order the skin-friction coefficient is 


2 Y op le 23.93 
c = (xz) £s Re" (23.93) 


STANTON NUMBER 


For the Stanton number evaluation, Equation (23.62), remember that t, is written as 


(H) 


d 
t = ate lO + KAO +t) 41 


Equation (23.82a) is used to replace t; with p,. For the evaluation of q,,., Equation (23.61b), we 
use Equation (23.90c), Appendix J, and set Pr = 1. We finally obtain [see Problem 23.9(b)], again 
to second order, 


Fe l 
7 7 Gne) Re eS 
where 
T PEEL LEN -$a (23.95) 
ý X Xu ES ts gw) ‘ 


and the q; are 








MiC ft 
eid Pe P- (a + 0 + 2 +1) 
" Oe Miga? 1-2, " 
= -yY"M.XZ f 7a  — —À + 3a She 
1-2, Sw 
X. A s ~(s)’ OY e X.8,- 
q3 = Pete [aa top +h (a: + pr’) + xd 
1/2 
«| "1 | massor} 
g,X.. " 


WX yu ud 
o E pO e cx e p «c pe] (2s) 





q4 = 


718 Analytical Fluid Dynamics 


DISCUSSION 


Both T;,, and q% explicitly contain terms that are independent of s or linearly depend on A;(25). 
For instance, the (2s) terms in g;,, are provided by q,. Observe that 7; and q,; are divided 
by Re, in c, and St, respectively. Hence, T$, and q,,. contribute terms to c » and St that decay as 
l/s, whereas the A;(2s) terms are constant. Since cy, and St, vary as (2s)? , the h{2s) terms 
will ultimately dominate c, and St, for large s. There was some consternation when this phenom- 
enon was first encountered, since second-order terms were not expected to dominate. Asymptotic 
expansions, however, need not be convergent. The troublesome (2s) terms are associated with 
the i”, u, uO and p^, pE, p coefficients and stem from the cumulative effect of external 
entropy and Sandi enthalpy gradients. These gradients initially have little effect, but they 
continue to alter the boundary layer as it thickens and engulfs more of the inviscid flow containing 
these gradients. Hence, the downstream dominance of the (2s) terms may not be due to non- 
convergence; instead, it may be the correct physical picture. Of course, this discussion is for a wall 
without curvature. In the following subsection, more general flows are briefly discussed. 

Evidently, the second-order results for c, and St are too complicated to be easily interpreted. 
In particular, the values of cuum . are presently unknown, as are the signs of the various 
terms. Of course, there is a considerable simplification if we focus on a single second-order effect. 
For instance, to focus on displacement, set all and p terms equal to zero, except those associated 


with displacement, and set 
a =c, = hi =0 


We now obtain 


d = E Cau (23.962) 
and 
» MC Nees 
qm = a we Ee z (23.96b) 


The derivatives of us and pa , evaluated at the wall, stem from solving the equations in 
Appendix J2, while the displacement constants and boundary conditions are provided in Appendix 
J7. With these equations, we obtain (see Problem 23.10) 


2 * ^" 
ya = YM.C X.(1 80) So (23.97a) 


Viw À 


n2 
1- Ma- U- Buf” (23.97b) 
Xog, 


d 2 " 
UD RM. X EDU X 


eoo Ww 


2 
2(y - Dif + 5X5 g, (1 — g a Rede po - 
d=#,) " 
Ew 


3y|X.. - (Y- UM; (23.970) 
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for various derivatives at the wall. While these equations are useful for checking purposes, they do 
not provide insight with regard to the derivatives that appear in Equations (23.96). 


DiscussioN OF GENERAL TRENDS 


We conclude with a brief discussion of a few trends. For instance, Hayes and Probstein (1959) 
indicate that if external vorticity causes U, to increase with n, then vorticity interaction increases 
both the skin friction and the heat transfer. In our analysis this would correspond to hi being 
positive; see Equation (23.64a). As a general conclusion, it is relatively self-evident, since vorticity, 
in this circumstance, is accelerating the flow in the boundary layer. 

In view of the previous emphasis on flat-plate flow, the remaining discussion is limited to a 
blunt body in a hypersonic flow. Aside from a sphere (Van Dyke, 1962; Davis and Flügge-Lotz, 
1964a) or cylinder (Fannelop and Flügge-Lotz, 1966), two other axisymmetric shapes (Adams, 
1968; Davis and Flügge-Lotz, 1964a) have received some attention. These are the paraboloid 


xX = oar (23.98a) 


and the hyperboloid 
(tan@,.)’x* = 1+ (tanG.) r (23.98b) 


(A paraboloid or hyperboloid is simply a parabola or hyperbola that is rotated about its symmetry 
axis.) In the above, all distances are normalized by the radius of curvature of the surface at the 
stagnation point, the freestream velocity is in the direction of positive x, and r is the radial coordinate. 
The hyperboloid surface is asymptotic to a cone of half-angle 0., as x becomes infinite. For subsequent 
hyperboloid results, 0, equals 22.5?. For the paraboloid, the shock steadily weakens until it 
becomes a Mach wave far downstream. On the other hand, the hyperboloid shock asymptotically 
weakens to that of a shock for a cone of half-angle 0... As a consequence, we anticipate different 
magnitudes for the second-order effects for the two bodies as s increases. 

Without exception, all such analysis assumes air as a perfect gas with y — 1.4. Since the 
upstream flow is uniform, there is no stagnation enthalpy gradient. However, the curved, detached 
bow shock generates an entropy gradient or, alternatively, external vorticity. Problem 23.11, how- 
ever, shows that a symmetric, two-dimensional flow has a zero value for the entropy gradient (or 
the vorticity) at the stagnation point and along the downstream wall. Hence, only an axisymmetric 
surface exhibits a second-order entropy gradient effect. 

In the study by Adams (1968), which utilizes Equations (23.98), the freestream Mach number 
is 10, the Reynolds number, based on the radius of curvature of the nose, is 400, and the wall is 
either highly cooled (g, = 0.2), or moderately cooled (g, = 0.6). Both the local skin-friction 
coefficient and Stanton number are increased by second-order effects at the stagnation point and 
along the downstream wall. The increase is sometimes modest, in part because some effects are 
small and others are of opposite sign and tend to cancel each other. (This is not always the case, 
as discussed shortly.) For the skin friction, for instance, the entropy gradient and displacement 
effects are sometimes of comparable magnitude but of opposite sign; the other four effects are 
relatively small. On the other hand, displacement and longitudinal curvature are of minor importance 
for the heat transfer, whereas the other effects are roughly of a comparable magnitude. 

On the hyperboloid, downstream of about 4 nose radii as measured from the stagnation point, 
the second-order skin-friction coefficient starts to substantially exceed its first-order counterpart 
(Van Dyke, 1969; Adams, 1968). To a lesser extent, the same behavior occurs for a paraboloid 
downstream of about 16 nose radii. [For a cold wall (g,, = 0.2), there is also a significant difference 
in the downstream first- and second-order Stanton numbers for a hyperboloid.] This phenomenon 
is due to the presence of terms in cp, that are independent of s or grow with s. 
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Asymptotic expansions are not expected to be convergent. Moreover, it is pointless to discuss 
convergence or nonconvergence of expansions that are truncated after only two terms. In the 
preceding flat plate discussion of the skin friction and heat transfer, we noted that second-order 
effects may dominate at large s, since s may enter through a local Reynolds number as well as 
separately. This trend suggests the question: under what conditions are second-order results more 
accurate than first-order results with respect to a solution of the Navier-Stokes equations? At this 
time, CFD should be able to provide an answer. It may depend on M., g,,, the wall configuration, 
etc. In particular, the analyticity of the body, i.e., a sharp-edged surface vs. a smooth one (flat plate 
vs. a paraboloid), may be an important difference. The answer may also depend on s. When s and 
the corresponding Reynolds number are relatively small, second-order terms only contribute a small 
perturbation to first-order results. In this circumstance, the second-order theory should be more 
accurate than the first-order theory. 
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PROBLEMS 


23.1 (a) Derive Equations (23.24) and (23.25). 
(b) Prove that S, and H, are integrals of Equations (23.18). 
(c) Derive Equation (23.29). 

23.2 (a) Start with Equation (23.20) and show that the equations 


OV OV 
—— = r°(U\R,+R,U,), 


= = —hyr°(V,R, + RiV2) 
on 


ds 
which satisfy Equation (23.322), are consistent with Equations (23.17). 


(b) Show that 


DY, DW, 


+ = 0 
Dg Dıt 








(c) Derive Equations (23.34). 

23.3 Show that Equations (23.34) satisfy the energy equation, Equation (23.324). 

23.4 Derive equations for u, and V, in terms of the second-order sream function (see Problem 
23.2 for the definition of ‘¥,) that have the functional form 


r^RU, = g(W Ui, f, X) 





FR FORO Yu 
where 
. MU, « M, 
Ui = Uc Yi 
T, T, 
rR, 


= (yom ra 05 — X.H1) 
Ps c^] 


23.5 Write Equations (23.49) in terms of the boundary-layer thicknesses of Chapter 21 when 
n=0. 
23.6 (a) Use the theory in Chapter 21, assuming f = 0, to show that 


af f 
2s (25)'"p, 


vi(s,n) = 


(b) Start with Equation (23.46) and derive Equation (23.70). 
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23.7 (a) Derive Equations (23.71). 
(b) Derive Equations (23.72) to (23.74). 
23.8 (a) Derive Equations (23.84). 
(b) Derive Equations (23.85). 
23.9 (a) Derive Equations (23.92) and (23.93). 
(b) Derive Equations (23.94) to (23.95). 

23.10 Derive Equations (23.97). 

23.11 Use the theory in Section 5.6 for the steady supersonic, inviscid, and isoenergetic flow 
about a blunt, symmetric, two-dimensional or axisymmetric body. For simplicity, con- 
sider the stagnation point region by assuming that the shock shape in this region is part 
of a circular cylinder or a sphere. Derive equations for ds/dy and @ on the surface of 
the body. In so doing, show that both quantities are zero when the flow is two-dimensional 
and nonzero when it is axisymmetric. 

23.12 (a) Start with Equations (23.18e) and (23.24a) and derive an equation involving R,, V, 

(and functions of VP), and the s and n first derivatives of Y. 
(b) Start with Equations (23.18b,c) and derive a second PDE with R, and P, as the 
dependent variables. These two PDEs are the general first-order outer equations. 
(c) Use Appendix H to determine k, h,, and r in terms of r,, and its derivatives. 
(d) Use the results of part (c) to simplify the coefficient of y in part (b). 

23.13 Consider the cylinder-wedge and sphere-cone geometry of Problem 6.18. Remember that 
all variables and parameters in this chapter are nondimensional and, as in Problem 6.18, 
use R, for the characteristic length. Denote the tangency point where the sphere-cone 
(cylinder-wedge) meet with a t subscript. 

(a) Determine separate equations for the two configurations of the form r, = r,(s) 
and for the location of the tangency point s,. 

(b) Utilize the results in part (c) of Problem 23.12 to determine equations for k, h,, 
and r for both configurations. 

(c) Write out the equation derived in part (b) of Problem 23.12 for the cylinder's 
geometry. 

23.14 The purpose of this problem is the derivation of a single, second-order, general PDE for 
VP», which is defined in Problem 23.2. Utilize results from Problem 23.4 and Equations 
(23.34a,b) for P, and R,. On the other hand, leave (V,,, Vin), and DVj,/D,t— kU Ih, 
as is. For this task, either Equation (23.32b) or (23.32c) could be used. Since it is somewhat 
simpler, use Equation (23.32c). Equations (23.32a,d,e) cannot be used, since they were 
utilized in Problem 23.4 and for Equation (23.34). Their use would only result in an identity. 
(a) Develop equations for 


DV, DV; 


U,U;-*V,V, Po, P, R, Dr Di 
2 1 


that depend only on order unity parameters, such as R,, T,, Ü;, Yi, Xa Ap Sise 
and P, and its s and n partial derivatives, where 


^ ^ r°R , D 
3,2 Ru -Ui- V). X = — MÀ ATIS) - XH) 


(Y- DM.T|, 
(b) Substitute the above into Equation (23.32c) and write your result in the form 


AV, + Boon + CV ann + DY, + EV, FN, = 0 


ics 


a) 


Second-Order Boundary-Layer Theory 723 


where A, B, and C only depend on 0, Vi, and h,. The D, E, and F coefficients are 
much more involved; e.g., D contains factors such as 


T? Ô tah E 1 » ĉ? ; ' 
- f CEO c » ThSi -X.Hi 


sa 





Simplify your A, B,...,F results as much as possible. 
23.15 This is a continuation of Problem 23.14. As a consequence of this problem, we see that 
G(n) in Equation (23.72) is identically zero. 
(a) What is the physical condition for Equation (1) in Problem 23.14 to be hyperbolic? 
(b) Use the results of Problem 23.14 to derive Equations (23.72) and (23.73). 
(c) Assume the outer inviscid flow is homentropic and homenergetic. Derive the gov- 
erning PDE for V, without further assumptions. 





Appendix A 
Summary of Equa 


tions from Vector 


and Tensor Analysis 


TABLE 1. VECTOR PRODUCTS 


1. Scalar multiplication: 


> 
aA 
2. Dot product: 

> > 
A-B 

3. Cross product: 
> > 
AxB 


4. Distributive law for the dot product: 
> 
A 


5. Distributive law for the cross product: 


-(B+C) = 


> > 
= -BxA 


> > 25 2 
A:B+A°-C 





> > > > > > 2 
AXxX(B+C) =AXB+AXxC 
6. Scalar triple product: 
> > > > > > 
A*(BxC) = (AXB):C 
7. Vector triple product: 
> > > 2 32 >? 22 
AX(BXC) = (A: C)B-(A - B)C 
> > > > 22> 2 2> 
(Ax B)xC = (A: C)B-(B* C)A 


725 
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8. Other vector products: 
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> > > 2 > > 25 > > 29 
(Ax B)x(CxD) = (A+ Bx D)C-(A- BxC)D 
> > 22 2 2 2? 
= (A- CXD)B-(B- Cx D)A 
> > > 2 > > > 23 > 2 > 23 
(Ax B) - (CX D) = (A: C)(B: D)-(A+ D\(B-C) 
> > > > > > > 22 
(A xB) + (BxC)x(CXA) = (A: BxC) 
TABLE 2. BASIC VECTOR RELATIONS 
1. Basis in three-dimensional space: 
à; where 21 + 22x 2420 
2. Normalized basis: 
> 
z éi 
6; 2 — 
> 
€i 
3. Orthogonal basis: 
è è 20, — igj 
4. Orthonormal basis: 
0, izj 
à e| ; f 
l, isj 
5. Cartesian basis: 
3. Î d; 
l* h = Oy =~ =0 
ox 
6. Dual basis and physical components Â; or A’: 
22! = 
à; = = = lg ^2 x 3, i,j,k are cyclic 
E” 
i à;x e ejxe 
D i eel v. i,j,k are cyclic 
ijk | | 
> 2j 2j ij? 
ej = Eije A e = €i 
2 2) = 2)-2 = 6 
> ; A ^i 
Á = A = gi" Ae; = Ae, 
> ; m A PEN 
A = AÈ = (gl) " Aj = Aje! 
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7. Alternating symbols: 





0, repeated indices 
Eijk 1, cyclic order 
-], notin cyclic order 
HT 12 2 3 3 
Ji 2. <3 1034 R2 
k} 3 2 3 1 2 1 
£i 1-1-1 1 1-1 
EijkEimn > Sim Okn zs) in Okm 
Ej, = éiXéj à, = Elg”, Èi x È; = Eine 
p = 25s 2j A Eijk 2s 2/ E BZ, 


| e 


8. Physical components and an orthonormal basis: 


M 


i 


The dual basis, e, is identical to the original orthonormal 


Dy 
w By 


Qq» 
mo 
a 


Dy 
x 
wv 


Dy 
oo 
Qu 


Eijk 


à; è 
EET 
ET MUT (no sum) 
Sii i 


ê; basis. 


> 





Ae, B= Be, 
À'B 
Eijkêk 
ê ê, ê 
Penela qu ae 
E p PE 
à A x» 
ABCs -|B OP OF 
Cox n 
hy hyhyE;jx, os m 


9. Cogredient/contragredient relations: 


> 
A 
A 
A 


i 


j 


i> >j 
Aé;=A jê 
contragredient components 


cogredient components 
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10. Transformation equations: 
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1 i> >j _ xil = ay 
A = A'é; = Ajé = Ae; = Age 
j 3 2 
a, = é e; 
> 
> Za 
bi = éi 2° 
> 2 
Cis = éit es 
j > 
dis = on 
z jai 2 j> 
As = a,A, Es = a,é;j, cogredient components 
zs si 2s si i 
A = bjA, e = bié, contragredient components 
= i 2 >i : 
As = CA, €5 = Cie, mixed component 
5 ; > 
s 273 > d 
A - d"A, @° = d"éj mixed component 


TABLE 3. CURVILINEAR COORDINATES 


1. General coordinates: 


2. Fundamental metric tensor relations: 


$i = 
g” 
£g; 
(ds) 
lel = |gel 
11 
le = | g” 
31 





x(q’) 
Fats ] 
—jdq = àidq 
oq 
ax) 
dq’ k 
> > 
$j = eit Cj 
= g^ = 2! 2 
= 6 
= gidqdq 
Si $12. 813 
= | 821 $2 Ez 
$31 $32 $3 
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In the following two equations, i,j,k and m,n,p are cyclic. 


1 











nj pk nk j 
Emi = LSU P eg 
$ 
mi 1 
= Jed EET 8m? 


For an orthogonal coordinate system: 


gi = g’ = 0, izj 
1 


gug” = (no sum) 
h; = gi (no sum) 
(ds? = h;(dq')(dq') 


3. Covariant/contravariant relations: 


> 
A 
A! 
A; 


J 


M 


> > py w By 


A 


i> >j 
Aé;=A je 
contravariant components 


covariant components 





à 2! 

i A 

T e = PTE (no sum) 
Si (e`) 

i> 4 ai 1/2 
A'éi = A'e, À = gu A’ 


TEE BA’, 
1/2>k 
Exxlgl é 
Eijk > 
yat 
lel 





Exim > 


-È xè; = Eik TE m 
Isl 
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aq og 
0g oq’ 
dg’ oq’ 
dq’ aa! 





4. Transformation equations: 


j 
er A 
od 

j 
Lae 
od 
oq st 
oq 
og 


oq i 
Fra í 








ô; 


ói 


S 
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253 
à; = ui (covariant) 
aq’ 
Aj= ar (covariant) 
oq 
dq 5 
à- 15: (contravariant) 
oq 
j dd =s : 
A = —AA (contravariant) 
og 


TABLE 4. DIFFERENTIAL AND INTEGRAL RELATIONS 


(ds) = 


dv = 


ij 


Oe; 
aq! 


1. Arc length, area, volume: 


gydq dq! 
hidq'dq’ 


1/2>k 


Exul8l e 


/2 i j k 
&ulgl  dq,dqidq. 


(orthogonal) 

meee) 

dqadqy 
hyh3e,(dq,dq, — dq,dq;) Tc (orthogonal) 
(orthogonal) 


h,h;hse;,dq,dqidq. 


2. Unitary basis derivatives: 


Christoffel symbol 
e 08 x 828r | Om, OB 
ji dq’ 2 dq dq’ dq’ 
92 i 
[52g dd ane 
rTídqà, dé = Tiad? 
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3. Orthogonal basis derivatives: 








TABLE 4.1 
Orthogonal Forms for the Christoffel Symbol 
Case i j, k Tj 
1 all different 0 
1 dh; 
2 k= j, i*j i, og! (no sum) 
1 Oh; 
3 Amd izj hoa! (no sum) 
aa hy Oh; Lath 
* 1 731354 no sum 
J J ie dqt 
1 ðh; 
5 i=j=k magi (no sum) 
T; = ES Ôh 9h; + 6,h,— 9h; E un (no sum) 
hy EA aq! oq" 
a ly [son n, 
dq! hi oq! hoq 
ig Dh; oh; , i|, 
dé; = Sidu -iad ej 
hid q 


4. Del operations: 


V = gradient or del operator = jo 72 E 
q 


pe 


(orthogonal) 
idq i 

j? 
Tê; 


=|& 


Il 
m 


k >j> 
A,j € ék 


k . . . . 
A,; = covariant derivative of the contravariant component 


A,; = covariant derivative of the contravariant component 


= - AT 
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> 














oD directional derivative = © - Vo 
ds s 
dur 
> > 
V * A = divergence of A 
(087 "sh 2 OA Aa s. SOT as 
zc isi. fru "Dial | DE pL ail 
oq oq 2ig ðq — le| 
1 29 hjhjh,,, 
= IEEE : orthogonal 
mn h; a pone 
? : i Ejmn 
VxÁ = cul of A = A‘ ,2’x 2, = Een i] n Bim n 
d lal 
hê h ê, h484 
1 p 
= —| LA — =a orthogonal 
MAR Oe ar wel orem 
h,À  mhÀ hâ’ 
Vo = pas of ó = V-(Vó) = (V-V)o 
= 2 fis |g ij oo 
lg qn Ogi oqi 
1 oa [hih:h; 0g 
Sea —— th 1 
Dx i Jr] Corthogonal 
5. Stokes' theorem: 
o 
fa? Ei = f faxv) A las 
€ > Ss 3 
xA xA 
6. Divergence theorem: 
o o 
bi o. as = [v Qd 
s 5 v 
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TABLE 5. VECTOR IDENTITIES INVOLVING THE DEL OPERATOR 


V(ó* y) = Vo+Vy 
VU Ber sas Vu 
Vx(A+B) = VXA+VxB 

Vioy) = 0Vy- yVó 
> > > 
V* (0A) = (VG) * (A+ 0V * A) 
2 > > 

Vx (gd) = (V9) x A +y x A 

WÈ- B) = (A+ V)B«(B- V)A+Ax (Vx B)+BX(VXA) 
V- (Âx) = B-(VxÁ)- ÁA- (VxB) 

Vx(AxB) = A(V- B) - (V - A) +(B+ V)A-(A+ VB 
(VxA)xB = B+ [VA-(VA)] 
Vx(VxXA) = VV: À)-(V- OÀ = V(V- ÀA)- VÀ 

V: Và 2 (V* V)à » VO 

VA - (V- VÁ 

24 > 

V-(VÀ) = VV- Â) 
V(óy) = óV y 2Vó- Vy Vd 














V x(V9) = 0 
V-(VxÁ) 20 
V-(VóxVy)-20 
V.P =3 

2 

Vr=- 

: 

Vi =T 

Vxr =0 

AEP SA 


With fi as a unit vector 


lO xA) x Vy d 
(xv) = (VÂ A so) 
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TABLE 6. DYADIC SUMMARY 


1. Basic properties: 


Analytical Fluid Dynamics 





& >> 
Qo = dyadic = A;B; 

2 o > 2.3 

C: -(C- AB; 

< > >> > 

P. C = A(B;*: C) 
® = nonion form = 9" 2,2, 
ot e 22 
@ = transpose of ® = B;A; 


e . . . e 
Q is symmetric if ® 


e . . . . e 
G is antisymmetric if ® 











e» . . 
I = unit dyadic 
j> > >i>j i212 i3 3) 
= g éiéj = gyé @ = gié éj = giéié 
j j i i 
gi = Oj, & = ô; 
> ə 96 5 > 
A-I1-21*:A-2AÀ 
2. Transformation laws of a second-order tensor: 
® = 92,4; = Gye 2! = 9, 2,2 = 6/21; 
mn? 2 m 2m2n -m2 2n i n2m2 
T @ Emen = Omne e = 9 nême = Pm € en 
9 29 9c. oq. (contravariant) 
dq’ oq 
- i j 
Onn = Qij eu og (covariant) 
oq oq 
=m i g” 4 : 
On = Dor (mixed) 
ðq OG 
On" = ; 2d' og" (mixed) 
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jk 
Sik = o &jk 


k 


i 


;B 


j 


jpt2 4,2 
AJB; é;X êk 


ij>k 


A 
1/2 
E;jlgl o” 


> 


> 
xA 


i 


> 
* B; 
J 


vector of a second-order tensor 
> 


i 


> 


Ai(Bi x C) 


scalar contraction 


e 


> 

A; 

> > 
= CjDj 


> 


B 

d, 

_ et 

o p 
xC 

E 





> 
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3. Multiplicative operations: 


i) = o! V" 8 imBkn 


)- i«8 


TA 





GP 


ON 


43 


^ 
Te 
43 
^2 


De 
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4. Differential operations: 


> > 
gradA = VA = Ab 2/2, = A, 2/2" 
k 
= P (Cartesian) 
A‘, = 2A +AT} 
p ogi 
OA, 
Au = a AT 


E > 
(VA), = scalar contraction of VA 





A > 
E oA +A’ Ti = V:A 
aq* 
? : 
(VA), = vector of the tensor gradient 
" > > 
= [gl gA e, 2" = VxÁ 
o ik> > >j>k k>j> > >k 
P = o” éjék = One è = oe Ps olèjè 
jk x 2/42* kt 282/12 j ,214,2 \ 2k 
Vid = eK 2*2) = bie * eye = Qj; (e *e ex = Oe *ej)é 
; ik , 
i = IE e oT gr, 
E. 
$i = 2s Pal ji — Dim ti 
ko 96; 
0; ; EZ Cane ji +6,/"T mi 
ag 
k k 
Cer oa POT mi e. IS 
i22 22/2 IER j Did >k 
và = 972212, = 9,22? = o TY = uà 
o k> ij >k ij, k> i >k 
Voz p €k = g" kié = g Oji ék = $ Lie 
Sim jjk2 > & an >k 
Vx® = Cimn ao n€k = Eim TÛ ri 
lel ll 
Eg k2n2 S A 2k 
= MINE Ji k= "mm "LA ki € 
8 


5. Stokes' and the divergence theorems: 


à (vx8) = (AxV)-® 
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ry ry 
A A 
fa? $| = [ev .& ds 
xg x® 
P. d Fa 
A A 
b E ds = [v gla 
xà» xà» 
6. Dyadic invariants: 
In Cartesian coordinates 
$ -.À-AÁ 
becomes 
0jA;— AA; i= 1,2,3 


which has a nontrivial solution when 


b> n-A bo; = 0 


or 


X -1A SIRT = 0 





l = $i; 
Ly = 6565» 015031 + 05635 — 911 G22 — 025033 — 063501 
I; = [» 


The roots of the cubic, À;, are the eigenvalues of the equation whose solutions are the 
corresponding eigenvectors. The 7; are the invariants of ®. The symmetric dyadic ® 
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has a diagonal form in its principal axis system 


o : 
p = A nênêm 


^ 


* . . 
where the @,, are normalized solutions of 


ec 
M 
3 
Il 
Ss 
Ses 
p 
= 
Om 
3 
— 
| 
> 
M> 


m-m 


e 
Eigenvectors corresponding to distinct eigenvalues are orthogonal when ® is symmetric. 
If all the eigenvalues are distinct, then the normalized eigenvectors constitute an orthonor- 
mal basis. If ® is symmetric with real components, then all its eigenvalues are real. 





Appendix B 
Jacobian Theory 


B.1 PRELIMINARY REMARKS 


A common occurrence throughout engineering and the physical sciences is to change variables in 
an ODE or PDE, where the change may involve the dependent variables, independent variables, 
or both. This is certainly the case in fluid dynamics and thermodynamics. Such changes are required 
for a wide variety of reasons, from finding an analytical solution to recasting the equations in an 
appropriate form for numerical computation. Any change of variables can be regarded as a trans- 
formation. To expedite this type of manipulation, Jacobian theory is extremely useful. 

Most calculus textbooks discuss Jacobians in an elementary fashion. The reason for this interest 
occurs when changing variables inside an integral. For instance, suppose we have the integral 


i= Í f(x)dx 
which we hope to evaluate by changing variables. We use the transformation 


x = g(y) 
dx = g'dy 


to obtain 


I= [fleooie’ay 


where g’ is the Jacobian of the transformation. This process generalizes for multiple integrals of 
the form 


I= Joss Xn) dx,... dx, 
as follows. If we change variables by means of the transformation 


y= P CRM eade d = xis e) (B.1) 


then / becomes 


js fe [resti E.),...)JId£,...d£, 
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where the Jacobian J is given by the determinant 





ox, OX, ox, 
oči oË, " o6, 
Ox 

O(x,,..., X, E 

dO n. deus IU =| J, (B.2) 
lorrrs n 

Ox, ox, 
9B 07 9i. 








ELEMENTARY CONSIDERATIONS 


Courant (1936) provides an introduction to Jacobian theory, which we follow in this subsection. 
Consider the change in variables 


x = (6), y = w(é.n) (B.3) 


where we go from €,77 to x,y by a one-to-one mapping. By a mapping, we mean that there are two 
functions g and h 


E = g(x,y), n = h(x,y) (B.4) 


in the neighborhood of some point x,,y,, such that 


= (aN), Yo = WaN) 


i (B.5) 
$ = g(X,.y5). No = h(x,,y,) 


We assume that the functions @, y, g, and h are continuous and possess continuous derivatives. We 
write Equations (B.3) as 


x = é[gGo y), h(x, y)] 


(B.6) 
y = ylg(x, y), h(x, y)] 
and differentiate each of these by the chain rule with respect to x and y: 
= y+ O,h, = + Oh, 

0,8, + On 0:2, + Oy (BD) 

0= WEE x + yh, 

0z + ó,h, 
9:8, + Onhy (B.8) 

= Vig, + Waly 


Equations (B.7) are solved for g, and h,, and Equations (B.8) are solved for g, and h,, with the 
result 
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or, in a more convenient notation, 





6-7. 6. ma at (B.9) 
The Jacobian J of the transformation is given by 
Ox ox Ox dy 
J(x,y) = XED z 5 4 - 5 E (B.10) 
oé on on on 
Observe that 
J(x,y) = —J(y,x) (B.11) 


If Equations (B.3) are known, the existence of a unique inverse requires that J #0. The actual 
construction of the inverse functions, Equations (B.4), is not necessarily trivial. This construction may 
require the integration of Equations (B.9), where the right-hand sides are known functions of € and n. 

Suppose we have two consecutive one-to-one mappings; i.e., 


EN > x, y> u,v 
We can show that the Jacobian of the resulting transformation 
€,N > u,v 
is given by 


O(u,v) _ Auv) Ax y) ae 
HEN) xy) XEN) (B.12) 





This relation generalizes, in an obvious way, to any number of one-to-one consecutive mappings. 
One corollary of this equation is that, if 


u= é, v= 1] 
then we obtain 


HEN) Any) _ 
o.) Aen) | oe 








since the Jacobian on the right side is 


oE _ àÉ 

1 96.19 
HEM) _ | % al =1 (B.14) 
HSM) | an=9 an=1 


oé on 
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If the above is extended to second derivatives, such as 


2 2 
NS ee ee le a (B.15) 


2 Je = 
we merely differentiate Equations (B.7) with respect to x by the chain rule, to obtain 


Noa * Xn Nex zz “(xe + 2:xXéseat]s * Xan) 


ý 2 (B.16) 
YeCrx + Yn Nxx = —(yeeds T 2YinSatly t Ynna) 

First derivatives, such as €,, are replaced using Equations (B.9). Upon solving the preceding 

equations, we obtain 


2 2 
l| Nn 2XenVEVn F XnnYë Xn 


3 2 2 (B.17a) 
T | YzgYn- 2YenYgYn * YnnVE Yn 


ES = 


2 2 
1| %eeVn- 2XenVeVn t XVE Xe 


- 3 : (B.17b) 
J| Yzgyn- 2YeY yn + YnnVE Ve 


where J — J(x,y). These equations are analogous to Equations (B.9), and similar equations hold 
for the other four second derivatives. 

For second-order partial derivatives that are continuous, the order of differentiation is immaterial. 
Furthermore, we must not confuse fixed parameters with those being differentiated. Suppose we 
have 





F 2 VT'N 
Then, 
OF 2 
= 2V°TN 
OT yy 


If we now compute the partial derivative with respect to V, we do not obtain zero. Instead, we 
have 


HAE) = 4VTN 
IV IT ) vn ny 


Thus, V is fixed for the first partial derivative but not for the second. Had we inverted the order of 
differentiation, the result would be the same. 
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B.2 GENERAL THEORY 


Jacobian theory was first systematically applied to thermodynamics by Shaw (1935) and further 
developed by Crawford (1949, 1950). The subsequent discussion is based on these references. 


SECOND-ORDER JACOBIANS 


The basic relations are given in Table B.1, where x and y (or x; ) are functions of é and n. [Tables B.1 
and B.2 stem from Shaw (1935).] Relation (1) in the table is the Jacobian definition, and Equation 
(2) has already been discussed. Equation (3) is the basis of many relations given later, while Equation 
(4) is a general expression for a second-order partial derivative. Equation (5) provides the derivative 
of J. As an example, we derive Equation (6), which is one of the most useful of the Jacobian 
relations. 

The proof is simpler to visualize if we change notation and write Equation (6) as 


J(x,y) dz + J(y,z) dx + J(z,x) dy = 0 (B.18) 
where x, y, and z are functions of € and 7. We write 


x-2x(&m. y=y én), z= 267) 


and, consequently, 





E = (x,y) 
dé = E dx*3 Ss dy 
n = (xy) 
dn = an TE dy 
TABLE B.1 
Basic Jacobian Equations 
ax ax 
_ Any) _| % ?n 
Jo = FE =| a ay i 
oË on 


Ax, y) _ Ay) Au v) 
NEM Iu v) HEM) 











2) 











Of, d Of, O 
JU fa(Xp x2). fi X4)] = fe fe sa, %)+5 fa fe Lisa, X4) 
4 ofa Os 9f, — 
* 3x On, JG, Ed cre ox J (Xx x4) (3) 
E (25) —O HU Qai x Qo, x3)] xs] 
Ox NO X3 x 7 J (Xa, x5) 
E I (X2, x3)J [J (x1, x3), xs] — J (x1, x3)J DJ (x2, x3), x5] (4) 
J (x4 xs) LI (x9, 3) 
UG = (Fy) +4(2 2) 5) 


J (xy, X2)dx3 + J (x5, x3)dx, + J (x3, xy)dx4 = 0 (6) 
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TABLE B.2 
Derived Jacobian Equations 
JQs y) = JQ, x) = Jy, x) = J, -x) a) 
J(x, x) = J(k, x) = 0, k = constant (2) 
_ En) _ x 
IE n = SD = 1 3 
(6 n) XË) (3) 
Ax, AEM _ , á 
HE mo. y») 2 
oz _ J(z,y) 
dx, I(x, y) ©) 
J(xi * x» y) = I(x, y) + J (%, y) (6) 
JQ”, y") = nmx" y" J(x, y) (7) 
J(xy,z) = xJ, z) + yJ (x, z) (8) 
df,d 
If, fs] = Sf Lija, ») (9) 
(9f. 9f, Ofa Ofr 
JU fus y), fal YI) = (S: mx yes» (10) 
If foods, [EOD] = fii 6 9) an 
JU y) x1 = ges Js, y) a2) 
y K- 
JUG. y) 91 = E Js, y) a3) 
* a 
JUG, Qn) = JU, m.él 14)" 
JG, y) = I OIG, ME, MIC, £ 15)" 
I(x, y), w) € Js ZI, w) +I (z, I, w) = 0 (16) 
Ix, yILI (x, yz] + J, DIL y). x] e JG ILI (x,y). 9] = 0 a7 
JIJ (x, y),z] + J[J (y, z), x] + J[J (z, x),y] = 0 (18) 


* These equations require é and n as the independent variables. 


For z, we use 


n= ($ az on as (8 dz Om] say 


- Fate ž Ode ge On 2y2E ay oi 


where dé and dn are replaced with their preceding expressions. We now replace 0€/ox,..., 


by means of Equations (B.9), to obtain 


y yt X Xe 
dz = (3s: zg- Fn Jes (aes "hs, Jay 


andy 
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or 


J(x,y)dz = —(ygzg - ygzg)dx — (ZeXq— zqxz)dy 
—J(y, z)dx - J(z,x)dy 


which proves Equation (B.18). 


Several useful corollaries are easily derived from Equation (B.18). For example, if z is a function 
of x and y, we have 


OE a 


im Ox, Oy, 


dy 


However, Equation (B.18) also yields 











dz = JO, FEO) gy = JG) gy p JOn2) 





J(xy) JG)" JO) xy) 
By comparison, we obtain 
oz J(z,y) 
=< = B.19 
dx,  J(x,y) ( ) 


This is Equation (5) in Table B.2, which lists a number of useful derived Jacobian relations. 
From Equation (B.11), 


Jy) ||. Jay) Jy) Jaz) _ Soy) LI] LIe) _ 
J(iy.x) | JG.) JGoz) J(y.x) | J(ny) JGQoz) Sy, x) 

















or 





Jy) JQ: JX) | 4 
J(z,y) J(x,z) J(y,x) 


With the aid of Equation (B.19), this becomes 


ox dy Oz — 
os, ae 2: =] (B.20) 


We also can write 


J(x,w) J(y,w) Jw) _ 
J(z,w) J(x,w) J(y,w) 











With Equation (B.19), this yields 


Ox dy Oz _ 
ER x. Bie =1 (B.21) 
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Equations (B.20) and (B.21) are readily extended, providing all variables are functions of & 
and 7. 

The most general expression for a second-order partial derivative can involve up to five different 
variables, as shown on the left side of Equation (4) in Table B.1. As a check on this equation, we derive 
Equation (B.17a). This derivation requires setting x, = §, x; = x, = x, and x4 = x4 = y. Conse- 
quently, Equation (4) in Table B.1 becomes 


98 _ Ixy JU.) y -JG;Y)JUGQoy), y] (B2) 
ax [J (x,y)? 


For the terms in the numerator, we use 


J(x,y) = XgYq T Xn VE 





28 = 1 96 = 0 
on on 

J(6,y) = oy oy = Yn 
0g an 

JIJ(&,y), y] — YnYén — VEYnn 
oJ (x, 
a = YqXgp H XeVen — VeXen — XV ég 
Od (x, 
a = YqXin + XEYnn — VEXnn — XnY én 


JG = FEY y,- FEY y 


When the above are substituted into the numerator of Equation (B.22), we obtain Equation (B.17a). 
Note that Equation (13) in Table B.2 can be used in place of the equation for J[J(x, y), y], but that 
this does not simplify the derivation. 

Table B.2 contains a partial summary of derived Jacobian equations, in which the variables x, 
y, z, and w are functions of ó and n. This list is not complete. For instance, if 


dx = f(g)dg (B.23a) 


then 
x Í ES. (B.23b) 


where k is an arbitrary constant. Suppose g = g(6 ,7); let us determine J(x, y), first using Equations 
(2) and (6) in Table B.2: 


Ixy) = (frase y) = I(f Fas y) +50 y) = a(S #08) 48, 9) 
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We now use Equation (9) in the table for the Jacobian on the right side with f,(y) = 1, f, = f, 
and x = g, to obtain 


Jay) = (f f(g)ds.y) = f(g)J(g.y) (B.23c) 


Equation (B.23b) can be viewed as the quadrature solution to Equation (B.23a) or (B.23c). 
This result can be generalized in the following manner. Consider the relation 


dx = f.(g,)) dg, fo(8o) d&y tc (B.24a) 


Then by integration, we have 


x= [fias [emn 
The result that is equivalent to Equation (B.23c) is 


J(x,y) = fig2J(go Y) + fi(go)J(go y) * oc (B.24b) 


Equations (14), (17), and (18) in Table B.2 are useful when dealing with second-order partial 
derivatives. Observe that Equations (3), (14), and (15) in the table require & and n as the independent 
variables. 

As an illustration, we prove Equation (9) of Table B.2. Starting with the Jacobian on the left, 
we have 


dfe dfads ds as 
dxdé dxon| _ 4fadfo| JE On| _ fa dot 

7 dxd = de dy 09 
4fdy  dfioy | ay ay , 
dyoó  dyon oé on 














JUf Go. fO) = 


which is the desired result. 


NTH-ORDER JACOBIANS 


The Jacobian J(x,y) associated with Equation (B.3) is of second order. For the transformation 
(Crawford, 1949) 


ZW Ried), gudsu (B.25) 


we have the nth-order Jacobian 


0 Zp., Z) | 9X OX 
— XXn., X,) = OZ, (B.26) 


OX, 


J(Zi,..., Zn) 
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where 


ƏZ, [e 


=—_— =|-= , etc. 
OX, x). oT X, 


For the Jacobian in Equation (B.26), we have the following self-evident rules: 


(1) The sign of J is changed whenever any pair of X or Z is interchanged, provided the order 
of the rest is preserved. This property stems directly from the sign change of a deter- 
minant when two columns or two rows are interchanged. 

(2) Whenever a common variable occurs among the Z and X, a reduction in order can take 
place. 


Thus, we have 


XXa, Zoso, Za) VOL DET 


WG USUS. Bae 


where the X, subscript is held constant throughout. The subscript, if not written, is understood. 
Similarly, 


ONG pac Am Lil ONLUS] 2 O(Z,u cis Zn) (B.27b) 
O(X,,..., Xn) AX marys Xn) x, Xp 
and if m =n — 1, we have 
O(X,,..., X, Zn) OZ 
ey re rns LRNN B.27 
SX OX, Get) 
1, 


Thus, a first-order Jacobian is merely an ordinary partial derivative. The converse also holds in that 
any first-order partial derivative can be written as an nth-order Jacobian with n — 1 common Z and 
X arguments. This rule represents the generalization of Equation (B.19). 


(3) A necessary and sufficient condition that Equation (B.25) has a unique inverse is that 
J(Z,,...,Z,) £0. 
(4) The general transformation property 


KZ, Z) | OA ig POC ei) TZ igor Za) 


AX eck LX oss X MC sx TOG cy X) (B28) 


holds, where in both Jacobians on the right, the independent variables are x,,..., x,. The leftmost 
term is not a ratio but is a unified symbol, whereas the rightmost term is, in fact, a ratio. Because 
of the equality, the leftmost term can be treated in algebraic manipulations as if it were a ratio. 
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An immediate and useful consequence of Equations (B.27) and (B.28) is 


OZ, 1 


OX, (OX MOL ye Be”) 


ie 1 
eX 


A relation such as Equation (6) in Table B.1 generalizes to 


J(Zy Za... Z, 1))dZ, + J (Zz Z3,..., Z,) AZ, + J(Zs Zu... Zn Z1)dZ4 
T 4+J(Z,, Zis., Zn-2dZ, 1 = 0 


Second derivatives are developed in a manner consistent with Equation (4) in Table B.1. For 
example, suppose that n = 3 in Equation (B.25), and we have the derivative 





IZ, à E Xy xj | 8 Es X, xj E 


= 2 | XZ Xr x3 E 
aXX, — OX,|aX>, X. Xs)| ^ OX, | Xo X«X9| ^ ax, ev X» Xl 


OI(Z,, X,, X4), X,X4] 
-—wv v vs —-^-[/Z,Xy X3), Xo, X 
HX, X5, X4) J[J(Zi, Xi, X3), X», X3] 


As is evident from this equation and Equation (B.22), the Jacobian method appears to be awkward 
when applied to second-order derivatives. However, this appearance is deceptive, since it is simpler 
and more straightforward than conventional methods, especially for complicated second-order 
derivatives. 
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Appendix C 
Oblique Shock Wave Angle 


Let B be the shock wave angle and @ be the velocity turn angle. Both are measured with respect 
to the velocity upstream of the shock, as pictured in the sketch: 





shock 
B 
Ww 6 
The two angles are related by the gas dynamic equation 
2. 2 
tan 0 = cot f NE EON (C.1) 
1+ (= - sin' Bar 


where y is the ratio of specific heats and M is the Mach number upstream of the shock. Equation 
(C.1) is an explicit relation for 0. Since 0 represents the usually known wall turn angle, an explicit, 
computer-friendly equation for D is desirable. Indeed, the derivation of this relation is placed in a 
separate appendix because of its frequent usage in gas dynamics. 

Thompson (1950) may have been the first to observe that Equation (C.1) could be written as 
a cubic in sin: 








2 


2 2 2 
sinp- (82 +y sine) sin^f + 2M M : + (zz) pa : sin^8 
M’ M 2 M 


cos! 0 -0 (C.2) 


x sin’ B— i 


It is analytically convenient, however, to recast this relation as a cubic in tan p, with the result 
2 2 


F(B) = (1 + Tw ano tan? B—(M?— Dan B «(1 «D jane tanB+1=0 (C) 


Observe that the coefficients in this polynomial are appreciably simpler than those in Equation 
(C.2). We assume M » 1 and 0 » 0, and note that 


F(-m/2) 2-e, | F(0)21,  F(7/2) = œ% 
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From these values, we deduce that F(f)) has three real, unequal roots for an attached shock wave. 
The negative ß root is not physical, while the two roots between f) = 0 and 7/2 correspond to the 
weak and strong shock solutions. 
Equation (C.3) is next recast into the standard form 
x +axt+b 20 (C.4) 
for solving a cubic equation, where 
2 
x = tanf- mc c. (C.5) 
x1 * Z3 M^ Jane 


(reu "r5 afe ar = 1)" 
y-1,/2 7 2 
3 Ip M tan 0 
-20f iy «is(1e rt netz? eiye ‘Jia n0 


3 
x + iM) tan^ 0 


Because the roots are real and unequal, the trigonometric solution of a cubic equation is particularly 
convenient. This solution requires the quantity 


3 = 
nay. CP =1) -s(1 za e zt LAW. Tit Jav'o 
27b 
X = — 3 S| BRIOMPIACMMCGODEDE MMC CC MMCOCCCA CM ACOCL CC CM COO CCCM M MCCC ADM CC COCCNMDMA F 
4a 


32 
loe sr tpt P5 : rimja? 
The three solutions of Equation (C.4) are contained among the six expressions 
1/2 1/2 1/2 
+(-2) cosf. +(-*2) os(2 E 5. B (-¥) cos( 2 xd 


where @ = cos X. 
In particular, the weak and strong solutions are given by 


4a 1/2 óc 4x 4a 1/2 $ 
Xweak = 3; OS 3 , Xstrong = BF cos 3 





(C.6) 











where 
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With the aid of Equation (C.5), a computationally convenient form for f) is 


1/2 
du or a ee 3(1 + rwy 4 Er jaro (C.7a) 


(M -1y- «1 4 riw eM. Lim“ )tan?0 


x= (C.7b) 


M^ — 1 + 2Acos[(426 + cos ! y)/3] 


tan = 
x1 + 1M Jane 


(C.7c) 


where the angle (476 + cos 4)/ 3 is in radians. The strong shock solution is provided by ó = 0, 
while 6 = 1 yields the weak shock solution, and |X| € 1 for an attached shock. 

The author discovered the Equations (C.7) solution in March 1991. It was quickly submitted 
and accepted for publication by the AIAA journal. Before it was scheduled to appear, however, it 
was learned that the solution, in a different form, had already been published. In fact, it has repeatedly 
appeared in journals; e.g., see Mascitti (1969) and Wolf (1993). 
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Appendix D 

Conditions on the 
Downstream Side of a Steady 
Shock Wave in a Two- 
Dimensional or Axisymmetric 
Flow of a Perfect Gas 


1. Jump Conditions 


m=Mi;, w=msin f, x=1+ Ely, 


E 
P= ppi (pw^, = yp,m 


u, = w,cosp 


M T 

25 yep ‘msin B 

Y 

can repo" p- 
n w 


P= ——p 


"X 
Mm = s tt w 
y+ 








m-i = VEL (y+ Dmw2(y-3)w-2yw^ 
SUC 4 XY 
y-1,2 _ (y+1VU+(7-1)m/2]w 
d M =( 2 jj XY 
1 Ya-0y 
p meets n 


BECA iu INN 
ues 1)m/2+1-—w 


sin(B- 0) = L (UU 1 ner e 12 
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asao = t (teen oen 
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2. Tangential Derivatives 


LEURS 
HY 
Sy 
N 
Il 


EN 
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X 
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Q 
E 
N 
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3. Normal Derivatives 


= Wi 


2 = 


(25 = (7+1) 


a MI-DT ey, 2 
= (pw) (1 + tui) cu , 


Q 
Ss 
NS 
N 
l 





——(pw’),B’ sin pcos B 
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PUES ap woop 


Z (pw! p n oe 


Lim(1+w)+1-2w- yw 


(XY) 


yr Bw - 1) (w- 1) 
mXtanß 


2 Jw oY 
!mytanß 


Pre i) (pw) reos 


Appendix D: Conditions on the Downstream Side of a Steady Shock Wave 757 
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1 
= yah oe qw] 


g; Salt D-207 Dw + S743) 


+1 
& = p+) +B-nw43(7- Dv 
& = 312- (P e yw? - Ay Dw? -(y- Dy Dw] 


gs = -(y- D *(y* 5)w 4 22y- Dw? 


& = ql (7-1) +20 y- Dw s (f 7y- 2) (3 - Dw 





g, = T 4-(y- Dye 3w e (Y e 8y- w^ -4yQ - yw] 


gs = -2(y- D *2(y- DG - yw € (97 - 14y + Dw? 
t (y- 17y - y+ lw + yc3Y +4y+ 3)w' 





Appendix E 
Method-of-Characteristics 
for a Single, First-Order PDE 


There are many ways to introduce the method-of-characteristics (MOC). Here interest is limited 
to a single, first-order, linear or quasilinear partial differential equation (PDE). Our approach is 
thus specifically tailored for the task at hand. 

For purpose of generality, we consider an inhomogeneous equation for the dependent variable f: 


n-i 
Yat a = 0 (E.1) 
Ox; 
i=0 
where n is a positive integer. This equation is assumed to be quasilinear, in which case dg,..., a, 


can depend on the x; and f, but not on any derivative of f. We further simplify the equation by 
noting that if fis a solution, then 


G(xo,..., Xn) = f(Xo,..., X421) + X, (E.2) 
is a solution of the homogeneous equation 
Fal =o (E.3) 
Ox; 
i=0 


Thus, by adding a new independent variable, x,, the inhomogeneous term in Equation (E.1) is 
incorporated into (E.3). 


GENERAL SOLUTION 


Observe that G = constant is a solution of Equation (E.3). This constant may be taken as zero. 
We therefore seek a solution with the form 


G(xo,...,x,) = 0 (E.4) 


The remainder of the subsection provides this solution. 
It is conceptually convenient to introduce an (n + 1)-dimensional Cartesian space that has an 


^ 


orthonormal basis |;. Thus, the gradient of G is 
^ OG; 
VG = MN. l (E.5) 
i0 
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> 
and a vector A can be defined that is based on the a; coefficients 


Hence, Equation (E.3) becomes 


A-VG 20 (E.6) 


Equation (E.4) represents a surface in an (n + 1)-dimensional space, and the gradient VG is 
everywhere normal to this surface. On the other hand, A is perpendicular to VG and therefore A 
is tangent to the surface. Thus, the solution of Equation (E.3) or (E.6) is a surface that is tangent to À. 

Consider a characteristic curve that lies on the surface given by Equation (E.4) and everywhere 
is tangent to A. The surface can be viewed as consisting of an infinite number of these curves. 
Moreover, each of these curves constitutes a solution of Equation (E.3). 

We need to construct a curve in the (n + 1)-dimensional space whose coordinates are x,..., Xn- 
For example, in three dimensions a curve is determined by the intersection of two surfaces. More 
generally, the characteristic curve we seek is determined by the intersection of the n surfaces 


(0) 

u (Xo, .... X4) = Co 

(1) 

u E EOE Xn) = €, Œ 7) 
(n=1) 
u (Xo, .... X4) = Cn-1 


where the c; are constants and the first equation is sometimes written as u = c. We have a different 
curve for each choice of the c;. 

Since A is tangent to a characteristic curve, the differential change in the x; along such a 
curve must stand in the same relationship to each other as the corresponding components of A. 
Thus, on a characteristic curve, we have 


dxy dx dx, 
Mti cues ee E (E.8) 


ao a, ay 





As noted, G is constant along a characteristic curve. We therefore see from Equation (E.2) that 
dx, can be replaced with —df. This change is usually convenient, since the a; are functions of 
Xo,..., X,-, and f. Equations (E.8) are n-coupled, first-order ODEs that relate the x; along a 
characteristic curve. The unique solution of these equations is provided by Equation (E.7), where 
the c; are constants of integration. We thus have reduced the problem of solving a first-order partial 
differential equation to solving n-coupled ODEs. As will become apparent, this reduction is advan- 
tageous whether Equation (E.3) is to be solved analytically or numerically. 

We now see why Equation (E.3) is limited to being quasilinear. If one of the a; depended on 
a derivative of f, then one of Equations (E.8) would not be an ODE, and the theory would collapse. 
Normally, the MOC applies only to hyperbolic equations. For Equation (E.3), this qualification is 
unnecessary. The only essential restriction is that it be quasilinear. 

Note that A- VG is also the derivative of G along a characteristic curve. Equation (E.6) 
therefore means that G has a constant value along any particular characteristic curve. For this to 
be so, G can depend on the x; only in combinations such that dG = 0 along any characteristic curve. 
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However, the u” depend on the x; but have a constant value along any characteristic curve. 
Consequently, G is an arbitrary function of the u”. The general solution of Equation (E.3) is thus 


Gu um i = 0 (E.9) 


If one or more of the a; depend on f, or if a, 40, then f explicitly appears in the u”, and Equation 
(E.9) is a solution of Equation (E.1). On the other hand, if none of the a; involves fand a, = 0, 
then the general solution of Equation (E.1) can be written as 


f = fu” u” wy 


DISCUSSION 


We verify that Equation (E.9) is a solution of Equation (E.3) by first evaluating d u” with the aid 


of Equations (E.8) 





dad _ dx Qu? 
du? = A dy; e 5 ae 
Ox; do ' Ox; 

i=0 i=0 


where we assume one a; Say dy, is nonzero. We next obtain 


n-i 


2G J u” (dx qa 
2. 3 ou ae D au? & 


dxo ðG S dxyw G 
: ox DEL ur 


i-0 





dG 











in accordance with Equation (E.3). 
The functional form of G is determined by an initial, or boundary, condition. Without loss of 
generality, this condition may be specified at xy = O as 


Go = Gu (0,x,,....x,),...,u P (0,x,,...,x,)] 


where Gy is the prescribed relation for G at xy = 0. 

As we have mentioned, the unique solution of Equations (E.8) can be written as Equation (E.7). 
An analytical solution of Equations (E.8) may require inverting some of Equations (E.7). For 
example, suppose n = 3 and we have obtained a solution, u = c, to 


R 


ao a, 


Further, suppose a, depends on xo, xı, and x. If u = c can be explicitly solved for xy, we would 
then integrate 


Get 0 


a, a» 
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with xy eliminated. Similarly, if u = c is more readily solved for x,, we could obtain a by 
integrating 


il la 


ao a» 


instead. In either case, the elimination of xy (or xı) from the dx, equation is consistent with 
obtaining a simultaneous solution of Equations (E.8). 


Illustrative Example 


As an example, we find the general solution to 


xd. KARE, 
ox y = E 


We first solve the characteristic equations 


dy _ dz 


dx _ dy 
XZ yz xy 


From the leftmost equation, we have 


Ex code 

x y 
which integrates to 

get 
x 

For a second equation, we use 

dx _ dz 

Z y 
or by elimination of y 

cxdx = zdz 


2 2 
cx =z -c 


2 
=z7 -c 


S 
BIS 
Ne 
E 
N 
l 


2 
z =xy = cy 


= 
Il 


Hence, the general solution to the PDE is 


G(z - xy, yix) = 0 
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which is readily verified by direct substitution. An alternate form for the solution can be written as 


z -xy = g(y/x) 


or as 


z = t[xy+g(y/a)]? 


where g is an arbitrary function of its argument. 





Appendix F 

Tangential Derivatives on the 
Downstream Side of a Shock in the 
é and é, Directions 


1. Equations for the Derivatives 


Ow; tw cos Bsin(B- 0) 00 _ 





d; i cos ( B — 0) Og) = 
Op» tanB 20 _ 
9E, P'un^(B— 0) 9; 3 

Op, 1 sin2B 00 — 


IURE ae *2) ——————-—A 
96; oe sp 0) 96) 4 


9p _ , C05 Bsin(B - 0) 90 =A 


9p» 
r3 + "929g, n cos (B — 0) 96; É 


The inhomogeneous terms are: 


cosB Ow;  , sind op 











A, = —————— m —- we I 
' ~ cos(B= 0) 06; "epe bs Qu 
A tan B Lae sinOcos(2B — 0) 0B 
"^. tan(B-0)96, ' cos "B sin'(B- 0) dŠ; 
A Op, +) sinBsin@ Op, « sinBsin@ Ow; 
As = aE t” cos(B- Oak, * Pw "rcos(B — 6) 08, 
1 7 sin20 op 
+= 2), ————— ——7 
nee host B 0%; 
Op, 9p,  ,sinOsin(2B— 0)Ow; __,, cosBsin@ dB 
Ag = h — thoy + Ww) i rt 
ý Pl gé; pr 0G; "d cos (fi - 0) 0g; cos *(B— 096; 
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2. Solution of the F1 Equations 


A = determinant of the coefficients of the left side 


_ #2 G08 “Bsin(B- 9), tan B hp m x3 sin2 
P cos *B- 0) sin? (B- 0) SON hos B - 6) "5 
o * 
ATE = AA, +w ae rea 243 + hy aA; — 44) 
9p, _ wi? : 2 
3E, - Sepp LP ilnasin 2B — cos Btan(B— 6) |A; 
tan f 
ge eo ASA 
p sin'(B— 6) p243 + A4) 
0p» tan B «5 COS ?Bsin(B — 0) 
ag = oae i pae 3 
96; L sin (B—- 0) " ala cos (p= 0) l^ 
&Mpw, 2B LC A + Aa) 
2 cos(-0) ^ 
A98 = -(h, As E Ad) 


96; 





Appendix G 

Conservation and Vector 
Equations in Orthogonal 
Curvilinear Coordinates é, 


= scalar function 


vector function = A;6; 


= Xj(61,62563)5 J = 1, 2,3 


PS dx; i 
us (zy. ps4 23 


(ds) = (hd&y 


o 
> 
A= 
Xj 





f dà des ^ LA EIL 


xg (IighsAy) + a (lish Aa) + 32 





35 2 (hh 24a) | 


hh; 
leoi s l P2 (h,A4) - tA) lé 
ht 05 - o^ ag eh LOE Qe v 


1 
+ xag 0549 - gen) Je: 


2. y (hh Au) 

95, Beth OE) ho, i 
w= Vie; 

Do _ 9$ vio 

Dt ðt h;o6 

Dw Ov, viov; v;vj9e; 

muc ut rU NODE 


= =|= + 
hy 0, h dő, h; 96, 


- EEE ae) 
hab,” hydG,* hd% 





(oe v ðh; oe) 


m 


o 
N 
N 
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oe: LE + oes E) 
ie = h; 96, h,96, h,0&, 


1 exe) ae) 
£n = £n = 21H, 9E Un) h;9E 





—-— CIE) 
8070 7$ 7 2|h96AXRh4) hoe Nh, 
o o lh 2 (vr), fs 2 (vs 
£4 = €3 = 5 Pata ) 
Viw= Eii 
o= O72 je j 


o; -2ueg t ó(-p*AV-* X) 


3 
DE + 4(&, + £5. + J +A4(V wy 


= 
i=1 
Continuity: 
1 Dp > 
iP iV = 
p Di + w=0 
Momentum: 
DÈ e Ds > 
Por = V 'o = -Vp«F +VA(V j Ww) 
where 


F = Fi -2V-(up) 


3 3 
oe à (hihshs Bun lf Oh . hy, 
m hhh; Yel h; ue;)* Piae - trag) i= 1,2,3 
j=l 


ju 





Energy: 


3 
Dh | Dp x7 1 ox oT 
Pre prs T+ aono" 


i=1 





Appendix H 
Conservation Equations in 
Body-Oriented Coordinates 


A. Assumptions 
(i) Motionless wall 
(ii) Fourier's equation 
(iii) Newtonian fluid 
(iv) Two-dimensional or axisymmetric flow (without swirl) 
B. Geometrical Factors 


Two-dimensional: © = 0, @ =z 


Axisymmetric: © = 1, @ = azimuthal angle 
éi- 5, h =h = 1+kn 
e =N, h, = h, =1 


é = @, h, = hy = r° = (r, +ncos@)° 


k, r,, and @ are functions only of s 


























: d dr, ERE: = d0 en 7 e rs 

sin@ = PEEL AET = —0, cos@ = — 
r=r,+ncos@ 

Oh, _ dk Oh, _ k 

ds ds’ on — 

prm ET = o(l + kn)sin0, m ocos 0 
2 oe dê 

Fs kên — T5 20, É = gsinge, 

Js on od 

0e, X 0e, dê, ^ 

ac ké,, a 0, ous ocos 06, 

Be = 0, ae = 0, Te = —o(sin 0é, + cos 0é,,) 
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C. Dynamic Factors 


I> SIS = 


Dt 


z 


Fy = 
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uè, + VÉ, 


ot h,0s on 


peto + Zinea) 


Os 


Ou 
(Sten 


av 
*gn 
Op , 
n" 


1 (ou 
AS + kv) 


+ kv) + P (using + vcos 0) 


e. 


P (usin8 ^ vcos 0) 


"m du Qv 
ns — zi (st) 
£y, = 0, £y = £g = 0 
29! (ðu la ou ov 
pds LE + o) + hon oe + 2) 


u(k o A av) 
"Mt P cos 81.7 MRT 


+ E(Ssine- — 
h, 


hs 
~20H0086(,, sin + vcos 0) 
: 
10 ou ov of ov 
H(O sg Ern,- 2) 
+B (Ssino "i Jos kut 


k o ov k(ou 
+ 2u (s + 7 008 e - Ad + 3l 
= POMC inu: vcos 0) 


0 
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$- (5s v) + (8) + y+ RC sinO + v cos Zu 


2 


- h -k 2] LUE RD 


2 (75x) ZU ean 
e| Js a) *3 


PES 
E 
WT = v 
D. Conservation Equations 
Zehr’ p)  Z(r*pu) + 2hr pv) ET 


Du 2 | Op o E> S 
P(h + kuv) = 3; t3 MV Y)-h,F, 


Dv ku) _ -IP 9 s 
(o) = ET mAV: D+F? 

Dh _ Dp 10K0T , OKOT 

Di icd T*aiós ds an 


ou oT 
Ty «(n > dw = -«(2 n ) 
E. Euler Equations 


Set u = A = x = 0 in Section D. 
F. Incompressible, Constant Property Conservation Equations 


V - 2 uy t d (ur) = 0 


_ oP s 
(noe "Di + kuv) 2; +h,F, 
Dv ku E _ op 
Aor) = ant Pn 


Dh _ Dp 2 
PR Di 





Appendix | 

Summary of Compressible, 
Similar Boundary-Layer 
Equations 


A. Assumptions 
(i) Steady, laminar, two-dimensional or axisymmetric flow without swirl 
(ii) Large Reynolds number flow over an impermeable wall 
(iii) A known solution of the Euler equation for the stream surface that wets the body; 
this stream surface has a constant entropy and a constant stagnation enthalpy 
(iv) First-order boundary-layer theory that provides a local similarity solution 
(v) Perfect gas, u ~ T, and Pr = 1 
B. Special Symbols 


( ), = Eular solution along the wall 
( ), = stagnation condition 

( ), = thermal boundary layer 

( ), = viscous boundary layer 

( ), = wall 

(^) = adiabatic wall 


( Y = derivative with respect to 1] 


C. First-Order Boundary-Layer Equations in Terms of Primitive Variables 


0 


d,o d, o 
3, UP) + gP) 





Du | dp. a an 








PD: = ds +a n 

tp (3) 
p Dt | ds on\ On H on 
dp, _ du, 

ds — Pelle ds 

D 0 0 


= u= +v 


Dt ðs ðn 
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D. Transformation Equations 


h, = he su! 
(9) = | (pun)ritds 
Lupus: f^ 
n(s,n ) = Qe” Í Pan 


For a similar solution, we introduce f, g, and G functions: 


u_ df _ p 
i dn fn) 
h, 
ma RU) 

— T,-T 
gis EE. Toe 








Pe T _ hoeg- (Duf 
PpP T h,e- (1/2)u? 


yel - Yoly se 
1+ Tota) - 5L ton 


—Ogyt (17 g,)G - Sf” 
i 1-58 


(See Section H for S.) 
E. Similarity Equations 


f" + ff’ BG - f^) 
gre ig. = 0 


fO=f,=0, f(02/f,—0 fle) =1 


g(0) = gy, = T^ g(o) = 1 





or 


f" +f" + Blg,* (1-2,)G- f^] = 0 
G’+fG’ 2 0 
G(0) = G, = 0, G(%) = 1 


(See Section G for f.) 
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F. Solution for G or g 
(i) g, specified 


Gn) = & f exo(-f san)” 
a= [foo rarja] 


(ii) adiabatic wall 


a(n) = 1 


G is undefined 





(See Section H for S.) 
G. B Parameter 








OOPguT. Edu ELA x 
Bu Ug) 


a 
a 


Í r? Fds 
2 dM, o 


M, ds y? F(M,) 


M, 
F- 


(3y- 1)/[2(y- 1)] 
(1 = m?) 





2 
ldB- 1 M, |1 Tot M pM 2odr, 


ZL, LI LLLI. RM Ch] atus KERN, rp od 
Bds D ds? p 1e fiy; M, ds r, ds 
M 


H. Boundary-Layer Parameters 


srl M 
2 1er ; 
M? = A — 
i | ounsa 
E (puur? m 
Re, = Pete 
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y= Re; “21 = (pu),r;, 
ss ial 1/2 
(26) 
"Pe 
Yn = Í —dn 
oP 
OT Now — hye , 
dw = ^) = Ore) xs 
d, G; 
E N TE 
(how — hoc) Pell Gey” 
au ^" 
Ty = (S) = Bie Ee 
2T. 2 n" 
vt a a) f 
- = A (Reynolds’ analogy ) 
2 pr?” E (Colburn's analogy) 
Ce) mm ] ee 
n 
Ci(B.8y) = n-| Gdn, T] — œ 


I. Boundary-Layer Thicknesses for a Diabatic Wall 


ô= To boundary-layer thickness 
ô= when f = 0.99 and 7 = Ne (B8) 


This definition is for a boundary layer without velocity overshoot. 


n 
"p. 
YO = —d 
LU 
1 
= Nea + ———————{S(fr + C,)-(1-g,) [1+ BU -S)IC, 
Me * GH aH Sse + C9 -Q-e)JU + BU - SC} 
6, = thermal boundary-layer thickness 
ô =n whenG = 0.99 and 7 = N(B, 8,,) 
n 
“Pe 
YS, = Í Peg 
Tou 
1 
= quat———ÉBS-*-C€)-(0-8220[1-*(1-5)]C, 
Met q-sasgj s * 02-0 -29U + a - 563 
ó = displacement thickness 


pu Jan 
Pelle 





ii 
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we fetten n 


1 ^H 
= d-Sü«*B fIEBGO-SBIC,-0-2261] 


0 = momentum defect thickness 
= fe = cn 
" Pelle Ue 
ve - | r'a- foa 


1 ” 
= T+ pit = BIC, -(1-8,)C,]} 


@ = stagnation enthalpy defect thickness 
Í P x ee )dn 

o Pele hoe i how 
| ra-@an 


Gy, 


Yo 


J. Boundary-Layer Thicknesses for an Adiabatic Wall 


When the wall is adiabatic, the definitions and formulas for 7,,,6, ó ,0, and c, are 
unchanged. (See Section F for p and T.) Since G is undefined, 17,,, ô., 0, C, and St are 
also undefined. Instead, we use Ner, ô, and St = 0, where 


à =n when(T,- T-.)(T,,- T,) = 0.9801 


" Te S ^" 
Y6 = Net Gade pte tO 
Ter = Ney(B.1) 


For d, we have 


ó = adiabatic wall temperature defect thickness 
P T,-T 
= | pu (1- ee Jan 
o Pelle Tog a T, 


Yo = J ro - f^ydg 








This integral has not been numerically evaluated. 





Appendix J 

Second -Order Boundary- 
Layer Equations for 
Supersonic, Rotational Flow 
over a Flat Plate 


1. Equations for ù, Y,, and p, 


a) PiU, + pipi ntaf Nos” «f P Jo epist tc (Np, f'-f)p, -0 


apf i + pif”, +e Npif - 2p P r^p, 
*taj,pi (Np, f' - fui -a pit tof"p,- =0 


-Ai [Ew pare E «E +- DM pf” fp: 


-2(y-1)M2 "s -a(n «55s +15” = 0 
(y- DM.za,p f^ ui p pif -f p 1 pP! 


2. Equations for ù, v ;, and D , 


-a pu, pipi Va c (Nora f E. 
+ pi + ci(Npif’-f)p’4 = 0 

-apif'ic + pi fa e( Np -2f- Fre Pa 
ta pi(Npif'- f), — ap", caf" p! 


* 


= Ca - yup. ff 


pi + P Np ff) +f- PL. (2) +- ior] 


-=2(y- 1)Mza pif, - p' a (Neu -f+ soy, d PUE 


YMAC T1, , pi f pacer 2 pm 
-PRE[ re Bor - 0-253 +42) «a- omor] 
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3. Velocity Slip 


Analytical Fluid Dynamics 








aP) = WM = pin) = 0 
; 9. yMÀC 
a = PM) Rn = Te 
(0) = 1, — u$()20 
v0) = 0 
pa(0)s d,' pË) = Xog, 
4. Temperature Jump 
aP) = IPM = P m) = 0 
5 l y^ 
a ecd. cO = cu - 4M. (1 -8,)f% 
4q(0) = 0,  iQ(e- 
PO = 0 
3 ACT yr 
poer. dodge | l1 ud s ( Bw) fu l 
Xo8w (yg, X.) M..C 
5. Entropy Gradient 
ae 1 open gue cd @ a 
(y- DM | ib 
m0) 20,  àaP(m-m  àa$0)20,  i$()-20 
v0) 20,  »*(0)20 
pro) = 0, pP(C-1 pLO)=1, pY(m)= 
6. Enthalpy Gradient 
X Mic , 
aP = ; gU n, Ern f io é-d4 
(Y- DMZ 
uP(0)-0,  u"(m-m P020, 4-0 
(^20, 140) = 
pr (0) 8:0 1 po o-1,  p(«)-X.g, 
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7. Displacment 





Da si És MC 
aP = -50h a= Ps (CH, c= a 
uj (0) = 0, W(o)=1, a9(0)=0, a9 (~)=1 
v”(0) = 0, v0) = 0 


piso, Presl PMO xL E 
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Coexistence curve, 66, 70, 75, 257 
Colburn’s analogy, 618, 622, 665, 776 
Compressibility 
adiabatic, 65 
factor, 68 
isothermal, 65 
Compressible liquid or solid, 73 
Condensation, 368, 397 
Condition 
boundary, 107, 351, 391, 399 
initial, 107, 351, 434 
Kutta, 470, 665 
tangency, 647 
Conservation equations, 5, 33-44, 71, 148, 421, 562 
body-oriented coordinates, 769 
curvilinear coordinates, 767 
Constitutive equations, 5, 22 
Contact surface, 70 
Control surface, 27 
Control volume, 27 
Coordinates 
body-oriented, 560, 769 
Cartesian, 6, 120 
curvilinear, 728 
cylindrical polar, 424, 478 
parabolic, 444 
spherical, 30, 49 
Couette flow, 50, 511 
Covolume, 64, 69, 380 
Cramer’s rule, 296, 416 
Critical point, 53, 66, 68, 71, 139 
Crocco-Buseman velocity, temperature relation, 514, 624 
Crocco’s equation, 115, 479, 487, 670, 682 
Cross-flow plane, 485 
Curvature, 133 
radius of, 132, 329 
shock, 187 
singularity, 328, 331 
streamline, 187 
wall, 362 
Curve 
irreducible, 89 
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reducible, 89 
Cylinder 
boundary layer, 626, 628, 665 
concentric, 86, 442, 519 
drag, 665 
flow about, 10, 141, 187, 524 
potential flow, 10, 524, 665 
pressure gradient parameter, 575 
second-order boundary layer, 672, 699, 722 
skin friction, 601 


D 


Decoding, 72 
Degeneracy, 62 
Del operator, 731, 736 
Density, 16, 118 
Detailed balancing, 82 
Detonation wave, 143, 379, 397 
Diffuser, 214, 652, 663 
Diffusion, 76 
Dilatation, 22, 29, 44, 82, 430, 670 
Dimensional analysis, 460 
Direct numerical simulation, 486 
Directional derivative, 6, 20, 99, 113 
Dirichlet’s formula, 67 
Dirigible, 628 
Double reversal profile, 623 
Drag 
coefficient, 467, 470, 474, 476 
enthalpy, 485 
entropy, 485 
form (pressure), 474, 479, 651 
induced, 479, 485, 489 
profile, 485 
transonic, 297 
viscous, 448, 479, 665 
vortex, 485 
wave, 192, 293, 448, 478, 495 
Drift, 15 
Dust devil, 114 
Dyadic summary, 734 


E 


Eckert number, 428, 505, 548 
Eigensolutions, 672, 715 
Ejectors, 337 
Elliptic integrals, 14 
Energy equation, 41, 75, 108, 575, 579, 588 
energy-integral, 629 
enthalpy, 47 
integral form, 637 
internal energy, 43, 46 
kinetic energy, 42 
potential energy, 110 
radiative energy, 75 
total energy, 41 
Energy transfer, 360 


Index 


Engine inlet, 321, 661 
Enthalpy, 47, 48, 56, 72, 108, 119, 580, 583 
Entropy, 46, 53, 479 
numerical production, 81 
production of, 80, 478, 482, 484, 507, 548 
species o, 76 
transport, 77 
Equation of state, 58, 63, 236 
caloric, 55 
Clausius-II, 68, 238 
ideal gas, 66 
liquid, 73 
Martin-Hou, 68, 87 
thermal, 54, 64, 73, 197 
van der Waals, 56, 67, 139, 238 
Error function, 503, 641, 716 
Euler 
equations, 71, 108, 132, 180, 227, 233, 680 
formulation, 5, 8, 337 
homogeneous equation, 236 


F 


Falkner-Skan equation, 528, 571, 575, 642 
Field 
force, 110 
line, 89 
vector, 89 
Filament, see vector tube 
Film coefficient, 429, 532 
Flat plate, 539, 583, 624, 641, 642, 653, 665, 699, 
799 
Flow 
airfoil, 192, 210, 213 
axisymmetric, 120, 239 
chemically frozen, 59, 81 
cone, see Taylor-Maccoll flow 
continuum, 671 
dense gas, 63 
detonation wave, 63 
discontinuities, 357 
duct, 432, 458 
frozen, 268 
homentropic, 112 
homogeneous, 101 
hyperbolic, 343, 348, 390 
hypersonic, 521 
incompressible, see incompressible flow 
irrotational, 91, 111 
isentropic, 83, 117, 261, 349 
isothermal, 361 
nozzle, see nozzle flow 
parallel, 135, 228, 241, 253 
potential, 213, 228, 349 
Prandtl-Meyer, see Prandtl- Meyer flow 
shock tube, see shock tube 
slip, 670 
source or sink, 213, 215, 250, 661, 667 
spiral, 136, 254 
steady, 111, 155, 307 
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transonic, 93, 191, 210, 213, 302 
two-dimensional, 120, 155, 241 
uniform, 109 
unsteady, 141 
variable property, 512 
Flow speed parameter, 595, 775 
Force 
applied, 35, 51, 448 
Basset, 475, 477 
body, 16, 40, 108, 142 
buoyancy, 460, 476, 477 
centrifugal, 676 
components, 486 
conservative, 110 
drag, 465, 477, 478, 483 
gravity, 16, 110 
hydrostatic, 456 
inertia, 476 
invariance, 36 
lift, 89, 475, 478, 483 
momentum flux, 450 
particle, on a, 473 
pressure, 239, 254, 450, 474, 697 
shear, 423 
side, 479, 483 
surface, 16, 31, 450 
viscous, 423, 451 
Fourier's equation, 24, 77, 429 
Frame 
inertial, 36, 180 
laboratory, 338 
shock fixed, 338 
Frequency dispersion, 431 
Friction factor, 465 
Fundamental derivative of gas dynamics, 65, 71 


G 


Galilean transformation, 13, 15, 141, 444 
Gamma function, 216, 403 
Gas 
calorically imperfect, 61, 257 
calorically perfect, 56 
constant, 60, 108 
general ideal mixture, 59 
ideal, 56, 60, 66, 257 
perfect, 55, 108, 199, 237, 290, 391 
real, 257, 625 
thermally perfect, 15, 60 
van der Waals, 60, 139, 185, 229, 238, 257 
Gas dynamic equation, 127, 139, 142, 228 
Gauss 
divergence theorem, 26, 450, 456, 457, 732, 736 
equation, 130, 168 
series, 216 
Gibbs, J.W., 59 
Gibbs-Duhem equation, 84 
Governing equations, 5, 673 
Gram-Schmidt procedure, 19 
Grashof number, 428 
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Gravity, 16, 110, 379, 443, 449 
Gray-gas approximation, 84 


H 


Harmonic oscillator model, 61, 258 
Head loss, 464 
Heat flux, 24, 46 
Heat transfer, 41, 46, 447, 588, 602, 623, 643, 697, 717 
blunt body, 593 
conductive, 25 
convective, 429 
Newton’s law, 429 
radiative, 75 
reversible, 78 
second-order boundary-layer, 697, 717 
stagnation point, 530 
Helicity density, 102, 117, 255 
Helmholtz 
decomposition theorem, 92, 101 
potential, 58 
vortex theorems, 97, 114, 137 
Hinge line, 307 
Hodograph equations, 197, 199, 329 
derivation, 193 
general solution, 215 
rotational form, 223, 246 
Hodograph transformation, 191, 463 
assumptions, 191, 223 
inverse method, 218, 223 
missing solutions, 213 
transformation to physical plane, 199, 204, 208, 217 
uniqueness, 200 
Homenergetic, 112, 128 
Homentropic, 112, 343, 386, 387 
Homogeneous 
equation, 377, 684 
function, 236 
Homo- prefix, 116 
Howarth retarded flow, 625, 629 
Hurricane, 114 
Hyperboloid of revolution, 719 
Hypergeometric function, 215, 403 
Hypersonic flow, 719 
Hypersonic small disturbance theory, 165 
Hypervelocity launch device, 380 


Ideal fluid, 460 

Impulse function, 138, 270, 460, 487 

Incompressible flow, 10, 24, 34, 142, 202, 456—466, 565, 
592, 626 

Inexact or exact differential, 46, 524 

Influence coefficient method, 432 

Inner and outer expansions, 551 

Integral methods, 628, 629 

Integral relations, 25 

Integration by parts, 405, 631 
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Interference, 469, 494, 521 

Internal energy, 33, 53 

Invariance, 238 

Inversion formula, 151, 282, 299, 304, 751 
Irrotational flow, 111 

Iso- prefix, 116 


J 


Jacobian 
derivative, 137 
of a transformation, 200, 251 
theory, 70, 201, 224, 389, 394 
value, 228 
Jet and rocket engines, 670 
Jet-plate interaction, 461 
Joule- Thomson coefficient, 255 


K 


Kármán momentum integral, 629 
Kármán-Tsien approximation, 197, 229 
Kelvin, 89, 94, 116 

Kinematic, 89 

Kinetic energy correction factor, 464 
Knudsen number, 670 

Kronecker delta, 7 


L 


Lagrange formulation, 5, 8, 337 
Landau and Lifschitz, 386, 410 
Laplace equation, 193 
Laplacian operator, 522 
Laser isotope separation, 670 
Law of sines, 329 
Legendre 
function, 403 
linear equation, 554 
polynomial, 403 
transformation, 58, 193, 388, 395 
Leibniz’s rule, 26, 630, 631 
Lens analogy, 214 
L'Hospital's rule, 362 
Lift, 89, 468 
Lightning, 337 
Limit line (point), 201, 207, 212, 252, 395, 439 
Liquid/vapor mixture, 64 
Local thermodynamic equilibrium, 59, 431 


M 


Mach, 143 
angle, 157 
infinite limit, 341, 347 
line, see characteristics 
number, 85, 136, 151, 428 
reflected shock, 343 
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shock, 337, 342 
wave, 151, 159 
Mass diffusion flux vector, 76 
Mass equation, 33, 370, 382 
Mass flow rate, 91, 268, 434, 664 
Mass fraction, 76 
Matched asymptotic expansions, 549, 560, 671 
Matching, 553, 561, 686 
Material line, 98, 137 
Material volume, 28, 33 
Maxwell’s equations, 54 
Mean free path, 671 
Method-of-characteristics, 129, 331 
characteristic equations, 333 
compatibility equations, 333 
first-order PDE, 759 
grid compression, 335 
unit processes, 334 
Missing solutions, 213, 252, 395 
Molecular weight, 60 
Molecular beam device, 296, 432 
Mole fraction, 60 
Mole-mass ratio, 59 
Molenbroek, 191 
Moment, acting on a body, 51, 239, 432, 447, 455 
components, 489 
pitching, 447, 455, 468, 490, 493 
Moment equation 
angular, 39 
integral form, 35 
linear, 35 
Momentum theorem, 138, 447, 449, 667 
Momentum transfer, 484 








N 


Natural (intrinsic) coordinates 

three-dimensional, 133 

two-dimensional or axisymmetric, 129, 442, 640 
Newton-Raphson method, 621 
Newtonian fluid, 22, 75 
Newton’s laws, 16, 18, 35, 381, 448, 460, 466 
Nozzle flow, 86, 122, 191, 213, 250, 362, 447, 477, 
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adiabatic wall, see adiabatic 

inlet, 652 

minimum length, 213, 250, 660 

throat, 86 

thrust, 271, 295, 660, 663 

underexpanded, 163, 326 

wall truncation, 661 
Nusselt number, 429, 436, 533 


O 


Optimization code, 491 
Order, 550 

Order interchange, 55, 408 
Osculating plane, 133 
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P 


Parabola or paraboloid of revolution, 179, 444, 672, 
719 
Partial differential equations (PDE) 
elliptic, 351 
general solution, 405, 407, 416 
hyperbolic, 343, 348, 351, 386, 395, 400 
inhomogeneous term, 354, 388 
linear, 351, 386, 395 
parabolic, 351 
quasilinear, 351, 395 
reducible, 388 
superposition, 351, 692, 715 
Partial fractions, method of, 11 
Particle path, 9, 340, 343, 349, 354, 360, 374, 412, 
478 
Pathlines, 9, 10, 141 
Peclet number, 52, 428, 674 
Perturbation problem, 684 
regular, 549 
singular, 549 
Piston speed, 339, 365, 370, 373 
Plane 
physical, 584, 595 
transformed, 584 
Plasma, 348 
Pohlhausen method, 628, 632 
Poisson equation, 93 
Potential function, 56, 64, 92, 236 
Clausius-II, 68 
Helmholtz, 58, 60, 64 
ideal gas, 66 
Martin-Hou, 68 
van der Waals, 67 
velocity, see velocity 
Potential vortex, 477, 493 
Power, 41 
Prandtl number, 107, 428, 433, 579, 618, 669 
Prandtl-Meyer 
detachment, 312 
flow, 213, 243, 252, 254, 255, 282, 307, 319, 322, 356, 
468, 583, 659 
function, 243, 285, 311, 655, 659 
Pressure, 5, 47 
coefficient, 288, 698, 708 
dynamic, 272 
gradient, 475, 578 
hydrostatic, 16, 19, 47, 457 
partial, 60 
pitot, 277, 643 
radiative, 75 
stagnation, 119 
thermodynamic, 47 
Pressure exchanger, 337, 368 
Pressure gradient parameter, 570, 571, 589, 649, 656, 
775 
Primary (primitive) variables, 323, 387, 485, 566, 579, 
625 
Process 
irreversible, 80, 82, 371 
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relaxation, 439 
reversible, 53, 78, 80, 371 
Pulse combustor, 337 


Q 


Quality, 69 
Quasilinear PDE, 129 


R 


Radiation 
energy, 75 
enthalpy, 75 
frequency, 76 
heat flux, 76 
heat transfer, 76 
pressure, 75 
solid angle, 76 
specific intensity, 76 
Ramjet or scramjet engines, 233, 296, 447, 660 
Ramp, 651 
Rate equation, 77 
Rate of work, 44, 531 
Rayleigh flow, 501 
Rayleigh/Fanno flow, 75, 83, 296, 432, 492 
Real-gas effects, 257, 348 
Reciprocity, 54, 74 
Recovery factor, 436, 518, 589 
Recovery temperature, 517, 603, 615 
Reduced variables, 140 
Reversible process, 46, 53 
Reynolds 
analogy, 515, 603, 619, 637, 776 
averaging, 486 
number, 52, 429, 775 
transport theorem, 27, 448, 455 
stress, 488 
Riemann 
function, 400, 402 
function method, 405 
invariants, 353, 392, 394, 396 
surface, 212 
Rifling, 379 
Ringleb solution 
compressible, 205 
incompressible, 202 
Rotating band, 379 
Rotation 
solid body, 21, 37, 298, 307, 317 
tensor, 21 
Runge-Kutta scheme, 414, 437, 478, 621, 633 


S 


Scale factors, 121, 124, 129, 167, 769 
Second-order boundary-layer equations 
combined, 676 
decomposition, 691 
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flat plate, 779 
inner, 674, 701, 707 
outer, 680, 699, 703 
outer equation integrals, 681, 684 
Second-order boundary-layer theory, 651, 669 
effects, 670, 692 
example, 698 
history, 671 
thicknesses, 698 
validity, 672 
Separable equation, 377 
Separation of variable solution, 87, 215, 627 
Serret-Frenet equations, 133 
Shear layer, 95 
Shock-expansion theory, 323, 466, 651 
Shock tube, 337, 340, 343, 348, 361, 368, 386, 431 
Shock tunnel, 348 
Shock wave 
angle, 151, 751 
blunt body, 117, 164 
bow, 191, 374, 466, 485 
condensation, 70 
converging/diverging, 337 
coordinate transformation, 165, 176 
curvature, 159, 164, 187 
detachment, 159, 299, 321, 471 
expansion, 75 
formation, 321, 374 
lambda, 651 
local analysis, 145 
normal, 149, 274, 337 
oblique, 145, 280, 297, 751 
recompression, 143, 480 
reflection from, 163, 343 
shape, 144, 155, 171 
sonic condition, downstream, 164 
stand-off distance, 187 
strong solution, 185, 282 
structure, 431, 443, 489 
tail, 466 
unsteady, 337 
weak solution, 185, 282 
Shock wave derivatives 
along Mach lines, 161 
along streamlines, 161 
normal, 158, 180, 756 
tangential, 157, 179, 756, 765 
Shock wave dynamics 
applications, 143 
assumptions, 144 
entropy production, 478 
oscillating, 151 
vorticity, 183, 184, 186, 321 
Shock wave equations 
conservation equations, 148, 332 
coordinate system, 165 
real-gas behavior, 151, 185, 274 
vector basis, 145, 172 
B-6 relation, 151, 281, 751 
Shock wave interactions 
boundary layer, 297, 652 
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expansion wave, 321 
interference, 469 
reflection from, 324 
Shock wave jump conditions 
general, 148, 342 
two-dimensional or axisymmetric, 156, 332, 755 
Shooting method, 355 
Similarity parameter, 427 
Similarity solution, 77, 357, 366, 392, 503, 531 
compressible boundary layers, 580, 774 
flat plate, 542 
global, 653 
incompressible boundary layer, 571 
inviscid, 244 
local, 592, 649, 773 
nonsimilar, 594 
ramp, 653 
Rayleigh flow, 501 
second-order boundary layer, 669, 703, 714 
Taylor—Maccoll flow, 287 
Singular 
boundary-layer theory, 672, 715 
equation, 408 
perturbation problem, 549 
saddle point, 377 
Skin-friction coefficient, 429, 453, 467, 504, 515, 530, 547, 
571, 601, 697, 702, 716 
Slender body of revolution, 707 
Sliding friction, 697 
Slipstream, 185, 325 
Small perturbation analysis, 479, 645 
Solid propellant rocket engine, 379 
Sonic boom, 374, 479 
Sources, 485, 690 
Space filling curve, 555 
Space Shuttle, 73, 144 
Specific heat 
constant pressure, 56, 74, 237 
constant volume, 54, 255, 258 
ratio, 56, 428 
ratio, unity limit, 361, 412 
Specific volume, 44, 53 
Speed of light, 76 
Speed of sound, 65, 71, 120, 128, 135, 196 
Sphere 
drag, 492 
flow about, 141, 187, 473, 722 
potential flow, 142, 492, 525 
symmetric flow, 135, 186, 525 
Spinodal curve, 65, 70 
Stagnation conditions, 118, 260, 359 
Stagnation point flow, 511, 629, 641, 643, 722 
Stanton number, 429, 514, 533, 602, 698, 702, 717 
States, thermodynamic 
metastable, 70 
property, 53, 73 
saturated, 66 
subcooled, 70 
supersaturated, 70 
Steady, one-dimensional flow, 432, 443 
Stethoscope, 337 
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Stokes, 6, 22 
flow, 474 
hypothesis, 24, 82, 431 
theorem, 25, 405, 452, 732, 736 
Streaklines, 9 
Stream function, 11, 125, 239, 242, 523, 543, 568, 581, 
703, 721, 723 
Streamlines, 9, 89, 126, 328 
Streamtube, 91 
Stress 
normal, 16 
shear, 16, 547 
tensor, 18 
vector, 16 
viscous, 20, 451 
Strouhal number, 428 
Substantial (material) derivative, 6, 8, 148, 224, 675, 680, 
700, 710 
Substitution principle, 233, 297, 321 
applications, 233, 699 
assumptions, 233 
baseline solution, 234 
group theory, 235 
rotational solutions, 233, 251 
transformation, 235, 247 
transformed solution, 234 
Superorbital expansion tube, 360 
Supersonic 
“bubble,” 210 
inlet, 212, 297, 306 
Surface curvature, 562 
Sweep, 125, 297, 307 
Swirl, 122, 124 
Syringe, 463. 493 


System 
closed, 53, 78 
open, 58, 78 


simple, 53, 61 


T 


Taylor—Maccoll flow, 186, 213, 248, 252, 287, 583 
Taylor series expansion, 688 
Telegraph equation, 416 
Temperature, 24, 54 

cold wall, 589 

hot wall, 589 

jump, 670, 686 

overshoot, 623 

recovery, see recovery temperature 

stagnation, 119 

undershoot, 623 
Tensor 

antisymmetric, 20 

contravariant, 729 

covariant, 729 

induced mass, 461 

isotropic, 22 

metric, 728 

rate-of-deformation, 20, 511 
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rate-of-shear, 24 
rotation, 21 
symmetric, 20 
tables, 734 
trace, 24 
transposition of, 21 
viscous stress, 19, 22, 452 
Thermal conductivity, 25 
Thermal diffusivity, 87, 502 
Thermal expansion coefficient, 73 
Thermodynamics, 53, 370 
computerized modeling, 66 
discontinuity, 70 
fluid dynamic coupling, 64, 71 
laws, 46, 53, 80 
stability, 65, 72 
Theta function, 509 
Thickness parameter, 469 
Thrust, 138, 271, 660 
Thrust throughput, 664 
Tornado, 90, 114 
Torque, 39, 455 
Torsion, 133 
Transport properties, 432 
Triple point, 144, 145, 185 


U 


Ultrasonic absorption measurement, 24, 431 
Uniformly valid composite, 561, 564, 715 
Uniqueness, 174, 554, 559, 572, 673, 691, 715 
Unsteady, one-dimensional flow, 51, 71, 135, 191, 337, 
388 

equations, 349 

hyperbolic, 348 

x,t diagram, 339 


V 


Vapor pressure, 66 
Vector 
binormal, 133, 146 
del operator identities, 733 
irrotational, 91 
potential, 92 
products, 725 
relations, 725 
solenoidal, 89 
stress, 16 
surface, 89 
tube, 90 
Velocity, 5 
angular, 21 
downwash, 466, 484, 489 
maximum value, 268 
muzzle, 363, 379 
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overshoot, 584, 776 
potential, 90, 111, 127, 388, 460, 482 
slip, 671, 686 
tangency condition, 110 
transformation, 338, 560 
wall, 110 

Vibrational 
characteristic temperature, 61, 257 
energy, 61 
mode, 61, 430 

Viscosity coefficients, 23, 579 
bulk, 24, 430 
coefficient tensor, 23 
kinematic, 502 
temperature exponent, 433 

Viscous dissipation, 44, 445 
body-oriented coordinates, 771 
boundary layer, 46, 587 
shock, 45 
stagnation point, 531 

Volcano, 337, 412 

Vorticity, 8, 40, 48, 94, 114, 121, 125, 138, 227, 247, 443, 

452, 507, 547 

compressible boundary layer, 641 
downstream of a shock, 183, 184, 186, 321 
external, 670, 679, 682, 700 
incompressible boundary layer, 573 
inner expansion, 679 
invariance, 48, 297 
sheet, 96 
substantial derivative of, 51, 98, 101, 137, 252 
surface, 96 
transformation, 240 


Ww 


Wake, 480, 485, 488 

Wave 
acoustic, 361 
compression, 163, 191, 326, 374 
convergent, 163, 791 
diagram, 323, 353, 367 
discontinuous, 323 
equation, 323, 390, 704 
expansion, 163, 191, 326 
left-running, 161, 162, 323 
N-, 374 
nonsimple, 324, 361, 386 
rarefaction, 354, 386 
reflected, 163, 165, 325, 386 
right-running, 161, 162, 323 
simple, 323, 361, 386 

Wave diagram method, 353, 367 

Wavelet, 321 

Wind tunnel, 485, 665 
cryogenic, 144, 257 
nozzle, 267 


